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Preface

This volume contains papers presented at the joint 14th Annual Conference on
Computational Learning Theory and 5th European Conference on Computatio-
nal Learning Theory, held at the Trippenhuis in Amsterdam, The Netherlands
from July 16 to 19, 2001.

The technical program contained 40 papers selected from 69 submissions. In
addition, David Stork (Ricoh California Research Center) was invited to give an
invited lecture and make a written contribution to the proceedings.

The Mark Fulk Award is presented annually for the best paper co-authored
by a student. This year’s award was won by Olivier Bousquet for the paper
“Tracking a Small Set of Modes by Mixing Past Posteriors” (co-authored with
Manfred K. Warmuth).

We gratefully thank all of the individuals and organizations responsible for
the success of the conference. We are especially grateful to the program com-
mittee: Dana Angluin (Yale), Peter Auer (Univ. of Technology, Graz), Nello
Christianini (Royal Holloway), Claudio Gentile (Università di Milano), Lisa Hel-
lerstein (Polytechnic Univ.), Jyrki Kivinen (Univ. of Helsinki), Phil Long (Na-
tional Univ. of Singapore), Manfred Opper (Aston Univ.), John Shawe-Taylor
(Royal Holloway), Yoram Singer (Hebrew Univ.), Bob Sloan (Univ. of Illinois
at Chicago), Carl Smith (Univ. of Maryland), Alex Smola (Australian National
Univ.), and Frank Stephan (Univ. of Heidelberg), for their efforts in reviewing
and selecting the papers in this volume.

Special thanks go to our conference co-chairs, Peter Grünwald and Paul
Vitányi, as well as Marja Hegt. Together they handled the conference publi-
city and all the local arrangements to ensure a successful conference. We would
also like to thank ACM SIGACT for the software used in the program committee
deliberations and Stephen Kwek for maintaining the COLT web site.

Finally, we would like to thank The National Research Institute for Ma-
thematics and Computer Science in the Netherlands (CWI), The Amsterdam
Historical Museum, and The Netherlands Organization for Scientific Research
(NWO) for their sponsorship of the conference.

May 2001 David Helmbold
Bob Williamson

Program Co-chairs
COLT/EuroCOLT 2001
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Nicolò Cesa-Bianchi and Gábor Lugosi
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How Many Queries Are Needed
to Learn One Bit of Information?�

Hans Ulrich Simon1

Fakultät für Mathematik, Ruhr-Universität Bochum, D-44780 Bochum, Germany
simon@lmi.ruhr-uni-bochum.de

Abstract. In this paper we study the question how many queries are
needed to “halve a given version space”. In other words: how many
queries are needed to extract from the learning environment the one
bit of information that rules out fifty percent of the concepts which are
still candidates for the unknown target concept. We relate this problem
to the classical exact learning problem. For instance, we show that lower
bounds on the number of queries needed to halve a version space also
apply to randomized learners (whereas the classical adversary arguments
do not readily apply). Furthermore, we introduce two new combinato-
rial parameters, the halving dimension and the strong halving dimen-
sion, which determine the halving complexity (modulo a small constant
factor) for two popular models of query learning: learning by a mini-
mum adequate teacher (equivalence queries combined with membership
queries) and learning by counterexamples (equivalence queries alone).
These parameters are finally used to characterize the additional power
provided by membership queries (compared to the power of equivalence
queries alone). All investigations are purely information-theoretic and
ignore computational issues.

1 Introduction

The exact learning model was introduced by Angluin in [1]. In this model, a
learner A tries to identify an unknown target concept C∗ (of the form C∗ : X →
{0, 1} for a finite set X) by means of queries that must be honestly answered
by an oracle. Although the oracle must not lie, it may select its answers in a
worstcase fashion such as to slow down the learning process as much as possible.
In the (worstcase) analysis of A, we assume that the oracle is indeed an adversary
of A that makes full use of this freedom. (In the sequel, we sometimes say
“adversary” instead of “oracle” for this reason.) Furthermore, A must be able to
identify any target concept selected from a (known) concept class C. Again, A is
subjected to a worstcase analysis, i.e., we count the number of queries needed to
identify the hardest concept from C (that is the concept that forces A to invest
a maximal number of queries).

Among the most popular query types are the following ones:
� This work has been supported in part by the ESPRIT Working Group in Neural and

Computational Learning II, NeuroCOLT2, No. 27150. The author was also supported
by the Deutsche Forschungsgemeinschaft Grant SI 498/4-1.

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 1–13, 2001.
c© Springer-Verlag Berlin Heidelberg 2001



2 H.U. Simon

Equivalence Queries. A selects a hypothesis H from its hypothesis class H.
(Typically, H = C or H is a superset of C.) If H = C∗, the oracle an-
swers “YES” (signifying that A suceeded to identify the target concept).
Otherwise, the oracle returns a counterexample, i.e., an x ∈ X such that
H(x) �= C∗(x).

Membership Queries. A selects an x ∈ X and receives label C∗(x) from the
oracle.

At each time of the learning process, the so-called version space V contains all
concepts from C that do not contradict to the answers that have been received so
far. Clearly, the learner succeeded to identify C∗ as soon as V = {C∗}. It is well-
known in the learning community that the task of identifying an unknown but
fixed target concept from C is equivalent to the task of playing against another
adversary who need not to commit itself to a target concept in the beginning.
The answers of this adversary are considered as honest as long as they do not
lead to an empty version space. The learner still tries to shrink the version space
to a singleton and thereby to issue as few queries as possible. We will refer to
this task as the “contraction task” (or the “contraction game”). At first glance,
the contraction task seems to give more power to the adversary. However, if we
assume that A is deterministic, both tasks require the same number of queries:
since A is deterministic, one can “predict” which concept C∗ will form the final
(singleton) version space in the hardest scenario of the contraction task. Now, it
does not hurt the adversary, to commit itself to C∗ as the target concept in the
beginning.

Since randomized learning complexity will be an issue in this paper, we briefly
illustrate that the initial commitment to a target concept is relevant when we
allow randomized learners:

Example 1. Consider the model of learning by means of equivalence queries. Let
the concept and hypothesis class coincide with the set of all functions from X
to {0, 1}, where X = {1, . . . , d}. Clearly, the contraction task forces each deter-
ministic (or randomized) algorithm to issue d equivalence queries because each
(non-redundant) query halves the version space. As for deterministic algorithms,
the same remark is valid for the learning task. However the following randomized
learning algorithm needs in the average only d/2 queries:
Pick a first hypothesis H0 : X → {0, 1} uniformly at random. Given that the
current hypothesis is H and that counterexample x ∈ X is received, let the next
hypothesis H ′ coincide with H on X \ {x} and set H ′(x)

�
= 1−H(x).

The number of queries needed to identify an arbitrary (but fixed) target concept
C∗ equals the number of instances on which C∗ and H0 disagree. This is d/2 in
the average.

This example demonstrates that the typical adversary arguments, that are used
in the literature for proving lower bounds on the number of queries, do not
readily apply to randomized learners.1

1 To the best of our knowledge, almost all papers devoted to query learning assume
deterministic learning algorithms. A notable exception is the paper [5] of Maass that
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The main issue in this paper is the number of queries needed to halve (as
opposed to contract) an initial version space V0. There are several reasons for
this kind of research:

– Contraction of the version space by iterated halving is considered as very
efficient. Iterated halving is an important building stone of well known strate-
gies such as the “Majority Vote Strategy”, for instance. The binary search
paradigm is based on halving. Halving may therefore be considered as an
interesting problem in its own right.

– Halving the version space yields exactly one bit of information. In this sense,
we explore the hardness to extract one bit of information from the learning
environment. This sounds like an elementary and natural problem.

– Although the contraction task is not meaningful for randomized learners,
we will be able to show that the halving task is meaningful. This makes
adversary arguments applicable to randomized learning algorithms.

– We can characterize the halving complexity for two popular query types
(equivalence and membership queries) by tight combinatorial bounds (leav-
ing almost no gap).2 These bounds can be used to characterize the additional
power provided by membership queries (compared to the power of equiva-
lence queries alone).

The paper is organized as follows. In Section 2, we present the basic defini-
tions and notations. In Section 3, we view the tasks of learning, contraction and
halving as a game between the learner (contraction algorithm, halving algorithm,
respectively) and an adversary. In Section 4, we investigate the relation between
halving and learning complexity (including randomized learning complexity). In
Section 5, we present the combinatorial (lower and upper) bounds on the halving
complexity. In Section 6, these bounds are used to characterize the additional
power provided by membership queries (compared to the power of equivalence
queries alone).

2 Basic Definitions and Notations

Let X be a finite set and C,H be two families of functions from X to {0, 1}.
In the sequel, we refer to X as the instance space, to C as the concept class,
and to H as the hypothesis class. It is assumed that C ⊆ H. A labeled instance
(x, b) ∈ X × {0, 1} is called a sample-point. A sample is a collection of sample-
points. For convenience, we represent each sample S as a partially defined binary

demonstrates the significance of supporting examples in the on-line learning model,
when the learner is randomized and the learning environment is oblivious.

2 The derivation of these bounds is based on ideas and results from [4,2], where bounds
on the number of queries needed for learning (i.e, for contracting the version space)
are presented. These bounds, however, leave a gap. It seems that the most accurate
combinatorial bounds are found on the level of the halving task. (See also [3] for a
survey on papers presenting upper and lower bounds on query complexity.)
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function over domain X. More formally, S is of the form S : X → {0, 1, ?}, where
S(x) =? indicates that S is undefined on instance x. The set

supp(S)
�
= {x ∈ X : S(x) �=?} (1)

is called the support of S. Note that a concept or hypothesis can be viewed as a
sample with full support. The size of S is the number of instances in its support.
S′ is called subsample of S, denoted as S′  S, if supp(S′) ⊆ supp(S) and
S′(x) = S(x) for each instance x ∈ supp(S′). We say that sample S and concept
C are consistent if S  C. We say that S has a consistent explanation in C if
there exists a concept C ∈ C such that S and C are consistent. The terminology
for hypotheses is analogous.

In the exact learning model, a learner (learning algorithm) A has to identify
an unknown target concept C∗ ∈ C by means of queries. The query learning
process can be informally described as follows. Each query must be honestly
answered by an oracle. Learning proceeds in rounds. In each round, A issues the
next query and obtains an honest answer from the oracle. The current version
space V is the set of concepts from C that do not contradict to the answers
received so far. Initially, V = C. From round to round, V shrinks. However, at
least the target concept C∗ always belongs to V because the answers given by
the oracle are honest. The learning process stops when V = {C∗}.

For the sake of simplicity, we formalize this general framework only for the
following popular models of exact learning:

Equivalence Query Learning (EQ-Learning). Each allowed query can be
identified with a hypothesis H ∈ H. If H = C∗, the only honest answer is
“YES” (signifying that the target concept has been exactly identified by A).
Otherwise, an honest answer is a counterexample to H, i.e., an instance x
such that H(x) �= C∗(x).

Membership Query Learning (MQ-Learning). Each allowed query can be
identified with an instance x ∈ X. The only honest answer is C∗(x).

EQ-MQ-Learning. The learner may issue both types of queries.

Let V be the current version space. If A issues a membership query with instance
x and receives the binary label b, then the subsequent version space is given by

V[x, b] �= {C ∈ V : C(x) = b}. (2)

Similarly, if A issues an equivalence query with hypothesis H and receives the
counterexample x, then the subsequent version space is given by

V[H,x] �= {C ∈ V : C(x) �= H(x)}. (3)

Clearly, answer “YES” to an equivalence query immediately leads to the final
version space {C∗}.

In general, V[Q,R] denotes the version space resulting from the current ver-
sion space V when A issues query Q and receives answer R. We denote by Q
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the set of queries from which Q must be selected. Given C,H, a collection Q
of allowed queries, and a deterministic learner A, we define DLCQA(C,H) as the
following unique number q:

– There exists a target concept C∗ ∈ C and a sequence of honest answers to
the queries selected by A such that the learning process does not stop before
round q.

– For each target concept C∗ ∈ C and each sequence of honest answers to the
queries selected by A, the learning process stops after round q or earlier.

In other words, DLCQA(C,H) is the smallest number q of queries such that A is
guaranteed to identify any target concept from C with hypotheses from H using
q queries from Q. The deterministic learning complexity associated with C,H,Q
is given by

DLCQ(C,H) �= min
A

DLCQA(C,H), (4)

where A varies over all deterministic learners.

3 Games Related to Learning

Since we measure the number of queries needed by the learner in a worstcase
fashion, we can model the learning process as a game between two players:
the learner A and its adversary ADV. We use the notation ADVA to indicate
the strongest possible adversary of A. We begin with a rather straightforward
interpretation of exact learning as a game.

3.1 The Learning Game

C,H and Q are fixed and known to both players. The game proceeds as follows.
In a first move (invisible to A), ADV picks the target concept C∗ from C. After-
wards, both players proceed in rounds. In each round, first player A makes its
move by selecting a query from Q. Then, ADV makes its move by selecting an
honest answer. The game is over when the current version space does not con-
tain any concept different from C∗. The goal of A is to finish the game as soon
as possible, whereas the goal of ADV is to continue playing as long as possible.
A is evaluated against the strongest adversary ADVA that forces A to make a
maximum number of moves (or the maximum expected number of moves in the
case of a randomized learner).

It should be evident that the number of rounds in the learning game between
a deterministic learner A and ADVA coincides with the quantity DLCQA(C,H)
that was defined in the previous section. Thus, DLCQ(C,H) coincides with the
number of rounds in the learning game between the best deterministic learner
and its adversary.

We define RLCQA(C,H) as the expected number of rounds in the learning
game between the (potentially) randomized learner A and its strongest adversary
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ADVA.3 The randomized learning complexity associated with C,H,Q is given by

RLCQ(C,H) �= min
A

RLCQA(C,H), (5)

where A varies over all (potentially) randomized learners.

3.2 The Contraction Game

It is well known that, in the case of deterministic learners A, the learning game
can be replaced by a conceptually simpler game, differing from the learning game
as follows:

– The first move of ADV is omitted, i.e., ADV makes no commitment about
the target concept in the beginning.

– Each (syntactically correct)4 answer that does not lead to an empty version
space is honest.

– The game is over when the version space is a singleton.

Again, the goal of player A is to finish the game as soon as possible, whereas the
goal of the adversary is to finish as late as possible. A is evaluated against its
strongest adversary ADVA. We will refer to this new game as the contraction
game and to A as a contraction algorithm.

The following lemmas recall some well known facts (in a slightly more general
setting).

Lemma 1. As for the contraction game, there exist two deterministic optimal
players A∗ and ADV∗, i.e., the following holds:

1. Let A be any (potentially randomized) contraction algorithm. Then, ADV∗
forces A to make at least as many moves as A∗.

2. Let ADV be any (potentially randomized) oracle. Then A∗ needs no more
moves against ADV than against ADV∗.

The proof uses a standard argument which is given here for sake of completeness.
Proof. Consider the decision tree T that models the moves of both players.
Each node of T is of type either Q or R (signifying which player makes the next
move). Each node of type Q is marked by a version space (reflecting the actual
configuration of the contraction game), and each node of type R is marked by
a version space and a question (again reflecting the actual configuration of the
game including the last question of A). The structure of T can be inductively
described as follows:
3 Here, ADVA knows the program of A, but A determines its next move by means

of secret random bits. Thus, ADVA knows the probability distribution of the future
moves, but cannot exactly predict them. This corresponds to what is called “weakly
oblivious environment” in [5].

4 E.g., the answer to an equivalence (or membership) query must be an instance from
X (or a binary label, respectively).
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– Its root is of typeQ and marked C (the initial version space in the contraction
game).

– A node of type Q that is marked by a singleton (version space of size 1) is
a leaf (signifying that the game is over).

– Each inner node v of typeQ that is marked V has k children v[Q1], . . . , v[Qk],
where Q1, . . . , Qk denote the non-redundant questions that A is allowed to
issue at this stage. Node v[Qi] is of type R and marked (V, Qi).

– Each inner node w of type R that is marked (V, Q) has l children w[R1], . . .,
w[Rl], where R1, . . . , Rl denote the honest answers of ADV to question Q at
this stage. Node w[Rj ] is of type Q and marked V[Q,Rj ] (the version space
resulting from V when A issues query Q and receives answer Rj).

It is easy to describe deterministic optimal strategies for both players in a
bottom-up fashion. At each node of T , the optimal decisions for A and ADV
result from the following rules:

– Each leaf is labeled 0 (signifying that no more moves of A are needed to
finish the game).

– If a node w of type R that is labeled (V, Q) has children w[R1], . . . , w[Rl] la-
beled (n1, . . . , nl), respectively, and nj = max{n1, . . . , nl}, then w is labeled
nj . Furthermore, ADV should answer Rj to question Q, given that V is the
current version space.

– If a node v of type Q that is labeled V has children v[Q1], . . . , v[Qk] labeled
(m1, . . . ,mk), respectively, and mi = min{m1, . . . ,mk}, then v is labeled
1 +mi. Furthermore, A should ask question Qi, given that V is the current
version space.

Note that these rules can be made deterministic by resolving the ties in an
arbitrary deterministic fashion. It is easy to prove for each node v of T (by
induction on the height of v) that the following holds:
If v is marked V, then the rules specify two deterministic optimal players (in
the sense of Lemma 1) for the partial contraction game that starts with initial
version space V. The bottom-up label associated with v specifies the number of
rounds in this partial game when both player follow the rules.
The extrapolation of this claim to the root node of T yields Lemma 1.

Lemma 1 implies that A∗ is the best contraction algorithm among all (possibly
randomized) algorithms. (Remember that each algorithm A is evaluated against
its strongest adversary ADVA.) It implies also that ADV∗ is the strongest ad-
versary of A∗.

Lemma 2. DLCQ(C,H) coincides with the number of rounds, say q∗, in the
contraction game between A∗ and ADV∗.

The proof of this lemma (given here for sake of completeness) is well known in
the learning community and is, in fact, the justification of the popular adversary
arguments within the derivation of lower bounds on the number of queries needed
by deterministic learners.
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Proof. The contraction game coincides with the learning game, except for the
commitment that the adversary has to make in the first step of the learning
game: the selection of a target concept C∗ ∈ C. Thus, DLCQ(C,H) ≤ q∗. It
suffices therefore to show that for each deterministic learner A there exists an
adversary ADVA that forces at least q∗ moves of A.

To this end, let A be an arbitrary, but fixed, deterministic learner. Let ADV∗
be the optimal deterministic adversary in the contraction game that was de-
scribed in the proof of Lemma 1. Let A play against ADV∗ in the contraction
game.5 Let q ≥ q∗ be the number of queries needed by A to finish the contrac-
tion game against player ADV∗, and let C∗ be the unique concept in the final
(singleton) version space. Now we may use an adversary ADVA in the learning
game that selects C∗ as a target concept in the beginning and then simulates
ADV∗. Since A is deterministic, this will lead to the same sequence of moves as
in the contraction game. Thus, ADV can force q ≥ q∗ moves of A.
Note that a lower bound argument can deal with a sub-optimal (but, may be,
easier to analyze) adversary ADV (instead of ADV∗). Symmetrically, an up-
per bound argument may use a sub-optimal (but, may be, easier to analyze)
contraction algorithm A (instead of A∗).

We briefly remind the reader to Example 1. If C contains all functions from
{1, . . . , d} to {0, 1}, then Example 1 shows that

DLCEQ(C, C) = d and RLCEQ(C, C) ≤ d/2.
In the light of Lemmas 1 and 2, this demonstrates that the contraction game
does not model the learning game when randomized learners are allowed.

3.3 The Halving Game

The halving game is defined like the contraction game except that it may start
with an arbitrary initial version space V0 ⊆ C (known to both players), and it is
over as soon as the current version space V contains at most half of the concepts
of V0. Player A (called halving algorithm in this context) tries to halve V0 as
fast as possible. Player ADVA is its strongest adversary.

Like in the contraction game, there exist two optimal deterministic players:
A∗ (representing the optimal halving algorithm) and ADV∗ (wich is also the
strongest adversary for A∗). (Compare with Lemma 1.) Let HCQ(V0,H) be
defined as the number of rounds in the halving game between A∗ and ADV∗.
In other words, HCQ(V0,H) is the smallest number of queries that suffices to
halve the initial version space V0 when all queries are answered in a worstcase
fashion. This parameter has the disadvantage of being not monotonic: a subset
of V0 might be harder to halve than V0 itself. In order to force monotonicity, we
define the halving complexity associated with C,H,Q as follows:

HCQ∗ (C,H) = max{HCQ(V,H) : V ⊆ C} (6)
5 This looks like a dirty trick because A is an algorithm that expects to play the learn-

ing game. We will however argue later that A cannot distinguish the communication
with ADV∗ from the communication with an adversary ADV in the learning game.
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The relation between halving and learning is the central issue of the next
section.

4 Halving and Learning Complexity

Theorem 1. The following chain of inequalities is valid:

1
2
·HCQ∗ (C,H) < RLCQ(C,H) (7)

≤ max
{
HCQ∗ (C,H),RLCQ(C,H)

}
(8)

≤ DLCQ(C,H) (9)
≤ �log |C|� ·HCQ∗ (C,H). (10)

Proof. We begin with the proof of inequality (7). Let A be an arbitrary (po-
tentially randomized) learning algorithm. Let V∗ ⊆ C be the version space such
that

q∗
�
= HCQ∗ (C,H) = HCQ(V∗,H).

Let ADV∗ be the optimal deterministic adversary for the problem of halving
V∗. Thus, ADV∗ forces each halving algorithm to issue at least q∗ queries. In
order to derive a lower bound on RLCQ(C,H), we use an adversary ADV that
proceeds as follows:

First move. Pick a target concept C∗ ∈ V∗ uniformly at random. Release the
information that the target concept is taken from V∗ to A.

Subsequent moves. Simulate ADV∗ as long as its answers do not exclude
target concept C∗ from the resulting version space. As soon as C∗ would be
excluded, abort the simulation and give up.

We say that the learning algorithm A “wins” in q moves against ADV if it takes
q moves until A either has identified the target concept C∗ or forced ADV to
give up. It suffices to show that the expected number of moves needed for A to
win against ADV is larger than q∗/2.
Note that the behaviour of ADV∗ does not depend on the first move of ADV.
We may therefore alternatively run the complete simulation of ADV∗ in a first
stage, pick the target concept C∗ ∈ V uniformly at random in a second stage,
and undo the final illegal rounds with C∗ not belonging to the version space in a
third stage. Let q be the number of rounds in stage 1, and let Vi be the version
space after i rounds. Since the halving game stops as soon as the initial version
space V∗ is halved, Vq−1 still contains more than half of the concepts in V. Thus,
with a probability exceeding 1/2, the target concept C∗ is taken from Vq−1. In
this case, the learning algorithm A cannot win in fewer than q rounds. It follows
that the expected number of rounds until the learner wins is larger than q∗/2.

We proceed with the proof of inequality (9). Deterministic query learning
is correctly modelled by the contraction game. Since the contraction of an ini-
tial version space V∗ cannot be easier than halving V∗, we get DLCQ(C,H) ≥
HCQ∗ (C,H). Clearly, DLCQ(C,H) ≥ RLCQ(C,H). Thus, inequality (9) is valid.
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We move on to inequality (10). Contraction of the initial version space C is
obtained after �log |C|� halvings. A learning algorithm A may therefore proceed
in �log |C|� phases and apply, in each phase with current version space V, the
optimal deterministic halving strategy w.r.t. initial version space V. In each
phase, at most HCQ∗ (C,H) queries are issued.

Since inequality (8) is trivial, we are done.

5 Bounds on the Halving Complexity

For Q = {EQ,MQ} or Q = {EQ}, the halving complexity can be character-
ized by combinatorial parameters that we call “halving dimension” and “strong
halving dimension”.6 These parameters are closely related to the “consistency
dimension” and “strong consistency dimension” that were used in [2] for de-
scribing lower and upper bounds on the deterministic learning complexity. The
bounds in [2] left a gap of size θ(log |C|). The bounds that we derive in the course
of this section are (almost) tight.

Definition 1. 1. The parameter Hdim(V,H) denotes the smallest number d
with the following property. If a function S : X → {0, 1} (sample with full
support) does not belong to H, then there exists a subsample S′  S of size
at most d such that the fraction of concepts in V that are consistent with S′
is at most 1/2. The halving dimension associated with C and H is given by

Hdim∗(C,H) �= max{Hdim(V,H) : V ⊆ C}. (11)

2. The parameter SHdim(V,H) denotes the smallest number d with the follow-
ing property. If a sample S : X → {0, 1, ?} has no consistent explanation
in H, then there exists a a subsample S′  S of size at most d such that
the fraction of concepts in V that are consistent with S′ is at most 1/2. The
strong halving dimension associated with C,H,Q is given by

SHdim∗(C,H) �= max{SHdim(V,H) : V ⊆ C}. (12)

Note that both definitions are almost identical, except for the subtle fact that
the first definition ranges over samples with full support, whereas the second
definition ranges over all samples. The next theorems show that the halving
dimension characterizes the halving complexity when Q = {EQ,MQ}, and the
strong halving dimension characterizes the halving complexity when Q = {EQ}.
Theorem 2. HCEQ,MQ(V,H) = Hdim(V,H).
Proof. For sake of simplicity, set q

�
= HCEQ,MQ(V,H) and d �= Hdim(V,H).

First, we show that q ≥ d. The minimality of d implies that there exists
a function C : X → {0, 1} /∈ H such that each subsample S  C of size at
most d − 1 is consistent with more than half of the concepts in V. Thus, any
6 Note that the case Q = {EQ,MQ} and H = ∅ covers also the case Q = {MQ}.
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halving algorithm issuing equivalence queries with hypotheses from H fails to
be consistent with C and may obtain counterexamples taken from C. If, in
addition, each membership query is answered in accordance with C, then the
sample points, returned after up to d − 1 queries, form a subsample S  C of
size at most d− 1. Hence, at least one additional query is needed for halving the
initial version space V.

Second, we show that q ≤ d. Let M : X → {0, 1} be a function that goes
with the majority of the concepts in V on each instance x ∈ X (breaking ties
arbitrarily). IfM ∈ H, then q = 1 because the equivalence query with hypothesis
M will halve the version space V. Clearly, d ≥ 1. We may therefore assume
wlog. thatM /∈ H. It follows that there exists a subsample S M of size at most
d that is inconsistent to at least half of the concepts in V. The crucial observation
is that q ≤ |S| ≤ d since V can be halved by issuing the |S| membership queries
for all instances in S: The adversary either fails to go with the majority of the
concepts in V on some x ∈ S (which immediately halves V) or goes with the
majority on all x ∈ S. In the latter case, V is halved after all |S| membership
queries have been issued.

Corollary 1. HCEQ,MQ
∗ (C,H) = Hdim∗(C,H).

Theorem 3. SHdim(V,H) ≤ HCEQ(V,H) ≤ �ln(4) · SHdim(V,H)�.

Proof. For sake of simplicity, set q
�
= HCEQ(V,H) and d �= SHdim(V,H).

First, we show that q ≥ d. The minimality of d implies that there exists a
sample C : X → {0, 1, ?} without consistent explanation in H such that each
subsample S  C of size at most d − 1 is consistent with more than half of
the concepts in V. Thus, any halving algorithm issuing equivalence queries with
hypotheses fromH fails to be consistent with C and may obtain counterexamples
taken from C. After up to d−1 queries, these counterexamples form a subsample
S  C of size at most d − 1. Hence, at least one additional query is needed for
halving the initial version space V.

In order to prove q ≤ �ln(4)·d�, we describe an appropriate halving algorithm
A. A keeps track of the current version spaceW (which is V initially). For i = 0, 1,
let M i

W be the set
{
x ∈ X : the fraction of concepts C ∈ W with C(x) = 1− i is less than 1

2d

}
.

In other words, a very large fraction (at least 1−1/(2d)) of the concepts in V votes
for output label i on instances from M i

W . Let MW be the sample assigning label
i ∈ {0, 1} to all instances from M i

W and label “?” to all remaining instances
(those without a so clear majority). Let S  MW be an arbitrary but fixed
subsample of size at most d. The definition of M i

W implies (through some easy-
to-check counting) that more than half of the concepts in W are consistent
with S. The definition of the strong halving dimension implies that MW has a
consistent explanation, say HW , in H.



12 H.U. Simon

The punchline of this discussion is: if A issues the the equivalence query with
hypothesis HW (for the current version spaceW), then the next counterexample
will shrink W by a factor 1 − 1/(2d) (or by a smaller factor). For the purpose
of halving the initial version space V, a sufficiently large number of equivalence
queries is therefore obtained by solving

(
1− 1

2d

)q′

· |V| < e−q
′/(2d) · |V| ≤ 1

2
· |V|

for q′. Clearly, q = �ln(4) · d� is sufficiently large.

Corollary 2. SHdim∗(C,H) ≤ HCEQ∗ (C,H) ≤ �ln(4) · SHdim∗(C,H)�.

6 An Application of the Halving Dimension

In this section, we show that the number equivalence queries needed to halve
a given version space V (roughly) equals the total number of equivalence and
membership queries needed to halve V on the “hardest subdomain” K of X.
Loosely speaking, there is always a subdomainK of X that leaves the problem of
halving V by means of equivalence queries as as hard as before, but which renders
membership queries useless. A similar result was shown in [2] for contraction
(deterministic exact learning). However, this result left a gap of size θ(log |C|).
The result proven here leaves only a (small) constant gap.

Let K ⊆ X. For each function F : X → {0, 1}, let FK denote the restriction
of F to subdomain K. For each class F of functions from X to {0, 1}, we define
FK �= {FK : F ∈ F}. Then the following holds:
Lemma 3. SHdim(V,H) = maxK⊆X Hdim(VK ,HK).
Proof. Set d

�
= SHdim(V,H). Remember that d is the smallest number such that

for all samples S : X → {0, 1, ?} the condition described in the second part of
Definition 1 is satisfied. Let dK be the corresponding number when we restrict
ourselves to samples S with support K. It is evident that d = maxK⊆X dK and
dK = Hdim(VK ,HK), which completes the proof of the lemma.

Combining Lemma 3, Corollary 1 and Corollary 2, we get
Corollary 3.

max
K⊆X

HCEQ,MQ(VK ,HK) ≤ HCEQ(V,H) ≤ ln(4) · max
K⊆X

HCEQ,MQ(VK ,HK).

Among the obvious open problems are the following-ones:

– The relation between halving and learning complexity that is proven in this
paper leaves a gap. Can this gap be removed (at least for some concrete
popular classes)?

– Can the (strong) halving dimension be determined for some popular concept
and hypothesis classes?
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Abstract. We establish superlinear lower bounds on the Vapnik-Cher-
vonenkis (VC) dimension of neural networks with one hidden layer and
local receptive field neurons. As the main result we show that every rea-
sonably sized standard network of radial basis function (RBF) neurons
has VC dimension Ω(W log k), where W is the number of parameters
and k the number of nodes. This significantly improves the previously
known linear bound. We also derive superlinear lower bounds for net-
works of discrete and continuous variants of center-surround neurons.
The constants in all bounds are larger than those obtained thus far for
sigmoidal neural networks with constant depth.
The results have several implications with regard to the computational
power and learning capabilities of neural networks with local receptive
fields. In particular, they imply that the pseudo dimension and the fat-
shattering dimension of these networks is superlinear as well, and they
yield lower bounds even when the input dimension is fixed. The methods
developed here appear suitable for obtaining similar results for other
kernel-based function classes.

1 Introduction

Although there exists already a large collection of Vapnik-Chervonenkis (VC)
dimension bounds for neural networks, it has not been known thus far whether
the VC dimension of radial basis function (RBF) neural networks is superlinear.
Major reasons for this might be that previous results establishing superlinear
bounds are based on methods geared to sigmoidal neurons or consider networks
having an unrestricted number of layers [3,10,13,22]. RBF neural networks, how-
ever, differ from other neural network types in two characteristic features (see,
e.g., Bishop [4], Ripley [21]): There is only one hidden layer and the neurons
have local receptive fields. In particular, the neurons are not of the sigmoidal
type (see Koiran and Sontag [10] for a rather general definition of a sigmoidal
activation function that does not capture radial basis functions).
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Beside sigmoidal networks, RBF networks are among the major neural net-
work types used in practice. They are appreciated because of their impressive
capabilities in function approximation and learning that have been well studied
in theory and practice (see, e.g., [5,9,15,16,18,19,20]). Sigmoidal neural networks
are known having VC dimension that is superlinear in the number of network pa-
rameters, even when there is only one hidden layer [22]. Since the VC dimension
of single neurons is linear, this superlinearity witnesses the enormous compu-
tational capabilities that emerge when neurons cooperate in networks. The VC
dimension of RBF networks has been studied earlier by Anthony and Holden [2],
Lee et al. [11,12], and Erlich et al. [7]. In particular, Erlich et al. [7] established
a linear lower bound, and Anthony and Holden [2] posed as an open problem
whether a superlinear bound can be shown.

In this paper we prove that the VC dimension of RBF networks is indeed
superlinear. Precisely, we show that every network with n input nodes, W pa-
rameters, and one hidden layer of k RBF neurons, where k ≤ 2(n+2)/2, has VC
dimension at least (W/12) log(k/8). Thus, the cooperative network effect en-
hancing the computational power of sigmoidal networks is now confirmed for
RBF networks, too. Furthermore, the result has consequences for the complex-
ity of learning with RBF networks, all the more since it entails the same lower
bound for the pseudo dimension and the fat-shattering dimension. (See Anthony
and Bartlett [1] for implications of VC dimension bounds, and the relationship
between the VC dimension, the pseudo dimension, and the fat-shattering dimen-
sion.)

We do not derive the result for RBF networks directly but take a major de-
tour. We first consider networks consisting of a different type of locally process-
ing units, the so-called binary center-surround receptive field (CSRF) neurons.
These are discrete models of neurons found in the visual system of mammals
(see, e.g., Nicholls et al. [17, Chapter 16], Tessier-Lavigne [23]). In Section 3 we
establish a superlinear VC dimension bound for CSRF neural networks showing
that every network having W parameters and k hidden nodes has VC dimension
at least (W/5) log(k/4), where k ≤ 2n/2. Then in Section 4 we look at a contin-
uous variant of the CSRF neuron known as the difference-of-Gaussians (DOG)
neuron, which computes the weighted difference of two concentric Gaussians.
This type of unit is widely used as a continuous model of neurons in the visual
pathway (see, e.g., Glezer [8], Marr [14]). Utilizing the result for CSRF networks
we show that DOG networks have VC dimension at least (W/5) log(k/4) as well.
Finally, the above claimed lower bound for RBF networks is then immediately
obtained.

We note that regarding the constants, the bounds for CSRF and DOG net-
works are larger than for RBF networks. Further, all bounds we derive for net-
works of local receptive field neurons have larger constant factors than those
known for sigmoidal networks of constant depth thus far. For comparison, sig-
moidal networks are known that have one hidden layer and VC dimension
at least (W/32) log(k/4); for two hidden layers a VC dimension of at least
(W/132) log(k/16) has been found (see Anthony and Bartlett [1, Section 6.3]).
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Finally, the results obtained here give rise to linear lower bounds for local recep-
tive field neural networks when the input dimension is fixed.

2 Definitions and Notation

Let ||u|| denote the Euclidean norm of vector u. A Gaussian radial basis function
(RBF) neuron computes a function gRBF : IR2n+1 → IR defined as

gRBF(c, σ, x) = exp
(
−‖x− c‖2

σ2

)
,

with input variables x1, . . . , xn, and parameters c1, . . . , cn (the center) and σ > 0
(the width). A difference-of-Gaussians (DOG) neuron is defined as a function
gDOG : IR2n+4 → IR computed by the weighted difference of two RBF neurons
with equal centers, that is,

gDOG(c, σ, τ, α, β, x) = αgRBF(c, σ, x)− βgRBF(c, τ, x) .

A binary center-surround receptive field (CSRF) neuron computes a function
gCSRF : IR2n+2 → {0, 1} defined as

gCSRF(c, a, b, x) = 1⇐⇒ a ≤ ‖x− c‖ ≤ b

with center (c1, . . . , cn), center radius a > 0, and surround radius b > a. We also
refer to it as off-center on-surround neuron and call for given parameters c, a, b
the set {x : gCSRF(c, a, b, x) = 1} the surround region of the neuron.

We consider neural networks with one hidden layer computing functions of
the form f : IRW+n → IR, where W is the number of network parameters, n the
number of input nodes, and

f(w, y, x) = w0 + w1h1(y, x) + · · ·+ wkhk(y, x) .

The k hidden nodes compute functions h1, . . . , hk ∈ {gRBF, gDOG, gCSRF}. (Each
hidden node “selects” its parameters from y, which comprises all parameters of
the hidden nodes.) Note that if hi = gRBF for i = 1, . . . , k, this is the standard
form of a radial basis function neural network. The network has a linear output
node with parameters w0, . . . , wk also known as the output weights. For simplicity
we sometimes refer to all network parameters as weights.

An (n−1)-dimensional hyperplane in IRn is given by a vector (w0, . . . , wn) ∈
IRn+1 and defined as the set

{x ∈ IRn : w0 + w1x1 + · · ·+ wnxn = 0} .

An (n − 1)-dimensional hypersphere in IRn is represented by a center c ∈ IRn

and a radius r > 0, and defined as the set

{x ∈ IRn : ‖x− c‖ = r} .
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We also consider hyperplanes and hyperspheres in IRn with a dimension k <
n − 1. In this case, a k-dimensional hyperplane (hypersphere) is the intersec-
tion of two (k + 1)-dimensional hyperplanes (hyperspheres), assuming that the
intersection is non-empty. (For hyperspheres we additionally require that the
intersection is not a single point.)

A dichotomy of a set S ⊆ IRn is a pair (S0, S1) of subsets such that S0∩S1 = ∅
and S0∪S1 = S. A class F of functions mapping IRn to {0, 1} shatters S if every
dichotomy (S0, S1) of S is induced by some f ∈ F (i.e., satisfying f(S0) ⊆
{0} and f(S1) ⊆ {1}). The Vapnik-Chervonenkis (VC) dimension of F is the
cardinality of the largest set shattered by F . The VC dimension of a neural
network N is defined as the VC dimension of the class of functions computed
by N , where the output is made binary using some threshold.

We use “ln” to denote the natural logarithm and “log” for the logarithm to
base 2.

3 Lower Bounds for CSRF Networks

In this section we consider one-hidden-layer networks of binary center-surround
receptive field neurons. The main result requires a property of certain finite sets
of points.

Definition. A set S of m points in IRn is said to be in spherically general
position if the following two conditions are satisfied:

(1) For every k ≤ min(n,m− 1) and every (k + 1)-element subset P ⊆ S, there
is no (k − 1)-dimensional hyperplane containing all points in P .

(2) For every l ≤ min(n,m− 2) and every (l + 2)-element subset Q ⊆ S, there
is no (l − 1)-dimensional hypersphere containing all points in Q.

Sets satisfying condition (1) are commonly referred to as being “in general
position” (see, e.g., Cover [6]). For the VC dimension bounds we require suffi-
ciently large sets in spherically general position. It is not hard to show that such
sets exist.

Proposition 1. For every n,m ≥ 1 there exists a set S ⊆ IRn of m points in
spherically general position.

Proof. We perform induction on m. Clearly, every single point trivially satisfies
conditions (1) and (2). Assume that some set S ⊆ IRn of cardinality m has been
constructed. Then by the induction hypothesis, for every k ≤ min(n,m), every
k-element subset P ⊆ S does not lie on a hyperplane of dimension less than
k − 1. Hence, every P ⊆ S, |P | = k ≤ min(n,m), uniquely specifies a (k − 1)-
dimensional hyperplane HP that includes P . The induction hypothesis implies
further that no point in S\P lies on HP . Analogously, for every l ≤ min(n,m−1),
every (l + 1)-element subset Q ⊆ S does not lie on a hypersphere of dimension
less than l − 1. Thus, every Q ⊆ S, |Q| = l + 1 ≤ min(n,m − 1) + 1, uniquely
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determines an (l−1)-dimensional hypersphere BQ containing all points in Q and
none of the points in S \Q.

To obtain a set of cardinality m+1 in spherically general position we observe
that the union of all hyperplanes and hyperspheres considered above, that is, the
union of all HP and all BQ for all subsets P and Q, has Lebesgue measure 0.
Hence, there is some point s ∈ IRn not contained in any hyperplane HP and
not contained in any hypersphere BQ. By adding s to S we then obtain a set of
cardinality m + 1 in spherically general position. ��

The following theorem establishes the major step for the superlinear lower
bound.

Theorem 2. Let h, q,m ≥ 1 be arbitrary natural numbers. Suppose N is a
network with one hidden layer consisting of binary CSRF neurons, where the
number of hidden nodes is h+2q and the number of input nodes is m+q. Assume
further that the output node is linear. Then there exists a set of cardinality
hq(m + 1) shattered by N . This even holds if the output weights of N are fixed
to 1.

Proof. Before starting with the details we give a brief outline. The main idea is
to imagine the set we want to shatter as being composed of groups of vectors,
where the groups are distinguished by means of the first m components and the
remaining q components identify the group members. We catch these groups by
hyperspheres such that each hypersphere is responsible for up to m + 1 groups.
The condition of spherically general position will ensure that this works. The
hyperspheres are then expanded to become surround regions of CSRF neurons.
To induce a dichotomy of the given set, we split the groups. We do this for each
group using the q last components in such a way that the points with designated
output 1 stay within the surround region of the respective neuron and the points
with designated output 0 are expelled from it. In order for this to succeed, we
have to make sure that the displaced points do not fall into the surround region
of some other neuron. The verification of the split operation will constitute the
major part of the proof.

By means of Proposition 1 let {s1, . . . , sh(m+1)} ⊆ IRm be in spherically
general position. Let e1, . . . , eq denote the unit vectors in IRq, that is, with a 1
in exactly one component and 0 elsewhere. We define the set S by

S = {si : i = 1, . . . , h(m + 1)} × {ej : j = 1, . . . , q} .

Clearly, S is a subset of IRm+q and has cardinality hq(m + 1). To show that S
is shattered by N , let (S0, S1) be some arbitrary dichotomy of S. Consider an
enumeration M1, . . . ,M2q of all subsets of the set {1, . . . , q}. Let the function
f : {1, . . . , h(m + 1)} → {1, . . . , 2q} be defined by

Mf(i) = {j : siej ∈ S1} ,

where siej denotes the vector resulting from the concatenation of si and ej . We
use f to define a partition of {s1, . . . , sh(m+1)} into sets Tk for k = 1, . . . , 2q by

Tk = {si : f(i) = k} .
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We further partition each set Tk into subsets Tk,p for p = 1, . . . , �|Tk|/(m + 1)�,
where each subset Tk,p has cardinality m + 1, except if m + 1 does not divide
|Tk|, in which case there is exactly one subset of cardinality less than m + 1.
Since there are at most h(m + 1) elements si, the partitioning of all Tk results
in no more than h subsets of cardinality m+ 1. Further, the fact k ≤ 2q permits
at most 2q subsets of cardinality less than m + 1. Thus, there are no more than
h + 2q subsets Tk,p.

We employ one hidden node Hk,p for each subset Tk,p. Thus the h+2q hidden
nodes of N suffice. Since {s1, . . . , sh(m+1)} is in spherically general position,
there exists for each Tk,p an (m − 1)-dimensional hypersphere containing all
points in Tk,p and no other point. If |Tk,p| = m+1, this hypersphere is unique; if
|Tk,p| < m+ 1, there is a unique (|Tk,p| − 2)-dimensional hypersphere which can
be extended to an (m − 1)-dimensional hypersphere that does not contain any
further point. (Here we require condition (1) from the definition of spherically
general position, otherwise no hypersphere of dimension |Tk,p| − 2 including all
points of Tk,p might exist.) Clearly, if |Tk,p| = 1, we can also extend this single
point to an (m− 1)-dimensional hypersphere not including any further point.

Suppose that (ck,p, rk,p) with center ck,p and radius rk,p represents the hy-
persphere associated with subset Tk,p. It is obvious from the construction above
that all radii satisfy rk,p > 0. Further, since the subsets Tk,p are pairwise dis-
joint, there is some ε > 0 such that every point si ∈ {s1, . . . , sh(m+1)} and every
just defined hypersphere (ck,p, rk,p) satisfy

if si �∈ Tk,p then | ‖si − ck,p‖ − rk,p| > ε . (1)

In other words, ε is smaller than the distance between any si and any hypersphere
(ck,p, rk,p) that does not contain si. Without loss of generality we assume that
ε is sufficiently small such that

ε ≤ min
k,p

rk,p . (2)

The parameters of the hidden nodes are adjusted as follows: We define the
center ĉk,p = (ĉk,p,1, . . . , ĉk,p,m+q) of hidden node Hk,p by assigning the vector
ck,p to the first m components and specifying the remaining ones by

ĉk,p,m+j =
{

0 ifj ∈Mk ,
−ε2/4 otherwise ,

for j = 1, . . . , q. We further define new radii r̂k,p by

r̂k,p =

√
r2k,p + (q − |Mk|)

(ε
2

)4
+ 1

and choose some γ > 0 satisfying

γ ≤ min
k,p

ε2

8r̂k,p
. (3)
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The center and surround radii âk,p, b̂k,p of the hidden nodes are then specified
as

âk,p = r̂k,p − γ ,

b̂k,p = r̂k,p + γ .

Note that âk,p > 0 holds, because ε2 < r̂ 2k,p implies γ < r̂k,p.
This completes the assignment of parameters to the hidden nodes Hk,p. We

now derive two inequalities concerning the relationship between ε and γ that we
need in the following. First, we estimate ε2/2 from below by

ε2

2
>

ε2

4
+

ε2

64

>
ε2

4
+

ε4

(8r̂k,p)2
for all k, p ,

where the last inequality is obtained from ε2 < r̂ 2k,p. Using (3) for both terms
on the right-hand side, we get

ε2

2
> 2r̂k,pγ + γ2 for all k, p . (4)

Second, from (2) we get

−rk,pε +
ε2

2
< −ε2

4
for all k, p ,

and (3) yields

−ε2

4
< −2r̂k,pγ for all k, p .

Putting the last two inequalities together and adding γ2 to the right-hand side,
we obtain

− rk,pε +
ε2

2
< −2r̂k,pγ + γ2 for all k, p . (5)

We next establish three facts about the hidden nodes.

Claim 1. Let siej be some point and Tk,p some subset where si ∈ Tk,p and
j ∈Mk. Then hidden node Hk,p outputs 1 on siej.

According to the definition of ĉk,p, if j ∈Mk, we have

‖siej − ĉk,p‖2 = ‖si − ck,p‖2 + (q − |Mk|)
(ε

2

)4
+ 1 .

The condition si ∈ Tk,p implies ‖si − ck,p‖2 = r2k,p, and thus

‖siej − ĉk,p‖2 = r2k,p + (q − |Mk|)
(ε

2

)4
+ 1

= r̂ 2k,p .
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It follows that ‖siej − ĉk,p‖ = r̂k,p, and since âk,p < r̂k,p < b̂k,p, point siej lies
within the surround region of node Hk,p. Hence, Claim 1 is shown.

Claim 2. Let siej and Tk,p satisfy si ∈ Tk,p and j �∈ Mk. Then hidden node
Hk,p outputs 0 on siej.

From the assumptions we get here

‖siej − ĉk,p‖2 = ‖si − ck,p‖2 + (q − |Mk| − 1)
(ε

2

)4
+
(

1 +
ε2

4

)2

= r2k,p + (q − |Mk|)
(ε

2

)4
+ 1 +

ε2

2

= r̂ 2k,p +
ε2

2
.

Employing (4) on the right-hand side results in

‖siej − ĉk,p‖2 > r̂ 2k,p + 2r̂k,pγ + γ2 .

Hence, taking square roots we have ‖siej − ĉk,p‖ > r̂k,p + γ, implying that siej
lies outside the surround region of Hk,p. Thus, Claim 2 follows.

Claim 3. Let siej be some point and Tk,p some subset such that si ∈ Tk,p. Then
every hidden node Hk′,p′ with (k′, p′) �= (k, p) outputs 0 on siej.

Since si ∈ Tk,p and si is not contained in any other subset Tk′,p′ , condition (1)
implies

‖si − ck′,p′‖2 > (rk′,p′ + ε)2 or ‖si − ck′,p′‖2 < (rk′,p′ − ε)2 . (6)

We distinguish between two cases: whether j ∈Mk′ or not.

Case 1. If j ∈Mk′ then by the definition of ĉk′,p′ we have

‖siej − ĉk′,p′‖2 = ‖si − ck′,p′‖2 + (q − |Mk′ |)
(ε

2

)4
+ 1 .

From this, using (6) and the definition of r̂k′,p′ we obtain

‖siej − ĉk′,p′‖2 > r̂2k′,p′ + 2rk′,p′ε + ε2

or
‖siej − ĉk′,p′‖2 < r̂2k′,p′ − 2rk′,p′ε + ε2 .

(7)

We derive bounds for the right-hand sides of these inequalities as follows. From
(4) we have

ε2 > 4r̂k′,p′γ + 2γ2 ,
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which, after adding 2rk′,p′ε to the left-hand side and halving the right-hand side,
gives

2rk′,p′ε + ε2 > 2r̂k′,p′γ + γ2 . (8)

From (2) we get ε2/2 < rk′,p′ε, that is, the left-hand side of (5) is negative.
Hence, we may double it to obtain from (5)

−2rk′,p′ε + ε2 < −2r̂k′,p′γ + γ2 .

Using this and (8) in (7) leads to

‖siej − ĉk′,p′‖2 > (r̂k′,p′ + γ)2 or ‖siej − ĉk′,p′‖2 < (r̂k′,p′ − γ)2 .

And this is equivalent to

‖siej − ĉk′,p′‖ > b̂k′,p′ or ‖siej − ĉk′,p′‖ < âk′,p′ ,

meaning that Hk′,p′ outputs 0.

Case 2. If j �∈Mk′ then

‖siej − ĉk′,p′‖2 = ‖si − ck′,p′‖2 + (q − |Mk′ |)
(ε

2

)4
+ 1 +

ε2

2
.

As a consequence of this together with (6) and the definition of r̂k′,p′ we get

‖siej − ĉk′,p′‖2 > r̂2k′,p′ + 2rk′,p′ε + ε2 +
ε2

2
or

‖siej − ĉk′,p′‖2 < r̂2k′,p′ − 2rk′,p′ε + ε2 +
ε2

2
,

from which we derive, using for the second inequality ε ≤ rk′,p′ from (2),

‖siej − ĉk′,p′‖2 > r̂2k′,p′ + rk′,p′ε +
ε2

2
or

‖siej − ĉk′,p′‖2 < r̂2k′,p′ − rk′,p′ε +
ε2

2
.

(9)

Finally, from (4) we have

rk′,p′ε +
ε2

2
> 2r̂k′,p′ + γ2 ,

and, employing this together with (5), we obtain from (9)

‖siej − ĉk′,p′‖2 > (r̂k′,p′ + γ)2 or ‖siej − ĉk′,p′‖2 < (r̂k′,p′ − γ)2 ,
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which holds if and only if

‖siej − ĉk′,p′‖ > b̂k′,p′ or ‖siej − ĉk′,p′‖ < âk′,p′ .

This shows that Hk′,p′ outputs 0 also in this case. Thus, Claim 3 is established.
We complete the construction of N by connecting every hidden node with

weight 1 to the output node, which then computes the sum of the hidden node
output values.

We finally show that we have indeed obtained a network that induces the
dichotomy (S0, S1). Assume that siej ∈ S1. Claims 1, 2, and 3 imply that there
is exactly one hidden node Hk,p, namely one satisfying k = f(i) by the definition
of f , that outputs 1 on siej . Hence, the network outputs 1 as well. On the other
hand, if siej ∈ S0, it follows from Claims 2 and 3 that none of the hidden nodes
outputs 1. Therefore, the network output is 0. Thus, N shatters S with threshold
1/2 and the theorem is proven. ��

The construction in the previous proof was based on the assumption that
the difference between center radius and surround radius, given by the value 2γ,
can be made sufficiently small. This may require constraints for the precision of
computation that are not available in natural or artificial systems. It is possible,
however, to obtain the same result even if there is a lower bound on γ by simply
scaling the elements of the shattered set using a sufficiently large factor.

In the following we obtain a superlinear lower bound for the VC dimension
of networks with center-surround receptive field neurons. By �x� we denote the
largest integer less or equal to x.

Corollary 3. Suppose N is a network with one hidden layer of k binary CSRF
neurons and input dimension n ≥ 2, where k ≤ 2n, and assume that the output
node is linear. Then N has VC dimension at least

⌊
k

2

⌋
·
⌊

log
(
k

2

)⌋
·
(
n−

⌊
log
(
k

2

)⌋
+ 1
)

.

This even holds if the weights of the output node are not adjustable.

Proof. We use Theorem 2 with h = �k/2�, q = �log(k/2)�, and m = n −
�log(k/2)�. The condition k ≤ 2n guarantees that m ≥ 1. Then there is a set of
cardinality

hq(m + 1) =
⌊
k

2

⌋
·
⌊

log
(
k

2

)⌋
·
(
n−

⌊
log
(
k

2

)⌋
+ 1
)

.

that is shattered by the network specified in Theorem 2. Since the number of
hidden nodes is h + 2q ≤ k and the input dimension is m + q = n, the network
satisfies the required conditions. Furthermore, it was shown in the proof of The-
orem 2 that all weights of the output node can be fixed to 1. Hence, they need
not be adjustable. ��
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Corollary 3 immediately implies the following statement, which gives a su-
perlinear lower bound in terms of the number of weights and the number of
hidden nodes.

Corollary 4. Consider a network N with input dimension n ≥ 2, one hidden
layer of k binary CSRF neurons, where k ≤ 2n/2, and a linear output node. Let
W = k(n+ 2) + k + 1 denote the number of weights. Then N has VC dimension
at least

W

5
log
(
k

4

)
.

This even holds if the weights of the output node are fixed.

Proof. According to Corollary 3, N has VC dimension at least �k/2�·�log(k/2)�·
(n− �log(k/2)�+ 1). The condition k ≤ 2n/2 implies

n−
⌊

log
(
k

2

)⌋
+ 1 ≥ n + 4

2
.

We may assume that k ≥ 5. (The statement is trivial for k ≤ 4.) It follows, using
�k/2� ≥ (k − 1)/2 and k/10 ≥ 1/2, that

⌊
k

2

⌋
≥ 2k

5
.

Finally, we have
⌊

log
(
k

2

)⌋
≥ log

(
k

2

)
− 1 = log

(
k

4

)
.

Hence, N has VC dimension at least (n + 4)(k/5) log(k/4), which is at least as
large as the claimed bound (W/5) log(k/4). ��

In the networks considered thus far the input dimension was assumed to be
variable. It is an easy consequence of Theorem 2 that even when n is constant,
the VC dimension grows still linearly in terms of the network size.

Corollary 5. Assume that the input dimension is fixed and consider a network
N with one hidden layer of binary CSRF neurons and a linear output node. Then
the VC dimension of N is Ω(k) and Ω(W ), where k is the number of hidden
nodes and W the number of weights. This even holds in the case of fixed output
weights.

Proof. Choose m, q ≥ 1 such that m + q ≤ n, and let h = k − 2q. Since n
is constant, hq(m + 1) is Ω(k). Thus, according to Theorem 2, there is a set
of cardinality Ω(k) shattered by N . Since the number of weights is O(k), the
bound Ω(W ) also follows. ��



Radial Basis Function Neural Networks Have Superlinear VC Dimension 25

4 Lower Bounds for RBF and DOG Networks

In the following we present the lower bounds for networks with one hidden layer
of Gaussian radial basis function neurons and difference-of-Gaussians neurons,
respectively. We first consider the latter type.

Theorem 6. Let h, q,m ≥ 1 be arbitrary natural numbers. Suppose N is a
network with m + q input nodes, one hidden layer of h + 2q DOG neurons, and
a linear output node. Then there is a set of cardinality hq(m + 1) shattered by
N .

Proof. We use ideas and results from the proof of Theorem 2. In particular, we
show that the set constructed there can be shattered by a network of new model
neurons, the so-called extended Gaussian neurons which we introduce below.
Then we demonstrate that a network of these extended Gaussian neurons can
be simulated by a network of DOG neurons, which establishes the statement of
the theorem.

We define an extended Gaussian neuron with n inputs to compute the func-
tion g̃ : IR2n+2 → IR with

g̃(c, σ, α, x) = 1−
(
α exp

(
−‖x− c‖2

σ2

)
− 1
)2

,

where x1, . . . , xn are the input variables, c1, . . . , cn, α, and σ > 0 are real-valued
parameters. Thus, the computation of an extended Gaussian neuron is performed
by scaling the output of a Gaussian RBF neuron with α, squaring the difference
to 1, and comparing this value with 1.

Let S ⊆ IRm+q be the set of cardinality hq(m + 1) constructed in the proof
of Theorem 2. In particular, S has the form

S = {siej : i = 1, . . . , h(m + 1); j = 1, . . . , q} .

We have also defined in that proof binary CSRF neurons Hk,p as hidden nodes
in terms of parameters ĉk,p ∈ IRm+q, which became the centers of the neurons,
and r̂k,p ∈ IR, which gave the center radii âk,p = r̂k,p− γ and the surround radii
b̂k,p = r̂k,p + γ using some γ > 0. The number of hidden nodes was not larger
than h + 2q. We replace the CSRF neurons by extended Gaussian neurons Gk,p

with parameters ck,p, σk,p, αk,p defined as follows. Assume some σ > 0 that will
be specified later. We let

ck,p = ĉk,p ,

σk,p = σ ,

αk,p = exp

(
r̂ 2k,p
σ2

)
.

These hidden nodes are connected to the output node with all weights being 1.
We call this network N ′ and claim that it shatters S. Consider some arbitrary
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dichotomy (S0, S1) of S and some siej ∈ S. Then node Gk,p computes

g̃(ck,p, σk,p, αk,p, siej) = 1−
(
αk,p exp

(
−‖siej − ck,p‖2

σ2k,p

)
− 1

)2

= 1−
(

exp

(
r̂ 2k,p
σ2

)
· exp

(
−‖siej − ĉk,p‖2

σ2

)
− 1

)2

= 1−
(

exp

(
−‖siej − ĉk,p‖2 − r̂ 2k,p

σ2

)
− 1

)2
. (10)

Suppose first that siej ∈ S1. It was shown by Claims 1, 2, and 3 in the proof of
Theorem 2 that there is exactly one hidden node Hk,p that outputs 1 on siej .
In particular, the proof of Claim 1 established that this node satisfies

‖siej − ĉk,p‖2 = r̂ 2k,p .

Hence, according to (10) node Gk,p outputs 1. We note that this holds for all
values of σ. Further, the proofs of Claims 2 and 3 yielded that those nodes Hk,p

that output 0 on siej satisfy

‖siej − ĉk,p‖2 > (r̂k,p + γ)2 or ‖siej − ĉk,p‖2 < (r̂k,p − γ)2 .

This implies for the computation of Gk,p that in (10) we can make the expression

exp

(
−‖siej − ĉk,p‖2 − r̂ 2k,p

σ2

)

as close to 0 as necessary by choosing σ sufficiently small. Since this does not
affect the node that outputs 1, network N ′ computes a value close to 1 on siej .

On the other hand, for the case siej ∈ S0 it was shown in Theorem 2 that all
nodes Hk,p output 0. Thus, if σ is sufficiently small, each node Gk,p, and hence
N ′, outputs a value close to 0. Hence, S is shattered by thresholding the output
of N ′ at 1/2.

Finally, we show that S can be shattered by a network N of the same size
with DOG neurons as hidden nodes. The computation of an extended Gaussian
neuron can be rewritten as

g̃(c, σ, α, x) = 1−
(
α exp

(
−‖x− c‖2

σ2

)
− 1
)2

= 1−
(
α2 exp

(
−2‖x− c‖2

σ2

)
− 2α exp

(
−‖x− c‖2

σ2

)
+ 1
)

= 2α exp
(
−‖x− c‖2

σ2

)
− α2 exp

(
−2‖x− c‖2

σ2

)

= gDOG(c, σ, σ/
√

2, 2α, α2, x) .
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Hence, the extended Gaussian neuron is equivalent to a weighted difference of two
Gaussian neurons with center c, widths σ, σ/

√
2 and weights 2α, α2, respectively.

Thus, the extended Gaussian neurons can be replaced by the same number of
DOG neurons. ��

We note that the network of extended Gaussian neurons constructed in the
previous proof has all output weights fixed, whereas the output weights of the
DOG neurons, that is, the parameters α and β in the notation of Section 2, are
calculated from the parameters of the extended Gaussian neurons and, therefore,
depend on the particular dichotomy to be implemented. (It is trivial for a DOG
network to have an output node with fixed weights since the DOG neurons have
built-in output weights.)

We are now able to deduce a superlinear lower bound on the VC dimension
of DOG networks.

Corollary 7. Suppose N is a network with one hidden layer of DOG neurons
and a linear output node. Let N have k hidden nodes and input dimension n ≥ 2,
where k ≤ 2n. Then N has VC dimension at least⌊

k

2

⌋
·
⌊

log
(
k

2

)⌋
·
(
n−

⌊
log
(
k

2

)⌋
+ 1
)

.

Let W denote the number of weights and assume that k ≤ 2n/2. Then the VC
dimension of N is at least

W

5
log
(
k

4

)
.

For fixed input dimension the VC dimension of N is bounded by Ω(k) and Ω(W ).

Proof. The results are implied by Theorem 6 in the same way as Corollaries 3,
4, and 5 follow from Theorem 2. ��

Finally, we have the lower bound for Gaussian RBF networks.

Theorem 8. Suppose N is a network with one hidden layer of Gaussian RBF
neurons and a linear output node. Let k be the number of hidden nodes and n
the input dimension, where n ≥ 2 and k ≤ 2n+1. Then N has VC dimension at
least ⌊

k

4

⌋
·
⌊

log
(
k

4

)⌋
·
(
n−

⌊
log
(
k

4

)⌋
+ 1
)

.

Let W denote the number of weights and assume that k ≤ 2(n+2)/2. Then the
VC dimension of N is at least

W

12
log
(
k

8

)
.

For fixed input dimension n ≥ 2 the VC dimension of N satisfies the bounds
Ω(k) and Ω(W ).
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Proof. Clearly, a DOG neuron can be simulated by two weighted Gaussian RBF
Neurons. Thus, by virtue of Theorem 6 there is a network N with m + q input
nodes and one hidden layer of 2(h + 2q) Gaussian RBF neurons that shatters
some set of cardinality hq(m + 1). Choosing h = �k/4�, q = �log(k/4)�, and
m = n− �log(k/4)� we obtain similarly to Corollary 3 the claimed lower bound
in terms of n and k. Furthermore, the stated bound in terms of W and k follows
by analogy to Corollary 4. The bound for fixed input dimension is obvious, as
in the proof of Corollary 5. ��

Some radial basis function networks studied theoretically or used in practice
have no adjustable width parameters (for instance in [5,20]). Therefore, a natural
question is whether the previous result also holds for networks with fixed width
parameters. The values of the width parameters for Theorem 8 arise from the
widths of DOG neurons specified in Theorem 6. The two width parameters of
each DOG neuron have the form σ and σ/

√
2 where σ is common to all DOG

neurons and is only required to be sufficiently small. Hence, we can choose a
single σ that is sufficiently small for all dichotomies to be induced. Thus, for
the RBF network we not only have that the width parameters can be fixed, but
even that there need to be only two different width values—solely depending on
the architecture and not on the particular dichotomy.

Corollary 9. Let N be a Gaussian RBF network with n input nodes and k
hidden nodes satisfying the conditions of Theorem 8. Then there exists a real
number σn,k > 0 such that the VC dimension bounds stated in Theorem 8 hold
for N with each RBF neuron having fixed width σk,n or σk,n/

√
2.

With regard to Theorem 8 we further remark that k has been previously es-
tablished as lower bound for RBF networks by Anthony and Holden [2]. Further,
also Theorem 19 of Lee et al. [11] in connection with the result of Erlich et al.
[7] implies the lower bound Ω(nk), and hence Ω(k) for fixed input dimension.
By means of Theorem 8 we are now able to present a lower bound that is even
superlinear in k.

Corollary 10. Let n ≥ 2 and N be the network with k = 2n+1 hidden Gaussian
RBF neurons. Then N has VC dimension at least

k

3
log
(
k

8

)
.

Proof. Since k = 2n+1, we may substitute n = log k − 1 in the first bound of
Theorem 8. Hence, the VC dimension of N is at least

⌊
k

4

⌋
·
⌊

log
(
k

4

)⌋
·
(

log k −
⌊

log
(
k

4

)⌋)
≥ 2

⌊
k

4

⌋
·
⌊

log
(
k

4

)⌋
.

Using �k/4� ≥ k/6 and �log(k/4)� ≥ log(k/8) yields the claimed bound. ��
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5 Concluding Remarks

We have shown that the VC dimension of every reasonably sized one-hidden-
layer network of RBF, DOG, and binary CSRF neurons is superlinear. It is not
difficult to deduce that the bound for binary CSRF networks is asymptotically
tight. For RBF and DOG networks, however, the currently available methods
give only rise to the upper bound O(W 2k2). To narrow the gap between upper
and lower bounds for these networks is an interesting open problem.

It is also easy to obtain a linear upper bound for the single neuron in the
RBF and binary CSRF case, whereas for the DOG neuron the upper bound is
quadratic. We conjecture that also the DOG neuron has a linear VC dimension,
but the methods currently available do not seem to permit an answer.

The bounds we have derived involve constant factors that are the largest
known for any standard neural network with one hidden layer. This fact could be
evidence of the higher cooperative computational capabilities of local receptive
field neurons in comparison to other neuron types. This statement, however,
must be taken with care since the constants involved in the bounds are not yet
known to be tight.

RBF neural networks compute a particular type of kernel-based functions.
The method we have developed for obtaining the results presented here is of quite
general nature. We expect it therefore to be applicable for other kernel-based
function classes as well.
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Abstract. In this paper, we examine on-line learning problems in which
the target concept is allowed to change over time. In each trial a master
algorithm receives predictions from a large set of n experts. Its goal is to
predict almost as well as the best sequence of such experts chosen off-line
by partitioning the training sequence into k+1 sections and then choosing
the best expert for each section. We build on methods developed by
Herbster and Warmuth and consider an open problem posed by Freund
where the experts in the best partition are from a small pool of size m.
Since k >> m the best expert shifts back and forth between the experts
of the small pool. We propose algorithms that solve this open problem
by mixing the past posteriors maintained by the master algorithm. We
relate the number of bits needed for encoding the best partition to the
loss bounds of the algorithms. Instead of paying log n for choosing the
best expert in each section we first pay log

(
n
m

)
bits in the bounds for

identifying the pool of m experts and then logm bits per new section. In
the bounds we also pay twice for encoding the boundaries of the sections.

1 Introduction

We consider the following standard on-line learning model in which a master
algorithm has to combine the predictions from a set of experts [12,15,3,11].
Learning proceeds in trials. In each trial the master receives the predictions
from n experts and uses them to form its own prediction. At the end of the
trial both the master and the experts receive the true outcome and incur a
loss measuring the discrepancy between their predictions and the outcome. The
master maintains a weight for each of its experts. The weight of an expert is
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an estimate of the “quality” of this expert’s predictions and the master forms
its prediction based on a weighted combination of the expert’s predictions. The
master updates the expert’s weights at the end of each trial based on the losses
of the experts and master.

The goal is to design weight updates that guarantee that the loss of the
master is never much larger than the loss of the best expert or the best convex
combination of the losses of the experts. So here the best expert or convex
combination serves as a comparator.

A more challenging goal is to learn well when the comparator changes over
time. So now the sequence of trials is partitioned into sections. In each section
the loss of the algorithm is compared to the loss of a particular expert and this
expert changes at the beginning of a new section. The goal of the master now
is to do almost as well as the best partition. Bounds of this type were first
investigated by Littlestone and Warmuth [12] and then studied in more detail
by Herbster and Warmuth [9] and Vovk [17]. Other work on learning in relation
to a shifting comparator but not in the expert setting appears in [2,10,14].

In this paper we want to model situations where the comparators are from
a small pool of m convex combinations of the n experts each represented by a
probability vector ũj , (1 ≤ j ≤ m). In the initial segment a convex combination
ũ1 might be the best comparator. Then at some point there is a shift and ũ2
does well. In a third section, ũ1 might again be best and so forth. The pool size
is small (m << n) and the best comparator switches back and forth between
the few convex combinations in the pool (m << k, where k is the number of
shifts). Of course, the convex combinations of the pool are not known to the
master algorithm.

This type of setting was popularized by an open problem posed by Yoav
Freund [5]. In his version of the problem he focused on the special case where
the pool consists of single experts (i.e. the convex combinations in the pool
are unit vectors). Thus the goal is to develop bounds for the case when the
comparator shifts back and forth within a pool of m out a much larger set of n
experts.

In [9] bounds were developed where the additional loss of the algorithm over
the loss of the best comparator partition is proportional to the number of bits
needed to encode the partition. Following this approach Freund suggests the
following additional loss bound for his open problem: log

(
n
m

) ≈ m log n
m bits for

choosing the pool of m experts, logm bits per segment for choosing an expert
from the pool, and log

(
T−1
k

) ≈ k log T
k bits for specifying the k boundaries of

the segments (where T is the total number of trials).

In this paper we solve Freund’s open problem. Our methods build on those
developed by Herbster and Warmuth [9]. There are two types of updates: a Loss
Update followed by a Mixing Update. The Loss Update is the standard update
used for the expert setting [12,15,7,11] in which the weights of the experts decay
exponentially with the loss. In the case of the log loss this becomes Bayes rule
for computing the posterior weights for the experts. In the new Mixing Update



Tracking a Small Set of Experts by Mixing Past Posteriors 33

the weight vector in the next trial becomes a mixture of all the past posteriors
where the current posterior always has the largest mixture coefficient.

The key insight of our paper is to design the mixture coefficients for the
past posteriors. In our main scheme the coefficient for the current posterior is
1−α for some small α ∈ [0, 1] and the coefficient for the posterior d trials in the
past is proportional to α/d. Curiously enough this scheme solves Freund’s open
problem: When the comparators are single experts then the additional loss of our
algorithms over the loss of the best comparator partition is order of the number
of bits needed to encode the partition. For this scheme all past posteriors need to
be stored requiring time and space O(nt) at trial t. However, we show how this
mixing scheme can be approximated in time and space O(n ln t). The simplest
scheme has slightly weaker bounds: The coefficients of all past posteriors (there
are t of them at trial t) are α 1t . Now only the average of the past posteriors
needs to be maintained requiring time and space O(n).

We begin by reviewing some preliminaries about the expert setting and then
give our main algorithm in Section 3. This algorithm contains the main schemes
for choosing the mixture coefficients. In Section 4 we prove bounds for the various
mixing schemes. In particular, we discuss the optimality of the bounds in relation
to the number of bits needed to encode the best partition. We then discuss
alternates to our main algorithm in Section 5 and experimentally compare the
algorithms in Section 6. We conclude with a number of open problems.

2 Preliminaries

Let T denote the number of trials and n the number of experts. We will refer
to the experts by their index i ∈ {1, . . . , n}. At trial t = 1, . . . , T , the master
receives a vector xt of n predictions, where xt,i is the prediction of the i-th expert.
The master then must produce a prediction ŷt and, following that, receives the
true outcome yt for trial t. We assume that xt,i, ŷt, yt ∈ [0, 1].

A loss function L : [0, 1] × [0, 1] → [0,∞] is used to measure the discrep-
ancy between the true outcome and the predictions. Expert i incurs loss Lt,i =
L(yt, xt,i) at trial t and the master algorithm A incurs loss Lt,A = L(yt, ŷt).
For the cumulative loss over a sequence, we will use the shorthand notation
L1..T,A =

∑T
t=1 Lt,A.

The weight vector maintained by the algorithm at trial t is denoted by vt.
Its elements are non-negative and sum to one, i.e. vt is in the n-dimensional
probability simplex denoted by Pn.

Based on the current weight vector vt, and the experts predictions xt, the
master algorithm uses a prediction function pred : Pn × [0, 1]n → [0, 1] to com-
pute its prediction for trial t: ŷt = pred(vt,xt). In the simplest case the pre-
diction function is an average of the experts predictions pred(v,x) = v · x (See
[11]). Refined prediction functions can be defined depending on the loss function
used [15]. The loss and prediction functions are characterized by the following
definition.
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Definition 1. ([7,16]) Let c, η > 0. A loss function L and prediction function
pred are (c, η)-realizable if, for any weight vector v ∈ Pn, prediction vector x
and outcome y,

L(y, pred(v,x)) ≤ −c ln
n∑
i=1

vie
−ηL(y,xi) . (1)

For example, with the prediction function pred(v,x) = v · x the quadratic loss
Lsq(y, ŷ) = (y − ŷ)2 satisfies1 (1) with (c, η) = (2, 12 ) and the entropic loss
Lent(y, ŷ) = y ln y

ŷ + (1− y) ln 1−y1−ŷ satisfies (1) with (c, η) = (1, 1).
In the remainder we will assume the loss and prediction functions that we

use are (c, 1/c)-realizable so that cη = 1. The two examples given above satisfy
this criterion. This does not include the case of the absolute loss. However, the
results here can essentially be extended to this loss as was done in [9].

3 The Algorithms

Learning proceeds in trials. At the beginning of each trial t (see Figure 1) the
master algorithm receives the prediction vector xt from the experts and forms
is own prediction ŷt. It then receives the correct outcome yt and performs two
weight updates. The first update is the standard Loss Update which is the basis
for all the work in the expert framework [12,15]. This update, which produces
an intermediate weight vector vmt , may be seen as a generalization of Bayes rule
for updating a posterior. Indeed when yt ∈ {0, 1}, the learning rate η is one and
the loss is the log loss then this update becomes Bayes rule.2

The Loss Update allows us to prove bounds on the loss of the master algo-
rithm in terms of the loss of the best expert [12,15] or the best convex com-
bination ũ ∈ Pn of the losses of the experts [11]. However in this paper the
comparator convex combination is allowed to change with the trial t. Let ut
be the convex combination used in trial t. The beliefs of the algorithm about
the comparator sequence are modeled with a probability distribution βt+1(.).
At the end of each trial t the master algorithm might need to ”pick up” the
computation from some previous trial. For 0 ≤ q ≤ t, let βt+1(q) be the coef-
ficient/probability given to weight vector vmq of trial q. Intuitively, if q is the
last trial in which the comparator ut+1 is used then βt+1(q) should be high. In
particular, βt+1(t) should be high if the comparison vector remains unchanged,
i.e. ut = ut+1. Also if the comparison vector ut+1 has never appeared before
1 A slightly more involved prediction function shows that the quadratic loss is ( 1

2 , 2)-
realizable [15].

2 Assume Et is the random variable naming the expert generating the label yt and
xt,i = P (yt = 1|Et = i, yt−1) then Lent(yt, xt,i) = − lnP (yt|Et = i, yt−1), i.e the
entropic loss becomes the log-loss. Now if vt,i is the prior P (Et = i|yt−1) at the
beginning of trial t then vm

t,i = P (Et = i|yt). Also in this case the prediction vt · xt

is the mean posterior P (yt = 1|vt−1) and − lnP (yt|yt−1) = Lent(yt, vt · xt) =
− ln

∑n

i=1 vt,ie
−Lent(yt,xt,i).
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Parameters: 0 < η, c and 0 ≤ α ≤ 1
Initialization: Initialize the weight to v1 = 1

n
1 and denote vm

0 = 1
n
1

FOR t = 1 TO T DO

– Prediction: After receiving the vector of experts predictions xt, predict with

ŷt = pred(vt, xt) .

– Loss Update: After receiving the outcome yt, compute for 1 ≤ i ≤ n,

vm
t,i =

vt,ie
−ηLt,i∑n

j=1 vt,je−ηLt,j
, where Lt,i = L(yt, xt,i) .

– Mixing Update: Choose mixture coefficients βt+1(q) (q = 0, . . . , t) such that∑t

q=0 βt+1(q) = 1 and compute

vt+1 =
t∑

q=0

βt+1(q)vm
q .

Fig. 1. The Mixing Algorithm

then the coefficient βt+1(0) should be high because a section needs to be started
with the initial weight vm0 . Thus the second update (called the Mixing Update)
”mixes” the previous weight vectors vmt . In the case of log loss the update mixes
the current and the previous posteriors. However note that all posteriors are
influenced by mixing that occurred in previous trials.

The probabilities βt+1(q) are specified by the specific mixing scheme to be
used (see Table 1). The simplest case occurs when βt+1(t) = 1 and the remaining
coefficients are zero. Thus vt+1 simply becomes vmt . Following [9] we call this
the Static Experts case. This choice is the setup suitable when the comparator
is the loss of a fixed expert (e.g. [12,15]) or a fixed convex combination of the
losses of the experts [11].

Table 1. The Mixing Schemes

Name Coefficients
Static Experts βt+1(t) = 1 and βt+1(q) = 0 for 0 ≤ q < t

Fixed-Share Update βt+1(t) = 1− α and
∑t−1

q=0 βt+1(q) = α

• To Start Vector βt+1(0) = α
• To Past
• Uniform Past βt+1(q) = α 1

t
for 0 ≤ q < t

• Decaying Past βt+1(q) = α 1
(t−q)γ

1
Zt

for 0 ≤ q < t,
with Zt =

∑t−1
q=0

1
(t−q)γ and γ ≥ 0
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Even in the case when shifting occurs then the largest coefficient is naturally
βt+1(t) signifying that the computation is most likely going to continue from the
weight vector at the current trial t. We call any update where βt+1(t) = 1−α for
some fixed small α by the name Fixed-Share Update. In contrast to the Static
Update when vt+1 simply becomes the current posterior vmt , each expert first
“shares” a fraction of α of its weight vmt,i and the total shared weight α is then
distributed among the earlier posteriors (i.e.

∑t−1
q=0 βt+1(q) = 1− βt+1(t) = α).

In the simplest case all of the shared weight α goes to the uniform weight
vector 1n1 = vm0 leading to essentially the Fixed-Share Algorithm analyzed in [9].
The main contribution of this paper is to show that other choices of distributing
the shared weight to the past posteriors give useful bounds. A simple choice is
the average of the past weight vectors (Uniform Past), i.e. βt+1(q) = α 1

t , for
0 ≤ q < t. Instead of the average a decaying sequence of coefficients leads to
better bounds. The more recent weight vectors receive higher coefficients. In the
case of the Decaying Past mixing scheme, βt+1(q) ≈ α 1

(t−q)γ , for γ ≥ 0.

4 Analysis of the Algorithms

In this paper we stress the bounds where the loss of the algorithm is compared
to some convex combination of the losses of the experts (see e.g. [11]) rather
than the loss of a single expert. Let β1(0) = 1, ∆(., .) be the relative entropy
and Lt be the vector of the losses Lt,i of the experts at trial t.

Lemma 1. For any trial t, any 0 ≤ q ≤ t−1 and any comparison vector ut ∈ Pn
Lt,A ≤ Lt · ut + c∆(ut,vt)− c∆(ut,vmt )

≤ Lt · ut + c∆(ut,vmq )− c∆(ut,vmt ) + c ln
1

βt(q)
.

Proof. The r.h.s. of the first inequality is equal to r.h.s. of (1). The second
inequality follows from the fact that vt =

∑t−1
q′=0 βt(q

′)vmq′ ≥ βt(q)vmq (Note that
“≥” holds component-wise). �

4.1 Comparison to a Fixed Convex Combination

Here we consider the case when the comparison vector ut = ũ remains un-
changed. We will thus use the Static Experts mixing scheme, i.e. βt+1(t) = 1
and βt+1(q) = 0 for 0 ≤ q < t. This is exactly the Static Experts Algorithm
since vmt becomes the weight vector used in the next trial, i.e. vt+1 = vmt . By
summing Lemma 1 over all trials we get the following bound (see e.g. [11]).
Lemma 2. For the Mixing Algorithm with the Static Expert mixing scheme (i.e.
no mixing) and any ũ ∈ Pn,

L1..T,A ≤
T∑
t=1

Lt · ũ + c∆(ũ,v1)− c∆(ũ,vmT ) .
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Proof. We apply Lemma 1 to each trial t = 2, . . . , T and use the fact that
vt = vmt−1. The sum of divergences telescopes so that only the first and last
terms remain. �
Note that the r.h.s. is the same for all ũ. To obtain upper bounds we often
choose a particular ũ and drop the −∆(ũ,vmT ) term which is always negative.
The start vector is always uniform, i.e. v1 = 1

n1. If the best expert has loss L∗

and ũ is the unit probability vector for this expert then ∆(ũ, 1n1) = lnn and
the above bound is at most L∗ + c lnn. However if k experts have loss L∗ then
by choosing ũ uniform over these experts (and zero on the remaining experts)
the bound becomes L∗ + c ln n

k . This improvement was first pointed out in [12].

4.2 Comparison to a Sequence with k Shifts

Now, we consider the situation where the comparison vector ut of trial t is
allowed to change/shift from trial to trial. A sequence of comparison vectors
u1, . . . ,uT ∈ Pn has k shifts if there is a subsequence of k trials t1, . . . , tk where
utj �= utj−1 and ut−1 = ut for all other trials t > 1. We define t0 = 1 and
tk+1 = T + 1. We now apply Lemma 1 to the case when all of the lost weight
α goes to the original posterior 1

n1. This essentially becomes the Fixed-Share
Algorithm of [9].

Lemma 3. For the Mixing Algorithm A with the Fixed-Share to the Start Vector
mixing scheme and any sequence of T comparison vectors ut with k shifts,

L1..T,A ≤
T∑
t=1

Lt · ut + c

k∑
j=0

(
∆(utj ,

1
n
1)−∆(utj ,v

m
tj+1−1)

)

+ck ln
1
α
+ c(T − k − 1) ln

1
1− α

.

Proof. We apply Lemma 1 for each trial. Whenever ut = ut−1 then we use
q = t− 1 and βt(t− 1) = 1− α, i.e.

LA,t≤Lt · ut+c∆(ut,vmt−1)−c∆(ut,vmt )+c ln
1

1− α
.

For the first trial we use q = 0, β1(0) = 1, and vm0 = 1
n1:

LA,1 ≤ L1 · u1 + c∆(u1,
1
n
1)− c∆(u1,vm1 ) .

For all other beginnings of sections, i.e. the trials t = tj (1 ≤ j ≤ k) we use
q = 0, βtj (0) = α, and vm0 = 1

n1:

LA,tj ≤ Ltj · utj + c∆(utj ,
1
n
1)− c∆(utj ,v

m
tj ) + c ln

1
α

.

Now we sum over all trials. The entropy terms within the sections telescope and
only for the beginning and the end of each section a positive and a negative
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entropy term remains, respectively. The beginnings of the k sections each incur
an additional term of c ln 1

α . Also T − k + 1 times ut = ut−1 and an additional
term of c ln 1

1−α is incurred. The initial trial (t = 1) has no additional term. �
If we restrict ourselves to the case when the comparison vectors are focused

on single experts then we essentially obtain the basic bound of [9] for the Fixed
Share to the Start Vector mixing scheme.

4.3 Comparison to a Sequence with k Shifts and a Pool of Size m

As in the previous section we let t1, . . . , tk be the subsequence of indices in
the sequence of comparators u1, . . . ,uT where shifting occurs (Also t0 = 1,
tk+1 = T + 1 and uT+1 = uT ). Let ũ1, . . . , ũm be the pool of m distinct convex
combinations in {ut1 , . . . ,utk}. At trial t0 = 1 a the first convex combination
from the pool is selected. At the remaining starting points utj (1 ≤ j ≤ k) of
sections either a new convex combination is selected from the pool (m−1 times)
or the convex combination utj has appeared before in {ut1 , . . . ,utj−1}. In the
latter case (k−m+1 times) the convex combination shifts back to the end of the
last section where this convex combination from the pool was the comparator.
We assume that m << k and thus most of the shifts (k + 1 −m of them) are
shift backs. Curiously enough the entropy terms for all trials belonging to the
same convex combination telescope.
Theorem 1. For the Mixing Algorithm A and for any sequence of T comparison
vectors ut with k shifts from a pool {ũ1, . . . , ũm} of m convex combinations, we
have (recall β1(0) = 1)

L1..T,A ≤
T∑
t=1

Lt · ut + c

m∑
j=1

(
∆(ũj ,

1
n
1)−∆(ũj ,vm�j )

)
+ c

T∑
t=1

ln
1

βt(qt−1)
,

where �j is the last trial such that ut = ũj and qt is the last of the trials
t, t− 1, . . . , 1 such that ut+1 = uq (we let qt = 0 when no such trial exists).
Proof. We apply Lemma 1 to all trials using q = qt−1:

Lt,A ≤ Lt · ut + c∆(ut,vmqt−1
)− c∆(ut,vmt ) + c ln

1
βt(qt−1)

.

We claim that summing the above over all trials proves the theorem. First note
that the comparator remains constant within each section. So as before the
entropy terms within each section telescope and only for the beginning and end
of each section a positive and a negative entropy term remains, respectively.
Furthermore, the ending and beginning terms belonging to successive sections of
the same convex combination from the pool also telescope. So for each element
of the pool only two entropy terms survive: one for the beginning of the first
section where it appears and one for the end of its last section. More precisely, the
beginning of the first section of convex combination ũj contributes ∆(ũj , 1n1)
because then qt−1 = 0 by definition. Also the last trial �j of ũj contributes
−∆(ũj ,vm�j ). �
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The challenge is to design the mixing coefficients βt+1(q) so that the last sum
in the above theorem is minimized. We give some reasonable choices below and
discuss time and space trade offs.

Bound for the Fixed Share to Uniform Past Mixing Scheme. Consider a mixing
scheme that equally penalizes all vectors in the past: βt+1(q) = α 1

t (q = 0..t−1).

Corollary 1. For the Mixing Algorithm A with the Fixed Share to Uniform Past
mixing scheme and for any sequence of T comparison vectors ut with k shifts
from a pool {ũ1, . . . , ũm} of m convex combinations, we have

L1..T,A ≤
T∑
t=1

Lt · ut + c

m∑
j=1

(
∆(ũj ,

1
n
1)−∆(ũj ,vm�j )

)

+ck ln
1
α
+ c(T − k − 1) ln

1
1− α

+ ck ln(T − 1) ,

where �j denotes the last trial such that ut = ũj.
Proof. We simply bound the last term in the inequality of Theorem 1 by the
last line in the inequality above. There are T − k− 1 trials such that ut = ut−1.
For all these trials βt(qt−1) = βt(t − 1) = 1 − α contributing a total cost of
c(T − k− 1) ln 1

1−α . In all the remaining trials a section is starting. For the first
trial β1(0) = 1 and no cost is incurred. For all k other trials t starting sections,
βt(qt−1) = α 1

t−1 . Thus these trials contribute at most ck ln 1
α + ck ln(T −1). �

Bound for the Fixed Share to Decaying Past Mixing Scheme. We now show
that an improvement of the above corollary is possible by choosing βt+1(q) =
α 1
(t−q)γZt

for 0 ≤ q ≤ t− 1, with Zt =
∑t−1
q=0

1
(t−q)γ .

Corollary 2. For the Mixing Algorithm A with the Fixed Share to Decaying
Past mixing scheme with γ = 1 and for any sequence of T comparison vectors
ut with k shifts from a pool {ũ1, . . . , ũm} of m convex combinations, we have

L1..T,A ≤
T∑
t=1

Lt · ut + c

m∑
j=1

(
∆(ũj ,

1
n
1)−∆(ũj ,vm�j )

)
+ ck ln

1
α

+c(T − k − 1) ln
1

1− α
+ ck ln

(T − 1)(m− 1)
k

+ ck ln ln(eT ) ,

where �j denotes the last trial such that ut = ũj.
Proof. The proof follows the proof of Corollary 1. �

4.4 Relating the Bounds to the Number of Bits

In this section we assume the comparison vectors ut are unit vectors. The number
of bits (measured with respect to c ln instead of log) for encoding a partition with
k shifts from a pool of size m is the following:

c ln
(

n

m

)
+c ln

(
T − 1

k

)
+c lnm+ck ln(m−1) ≈ cm ln

n

m
+ck ln

T

k
+ck lnm. (2)
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The first term is for selecting the m experts of the pool, the second term for
encoding the boundaries of the k shifts and the last term for naming members
of the pool belonging to the k + 1 sections.

Now consider the following “direct” algorithm proposed by Freund. Run the
Mixing Algorithm with the Fixed Share to Start Vector mixing scheme (i.e. the
Fixed Share Algorithm of [9]) on every pool/subset of m out of the n experts.
Each run becomes an expert that feeds into the Mixing Algorithm with the Static
Expert mixing scheme. If ut is the comparator sequence of the best partition
with k shifts from a pool of m experts then the loss of this algorithm is at most∑T
t=1 Lt · ut plus the number of bits (2). However this algorithm requires

(
n
m

)
n

weights which is unrealistic.
In contrast, our algorithms are efficient and the bounds are still close to

optimal. For example, if α = k
T−1 then the bound of the Mixing Algorithm with

the Fixed Share to Decaying Past (γ = 1) mixing scheme (see Corollary 2) is
the loss of the best partition plus approximately

cm lnn+ ck ln
T

k
+ ck ln

Tm

k
+ ck ln ln(eT ).

If we omit the last term, then this is at most twice the number of bits (2) and thus
we solved Freund’s open problem. Also note that the above bound is essentially
ck ln T

k +cm lnm larger than the number of bits. In the dominating first term we
are paying a second time for encoding the boundaries. The same bound with the
Uniform Past mixing scheme is not a constant times larger than the number of
bits. Thus it seems that the mixing coefficients need to decay towards the past
to obtain the best bounds.

The better Decaying Past scheme requires us to store all previous posteriors,
i.e. nt weights at trial t. However in the appendix we describe a way to approxi-
mate this scheme with O(n log t) weights. The Uniform Past scheme only needs
to store the current and the average of the past posterior (2n weights).

5 Additional Observations

Generalized Mixing Schemes. Notice that our main result (Theorem 1) relies on
the following simple property of the Mixing Update:

∀q = 0, . . . , t : vt+1 ≥ βt+1(q)vmq . (3)

The following update (called Max Mixing Update) also has this property and
thus all bounds proven in the paper immediately hold for this update as well:

vt+1 =
1
Zt

t
max
q=0

(
βt+1(q)vmq

)
,

where Zt is the normalization and the max is component-wise. Since max(a, b) ≤
a+ b for positive a and b one can show that Zt ≤ 1 and thus (3) is satisfied.
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More generally, we can replace the maximum by other functions. For example,
for any p ≥ 1, we can use f(a, b) = (ap+ bp)1/p. Since we have ap+ bp ≤ (a+ b)p

for any a, b ≥ 0, we can see the condition (3) will still hold.
Another possible update is to minimize the relative entropy subject to the

constraint defined by (3), i.e.

vt+1 = arg min
v∈Ct∩Pn

∆(v,vmt ) ,

where Ct is the set of vectors satisfying (3). We call this the Projection Mix-
ing Update. Such updates have been used by Herbster and Warmuth to obtain
bounds for shifting in a regression setting [10].

Notice for all generalized mixing schemes described above we can still use
the technique sketched in the appendix for reducing the number of weights at
trial t from O(nt) to O(n log t).

Variable Share and Lazy Mixing Updates. Inspired by the Variable Share Algo-
rithm of [9] we define the following Variable Share Mixing Update. As we shall see
in the next section this algorithm is better in the experiments than the Mixing
Update when the same mixing scheme is used.

vt+1,i = βt+1(t)Lt,ivmt,i + Ft

t−1∑
q=0

βt+1(q)vmq,i ,

where the losses Lt,i must be in [0, 1] and Ft is a factor that assures that the
vt+1,i sum to one. Note that the standard Mixing update can be written as

vt+1,i = βt+1(t)vmt,i +
t−1∑
q=0

βt+1(q)vmq,i .

Thus when all Lt,i are one then Ft = 1 and both updates agree. Also when all Lt,i
are zero then Ft = 0 and vt+1 = vmt = vt which is the Static Experts Update.
This shows that the new update interpolates between the Mixing Update and
the Static Experts Update. In some sense this update uses a small loss of the
experts as an indicator that no shift is occurring.

Another such indicator is the loss of the master algorithm itself. Indeed, when
the master performs well, it is likely that no shift is occurring and there is no
need to mix the posteriors. This idea leads to the Lazy Mixing Update which
works as follows. We use a variable Bt to accumulate the loss of the master
algorithm: we initialize B1 to 0 and update with Bt+1 = Bt + Lt,A. Only if
Bt+1 ≥ 1 then we perform the Mixing Update and reset Bt+1 to 0.

NP-Completeness.
Theorem 2. The following off-line problem is NP-complete.

Input: A number of trials T , a number of experts n, a number of shifts k, a
pool size m, binary predictions xt,i for each expert i and trial t, and binary labels
yt for each trial t.
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Question: Is there a partition of the T trials with k shifts from a pool of m
convex combinations that has loss zero.

Proof. The problem reduces to three-dimensional matching ([6], page 221): We
have T = 3q trials. Trials 1, 2, . . . , 3q correspond to the elements w1, w2, . . . , wq,
r1, r2, . . . , rq, s1, s2, . . . , sq, respectively. Choose the xt,i and yt so that each
triplet (wj , rk, s�) corresponds to an expert that only predicts correctly in trials
j, k+ q and �+2q, respectively. The number of convex combinations m is q and
the number of shifts k is 3q − 1.

One now can now show that a partition of loss zero corresponds to a matching
and vice versa. �

6 Experiments

In this section we discuss experiments performed on artificial data. The setup is
similar to the one used in [9]. We choose the square loss as the loss function and
the simple average prediction function with c = 2 and η = 1/2. We use T = 2800
trials and n = 200 experts, m = 3 of which constitute the experts (unit vectors)
in the pool {ũ1, ũ2, ũ3}. The predictions of the experts are generated randomly
and are always in [0, 1]. An expert from the pool has (when active) an expected
loss of 1/360 per trial while the other n−1 (non-active) experts have an expected
loss of 1/12 per trial. The sequence of comparators is ũ1, ũ2, ũ1, ũ2, ũ3, ũ1, ũ2
and the shifts occur every 400 trials. This means that at trials 1, t1 = 401 and
t4 = 2001 the three experts of the pool are introduced, while at trials 801, 1201,
1601 and 2401 we are shifting back to a previously used expert from the pool.
We considered the different mixing schemes studied in this paper when the α
parameter was set to the optimal rate T−1

k . In figures 2 and 3 we plot the total
loss of the different algorithms as a function of the trial number. The top curve
is the total loss of a typical expert and the bottom curve is the total loss of the
best partition. The slope always corresponds to the loss per trial. As expected
(see Fig. 2), the Static Experts Algorithm simply learns the weight of the expert
belonging to the first section and then “gets stuck” with that expert. It has the
optimal rate of loss (slope of bottom curve) in all later segments in which the
first expert is active and the slope of the top curve in the remaining sections.
The total loss curve of the Fixed Share to Start Vector mixing scheme has a
bump at the beginning of each section but is able to recover to the optimum
slope after each shift.

The bumps in its total loss curve are roughly of equal size. However note that
the Fixed Share to Decaying Past mixing scheme is able to recover faster when
the sequence shifts back to a previously active expert from the pool. Thus in
trials 801, 1201, 1601 and 2401 the bumps in its total loss curve are smaller than
the bumps in the curve for the Fixed Share to Start Vector mixing scheme. We
also depicted the log weights maintained by the algorithms in Figure 4 and these
plots support the above explanation. The log weight plot of the Fixed Share to
Decaying Past mixing scheme shows that if an expert of the pool was active
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Fig. 2. Total losses obtained by the different mixing schemes. The parameters are
T = 2800, n = 200, k = 6, m = 3 and α is tuned optimally. The numbers below the
x-axis indicate the index of the best expert in the segment.
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Fig. 3. Comparison between Fixed Share and Variable Share mixing schemes
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Fig. 4. Log weights for the different updates (top: Static Experts Algorithm, middle:
Fixed Share to Start Vector, bottom: Fixed Share to Decaying Past). The line marked
“1” depicts the log weight of expert ũ1. “Typical” is the log weight of an expert outside
the pool and “max others” the maximum log weight of any expert outside the pool.
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then its weight remains at an elevated level above the maximum weight of all
n− 3 experts outside the pool. From the elevated level the weight can be picked
up quickly when the same expert becomes active again. This corresponds to the
smaller bumps in the total loss curve of the Decaying Past mixing scheme for
the sections when an expert becomes active again.

In our experiments (plots not shown) the Uniform Past mixing scheme essen-
tially has the same performance as the Decaying Past mixing scheme, although
the bounds we proved for the former scheme are slightly worse than those for
the latter scheme. Similar performance was also obtained with the Max Mixing
Updates. However, as expected, we got some improvement by using the Variable
Share modification of the updates3 (see Fig. 3).

7 Conclusion

Building on the work of Herbster and Warmuth, we have shown that by mixing
the past posteriors, we can significantly reduce the cost of comparator shifts when
the comparators are from a small pool of convex combinations of the experts. We
showed that the total loss for the Fixed Share to Decaying Past mixing scheme
is at most the loss of the best partition plus the number of bits needed to encode
the best partition (including the boundaries of the sections) plus (a second time)
the number of bits needed to encode the boundaries. A good approximation of
this mixing scheme requires time and space O(n ln t) at trial t.

We are investigating whether the cost of paying for the boundaries a second
time can be can be reduced. However the off-line problem of finding a partition
with k shifts from a pool of m convex combinations and small loss is NP-hard.
Therefore no significant improvement of the loss bounds may be achievable with
efficient algorithms.

Another theoretical question is whether the new mixing schemes can be ex-
plained in terms of priors over partition experts. Indeed, for the Fixed Share
Algorithm of [9] (called Fixed Share to Start Vector mixing scheme in this pa-
per) it has been proven [17,8] that using one weight per partition gives an update
that collapses to the latter efficient algorithm.

The mixing schemes we propose can be extended in various ways. For example
one could cluster the past weight vectors in order to limit the number of weights
to be stored and to improve the identification of the convex combinations in
the best comparator sequence. Also, one could incorporate prior and on-line
knowledge about how the best convex combination is changing into the mixing
schemes.

Another open question is whether the parameters α, γ, and (in the case of
absolute loss) η can be tuned on-line using techniques from on-line learning [4,
1] and universal coding [18,13]. Finally, following [9], slightly improved upper
bounds should be obtainable for the Variable Share modification of the updates
when the losses of the experts lie in [0, 1]. Also it should be possible to formally
3 Note that for our experiment the losses of the expert lie in [0, 1].
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prove lower bounds on the loss of any on-line algorithm in terms of the number
of bits needed to encode the partition.
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Appendix: Keeping the Number of Weights Small

For the Fixed Share to Uniform Past mixing scheme it suffices to store the
average of the past vectors vmq (for 0 ≤ q < t), that is,

vt+1 = (1− α)vmt + αrt ,

where the average rt is computed via

rt+1 =
(t− 1)rt + vmt

t
.

The Fixed Share Update to Decaying Past mixing scheme has slightly better
bounds but now all past weight vectors need to be stored and thus the number
of weights at trial t is O(nt). However, we will sketch an approximate version of
this update which has essentially the same bound while requiring only O(n ln t)
weights to be stored.

In the case of the Uniform Past mixing scheme all past weight vectors have
the same coefficient and thus can be collapsed into an average weight vector. For
the best bounds we need some decaying towards the past. However the value
of the coefficients for the past posteriors only enters logarithmically into the
bounds. So we can group past posteriors into large blocks. For each block we
only keep the average weight vector and the mixture coefficient for the whole
block is the smallest mixture coefficient of all vectors in the block.

We maintain a linked list of blocks whose lengths are powers of 2. This list
contains at most two blocks for each power of 2 and at least one block for each
power (up to the maximal power). For each block only the average weight vector
is stored. Each time a new weight vector is added, a new block with power zero
is created and added to the end of the list. If there are already three blocks
of power 0, then the previous two blocks of power 0 are collapsed into a block
with power 1. The algorithm proceeds down the list. If a third block of power
q is created, then the previous two are collapsed into a block of power q + 1.
Whenever two blocks are collapsed, their weight vectors are averaged.

It can be proven that the maximum number of nodes in the list is 1+2�log t�.
Also the cost per boundary in Theorem 1 is ln 1

βt+1(qt)
and when applying the

above method to the Decaying Past mixing scheme this cost is increased by at
most γc ln 2.
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1 Introduction

We begin by describing an abstract sequential decision problem and a general
strategy to solve it. As we will see in detail in the subsequent sections, several
previously known algorithms for more specific decision problems turn out to be
special cases of this strategy.

The problem is parametrized by a decision space X , by an outcome space Y,
and by a convex and twice differentiable potential function Φ : IRN → IR+. At
each step t = 1, 2, . . ., the current state is represented by a point Rt−1 ∈ IRN ,
where R0 = 0. The decision maker observes a vector-valued drift function rt :
X × Y → IRN and selects an element ŷt from the decision space X . In return,
an outcome yt ∈ Y is received, and the new state of the problem is the “drifted
point” Rt = Rt−1+rt(yt, ŷt). The goal of the decision maker is to minimize the
potential Φ(Rt) for a given t (which might be known or unknown to the decision
maker).

Example 1. Consider an on-line prediction problem in the experts’ framework
of [4]. Here, the decision maker is a predictor whose goal is to forecast a hidden
sequence y1, y2, . . . of elements in the outcome space Y. At each time t, the
predictor computes its guess ŷt ∈ X for the next outcome yt. This guess is based
on the advice f1,t, . . . , fN,t ∈ X of N reference predictors, or experts from a fixed
pool. The guesses of the predictor and the experts are then individually scored
using a loss function � : X × Y → IR. The predictor’s goal is to keep as small
as possible the cumulative regret with respect to each expert. This quantity is
defined, for expert i, by the sum

t∑
s=1

(�(ŷs, ys)− �(fi,s, ys)) .

This can be easily modeled within our abstract decision problem by associating
a coordinate to each expert and by defining the components ri,t of the drift
function rt by ri,t(ŷt, yt) = �(ŷt, yt)− �(fi,t, yt) for i = 1, . . . , N .

In this work, we will restrict our attention to instances of our abstract decision
problem satisfying the following two assumptions. The notation u · v stands for
the inner product of two vectors defined by u · v = u1v1 + . . .+ uNvN .

1. Generalized Blackwell’s condition. At each time t, a decision ŷt ∈ X
exists such that

sup
yt∈Y

∇Φ(Rt−1) · rt(ŷt, yt) ≤ 0 , (1)

2. Additive potential. The potential Φ can be written as Φ(u) =
∑N
i=1 φ(ui)

for all u = (u1, . . . , uN ) ∈ IRN , where φ : IR→ IR+ is a nonnegative function
of one variable. Typically, φ will be monotonically increasing and convex on
IR+.
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Remark 2. Strategies satisfying condition (1) tend to keep the point Rt as close
as possible to the minimum of the potential by forcing the drift vector to point
away from the gradient of the current potential. This gradient descent approach
to sequential decision problems is not new. A prominent example of a decision
strategy of this type is the one used by Blackwell to prove his celebrated ap-
proachability theorem [1], generalizing to vector-valued payoffs von Neumann’s
minimax theorem. The application of Blackwell’s strategy to sequential decision
problems, and its generalization to arbitrary potentials, is due to a series of pa-
pers by Hart and Mas-Colell [18, 19], where condition (1) was first introduced
(though in a somewhat more restricted context). Condition (1) has been inde-
pendently introduced by Grove, Littlestone and Schuurmans [15], who used it to
define and analyze a new family of algorithms for solving on-line binary classifi-
cation problems. This family includes, as special cases, the Perceptron [25] and
the zero-threshold Winnow algorithm [23]. Finally, our abstract decision prob-
lem bears some similarities with Schapire’s drifting game [26] (discussed in the
full paper).

2 General Bounds

In this section we describe a general upper bound on the potential of the location
reached by the drifting point when the decision maker uses a strategy satisfying
condition (1). This result is inspired by, and partially builds on, Hart and Mas-
Colell’s analysis of their Λ-strategies [18] for playing iterated games and Grove
et al.’s analysis of quasi-additive algorithms [15] for binary classification.
Theorem 3. Let Φ be a twice differentiable additive potential function and let
r1, r2, . . . ∈ IRN be such that

∇Φ(Rt−1) · rt ≤ 0
for all t ≥ 1, where Rt = r1 + . . . + rt. Let f : IR+ → IR+ be an increasing,
concave, and twice differentiable auxiliary function such that, for all t = 1, 2, . . .,

sup
u∈IRN

f ′ (Φ(u))
N∑
i=1

φ′′(ui)r2i,t ≤ C(rt)

for some nonegative function C : IRN → IR+. Then, for all t = 1, 2, . . .,

f (Φ(Rt)) ≤ f (Φ(0)) +
1
2

t∑
s=1

C(rs) .

Proof. We estimate f(Φ(Rt)) in terms of f (Φ(Rt−1)) using Taylor’s theorem.
Note that ∇f(Φ(Rt−1)) = f ′(Φ(Rt−1))∇Φ(Rt−1). So we obtain

f (Φ(Rt)) = f (Φ(Rt−1 + rt))

= f (Φ(Rt−1)) + f ′ (Φ(Rt−1)) ∇(Φ(Rt−1)) · rt + 1
2

N∑
i=1

N∑
j=1

∂2f(Φ)
∂ui∂uj

∣∣∣∣
ξ
ri,trj,t

(where ξ is some vector between Rt−1 and Rt)



Potential-Based Algorithms in Online Prediction and Game Theory 51

≤ f (Φ(Rt−1)) +
1
2

N∑
i=1

N∑
j=1

∂2f(Φ)
∂ui∂uj

∣∣∣∣
ξ
ri,trj,t

where the inequality follows by (1) and the fact that f ′ ≥ 0. Since Φ is additive,
straightforward calculation shows that

N∑
i=1

N∑
j=1

∂2f(Φ)
∂ui∂uj

∣∣∣∣
ξ
ri,trj,t

= f ′′ (Φ(ξ))
N∑
i=1

N∑
j=1

φ′(ξi)φ′(ξj)ri,trj,t + f ′ (Φ(ξ))
N∑
i=1

φ′′(ξi)r2i,t

= f ′′ (Φ(ξ))

(
N∑
i=1

φ′(ξi)ri,t

)2
+ f ′ (Φ(ξ))

N∑
i=1

φ′′(ξi)r2i,t

≤ f ′ (Φ(ξ))
N∑
i=1

φ′′(ξi)r2i,t (since f is concave)

≤ C(rt)

where at the last step we used the hypothesis of the theorem. Thus, we have
obtained f(Φ(Rt)) ≤ f(Φ(Rt−1)) + C(rt)/2. The proof is finished by iterating
the argument. ��
In what follows, we will often write rt instead of rt(ŷt, yt) when ŷt and yt are
taken as arbitrary elements of, respectively, X and Y. Moreover, we will always
use Rt to denote r1(ŷ1, y1) + . . .+ rt(ŷt, yt).

We now review two simple applications of Theorem 3. The first is for poly-
nomial potential functions. For p ≥ 1, define the p-norm of a vector u by

‖u‖p =
(

N∑
i=1

|ui|p
)1/p

.

Corollary 4. Assume that a prediction algorithm satisfies condition (1) with
the potential function

Φ(u) =
N∑
i=1

|ui|p , (2)

where p ≥ 2. Then

Φ(Rt)2/p ≤ (p− 1)
t∑

s=1

‖rs‖2p and max
1≤i≤N

Ri,t ≤
√√√√(p− 1)

t∑
s=1

‖rs‖2p .

Proof. Apply Theorem 3 with f(x) = x2/p and φ(x) = |x|p. By straightforward
calculation,

f ′(x) =
2

px(p−2)/p
.
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On the other hand, since φ′′(x) = p(p− 1)|x|p−2, by Hölder’s inequality,
N∑
i=1

φ′′(ui)r2i,t = p(p− 1)
N∑
i=1

|ui|p−2r2i,t

≤ p(p− 1)
(

N∑
i=1

(|ui|p−2)p/(p−2)
)(p−2)/p( N∑

i=1

|ri,t|p
)2/p

.

Thus,

f ′ (Φ(u))
N∑
i=1

φ′′(ui)r2i,t ≤ (p− 1)
(

N∑
i=1

|ri,t|p
)2/p

.

The conditions of Theorem 3 are then satisfied with C(rt) = (p−1) ‖rt‖2p. Since
Φ(0) = 0, Theorem 3 implies the result. ��
Another simple and important choice for the potential function is the exponential
potential, treated in the next corollary.

Corollary 5. Assume that a prediction algorithm satisfies condition (1) with
the potential function

Φ(u) =
N∑
i=1

eηui , (3)

where η > 0 is a parameter. Then

lnΦ(Rt) ≤ lnN +
η2

2

t∑
s=1

max
1≤i≤N

r2i,s

and

max
1≤i≤N

Ri,t ≤ lnN
η

+
η

2

t∑
s=1

max
1≤i≤N

r2i,s .

Proof. Choosing f(x) = (1/η) lnx and φ(x) = eηx, the conditions of Theorem 3
are satisfied with C(rt) = ηmax1≤i≤N r2i,t. Using Φ(0) = N then yields the
result. ��

Remark 6. The polynomial potential was considered in [18] and, in the context
of binary classification, in [15], where it was used to define the p-norm Percep-
tron. In game theory, the exponential potential is viewed as a form of smooth
fictitious play (in fictitious play, the player chooses the pure strategy that is
best given the past distribution of the adversary’s plays; smoothing this choice
amounts to introduce randomization). In learning theory, algorithms based on
the exponential potential have been intensively studied and applied to a variety
of problems (see, e.g., [4, 8, 28, 29]).
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If rt ∈ [−1, 1]N for all t, then the choice p = 2 lnN for the polynomial
potential yields the bound

max
1≤i≤N

Ri,t ≤

√√√√(2 lnN − 1)
t∑

s=1

(
N∑
i=1

|ui|2 lnN
)1/ lnN

≤
√
(2 lnN − 1)N1/ lnN t =

√
(2 lnN − 1)et .

(This choice of p was also suggested in [13] in the context of p-norm perceptron
algorithms.) A similar bound can be obtained, under the same assumption on
the rt’s, by setting η =

√
2 lnN/t in the exponential potential. Note that this

tuning of η requires knowledge of the horizon t.

3 Weighted Average Predictors

In this section, we consider one of the main applications of the potential-based
strategy induced by the generalized Blackwell condition, that is, the experts’
framework mentioned in Section 1. Recall that, in this framework, the i-th com-
ponent of the drift vector at time t takes the form of a regret

ri,t(ŷt, yt) = �(ŷt, yt)− �(fi,t, yt)

where �(ŷt, yt) is the loss of the predictor and �(fi,t, yt) is the loss of the i-th
expert. Denote ∂Φ(u)/∂ui by ∇iΦ(u) and assume ∇iΦ(u) ≥ 0 for all u ∈ IRN .
A remarkable fact in this application is that, if X is a convex subset of a vector
space and the loss function � is convex in its first component, then a predictor
satisfying condition (1) is always obtained by averaging the experts’ predictions
weighted by the normalized potential gradient. Indeed, note that condition (1)
is equivalent to

(∀y ∈ Y) �(ŷt, y) ≤
∑N
i=1∇iΦ(Rt−1)�(fi,t, y)∑N

j=1∇jΦ(Rt−1)
(4)

Now by convexity of �, we have that (4) is implied by

(∀y ∈ Y) �(ŷt, y) ≤ �

(∑N
i=1∇iΦ(Rt−1)fi,t∑N
j=1∇jΦ(Rt−1)

, y

)

which is clearly satisfied by choosing

ŷt =
∑N
i=1∇iΦ(Rt−1)fi,t∑N
j=1∇jΦ(Rt−1)

.
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Example 7. Consider the exponential potential function of Corollary 5. In this
case, the weighted average predictor described above simplifies to

ŷt =

∑N
i=1 exp

(
η
∑t−1
s=1 (�(ŷs, ys)− �(fi,s, ys))

)
fi,t∑N

i=1 exp
(
η
∑t−1
s=1 (�(ŷs, ys)− �(fi,s, ys))

)

=

∑N
i=1 exp

(
−η∑t−1

s=1 �(fi,s, ys)
)
fi,t∑N

i=1 exp
(
−η∑t−1

s=1 �(fi,s, ys)
) . (5)

This is the well-known Weighted Majority predictor of [22], and Corollary 5
recovers, up to constant factors, previously known performance bounds (see,
e.g., [3]). Similarly, Corollary 4 may be used to derive performance bounds for
the predictor

ŷt =

∑N
i=1max

{
0,
∑t−1
s=1 (�(ŷs, ys)− �(fi,s, ys))

}p−1
fi,t

∑N
i=1max

{
0,
∑t−1
s=1 (�(ŷs, ys)− �(fi,s, ys))

}p−1 . (6)

based on a slight modification of the polynomial potential (2).
These results are summarized as follows.
Corollary 8. Assume that the decision space X is a convex subset of a vector
space and let � be a loss function which is convex in its first component and
bounded between 0 and 1. Then the exponential weighted average predictor (5)
with parameter η =

√
2 lnN/t satisfies, for all sequences y1, y2, . . .,

t∑
s=1

�(ŷs, ys) ≤ min
i=1,...,N

t∑
s=1

�(fi,s, ys) +
√
2t lnN ,

and the polynomial weighted average predictor (6) with parameter p = 2 lnN
satisfies, for all sequences y1, y2, . . .,

t∑
s=1

�(ŷs, ys) ≤ min
i=1,...,N

t∑
s=1

�(fi,s, ys) +
√
te(2 lnN − 1) .

The beauty of the Weighted Majority predictor of Corollary 8 is that it only
depends on the past performance of the experts, whereas the predictions made
using polynomial (and other general) potentials depend on the past predictions
ŷs, s < t as well.
Remark 9. In some cases Theorem 3 gives suboptimal bounds. In fact, the argu-
ments of Theorem 3 use Taylor’s theorem to bound the increase of the potential
function. However, in some situations the value of the potential function is actu-
ally nonincreasing. The following property is proven by repeating an argument
of Kivinen and Warmuth [20].
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Proposition 10. Consider the weighted majority predictor (5). If the loss func-
tion � is such that the function F (z) = e−η�(z,y) is concave for all y ∈ Y, then
for all t ≥ 1, Φ(Rt) ≤ Φ(0) where Φ is the exponential potential function (3). In
particular, since Φ(0) = N , we have maxi=1,...,N Ri,t ≤ ln(N)/η.
Proof. It suffices to show that Φ(Rt) ≤ Φ(Rt−1) or, equivalently, that

N∑
i=1

exp

(
−η

t−1∑
s=1

�(fi,s, ys)

)
eη(�(ŷt,yt)−�(fi,t,yt)) ≤

N∑
i=1

exp

(
−η

t−1∑
s=1

�(fi,s, ys)

)
,

which, denoting wi,t−1 = exp
(
−η∑t−1

s=1 �(fi,s, ys)
)
, may be written as

e−η�(ŷt,yt) ≥
∑N
i=1 wi,t−1e

−η�(fi,t,yt)∑N
i=1 wi,t−1

.

But since ŷt =
∑N
i=1 wi,t−1fi,t

/∑N
i=1 wi,t−1, this follows by the concavity of

F (z) and Jensen’s inequality. ��
Simple and common examples of loss functions satisfying the concavity as-
sumption of the proposition include the squared loss �(z, y) = (z − y)2 for
X = Y = [0, 1] with η = 1/2 and the logarithmic loss with η = 1. For more
information on this type of prediction problems we refer to Vovk [30], Haussler,
Kivinen, and Warmuth [17] and Kivinen and Warmuth [20]. Observe that the
proof of the proposition does not make explicit use of the generalized Blackwell
condition.

4 The Quasi-Additive Algorithm

In this section, we show that the quasi-additive algorithm of Grove, Littlestone
and Schuurmans (whose specific instances are the p-norm Perceptron [13, 15], the
classical Perceptron [2, 24, 25], and the zero-threshold Winnow algorithm [23])
is a special case of our general decision strategy. Then, we derive performance
bounds as corollaries of our Theorem 3.

We recall that the quasi-additive algorithm performs binary classification of
attribute vectors x = (x1, . . . , xN ) ∈ IRN by incrementally adjusting a vector
w ∈ IRN of weights. If wt is the weight vector before observing the t-th attribute
vector xt, then the quasi-additive algorithm predicts the unknown label yt ∈
{−1, 1} of xt with the thresholded linear function ŷt = sgn(xt · wt). If the
correct label yt is different from ŷt, then the weight vector is updated, and the
precise way this update occurs distinguishes the various instances of the quasi-
additive algorithm.

To fit and analyze the quasi-additive algorithm in our framework, we spe-
cialize the abstract decision problem of Section 1 as follows. The decision space
X and the outcome space Y are both set equal to {−1, 1}. The drift vector at
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time t is the function rt(ŷt, yt) = 1l{yt �=ŷt}ytxt where 1l{E} is the indicator func-
tion of event E. Instances of the quasi-additive algorithm are parametrized by
a potential function Φ and use the gradient of the current potential as weight
vector, that is, wt = ∇Φ(Rt−1). Hence, the weight update is defined by

wt+i = ∇Φ
(
(∇Φ)−1(wt) + ri,t

)
where (∇Φ)−1, when it exists, is the functional inverse of ∇Φ. We now check
that condition (1) is satisfied. If ŷt = yt, then rt(ŷt, yt) = 0 and the condition is
satisfied. Otherwise, rt ·∇Φ(Rt−1) = 1l{yt �=ŷt}ytxt ·wt ≤ 0, and the condition is
satisfied in this case as well.

In the rest of this section, we denote byMt =
∑t
s=1 1l{yt �=ŷt} the total number

of mistakes made by the specific quasi-additive algorithm being considered.

4.1 The p-Norm Perceptron

As defined in [15], the p-norm Perceptron uses the polynomial potential (2). We
now derive a generalization of the Perceptron convergence theorem [2, 24] (a
version slightly stronger than ours was proven in [13]).

Fix v0 ∈ IRN and γ > 0. For an arbitrary sequence (x1, y1), . . . , (xt, yt)
of labeled attribute vectors, let Dt =

∑t
s=1max{0, γ − ytxt · v0} be the total

deviation [9, 13, 14] of v0 with respect to margin γ > 0. Each term in the
sum defining Dt tells whether, and by how much, the linear threshold classifier
based on weight vector v0 missed to classify, to within a certain margin, the
corresponding example. Thus Dt measures a notion of loss, called hinge loss
in [14], different from the number of misclassifications, associated to the weight
vector v0.

Corollary 11. Let (x1, y1), (x2, y2), . . . ∈ IRN × {−1, 1} be any sequence of la-
beled attribute vectors. Then the number Mt of mistakes made by the p-norm
Perceptron on a prefix of arbitrary length t of this sequence such that ‖xs‖p ≤ Xp

for some Xp and for all s ≤ t is at most

Mt ≤ Dt

γ
+

p− 1
2

(
Xp

γ

)2
+

√
(p− 1)2X4

p + 4(p− 1)γDtX2
p

4γ4

where Dt is the deviation of v0 with respect to margin γ for any v0 of unit
q-norm (q being the dual norm of p) and any γ > 0.
Proof. Corollary 4 and the bound on ‖xt‖p implies that ‖Rt‖2p ≤ (p− 1)X2

pMt.
On the other hand, let v0 ∈ IRN be any vector such that ‖v0‖q = 1. Then

‖Rt‖p ≥ Rt · v0 (by Hölder’s inequality)
= Rt−1 · v0 + 1l{yt �=ŷt}ytxt · v0
≥ Rt−1 · v0 + 1l{yt �=ŷt}(γ − dt)

= · · · ≥ γMt −Dt .
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Piecing together the two inequalities, and solving the resulting equation for
Mt, yields the desired result. ��

4.2 Zero-Threshold Winnow

The zero-threshold Winnow algorithm uses the exponential potential (3). As
we did for the p-norm Perceptron, we derive as a corollary (proof shown in
the appendix) a robust version of the bound shown by Grove, Littlestone and
Schuurmans [15]. Let Dt be the same as in Corollary 11.
Corollary 12. Let (x1, y1), (x2, y2), . . . ∈ IRN × {−1, 1} be any sequence of la-
beled attribute vectors. On a prefix of arbitrary length t of this sequence such
that

‖xs‖∞ ≤ X∞ for some X∞ and for all s ≤ t,
L ≥ Dt/γ for some probability vector v0 and for some L, γ > 0,

the number Mt of mistakes made by zero-threshold Winnow tuned with

η =




γ/(X2
∞) if L < 2(X∞/γ)2 lnN√

2 lnN
X2∞L

otherwise

is at most 6 (X∞/γ)2 lnN if L < 2(X∞/γ)2 lnN , and at most

Dt

γ
+

√
2L

(
X∞
γ

)2
lnN + 2

(
X∞
γ

)2
lnN .

otherwise.

Remark 13. Performance bounds similar to those shown in this section and in
Section 3 can be obtained, for the same algorithms, via an analysis based on
the Bregman divergence of Φ. Though Bregman divergences are a very versatile
tool [13], their applicability seems to be limited to weighted average predictors
(and to certain losses only). Hence, it is an interesting open problem to under-
stand whether more complex predictors, like the ones analyzed in the Section 6,
could be analyzed in this way.

5 Boosting

Boosting algorithms for {−1, 1} classification problems receive in input a labeled
sample (v1, �1), . . . , (vN , �N ) ∈ V × {−1, 1}, where V is a generic instance space,
and return classifiers of the form sgn

(∑t
s=1 αshs

)
, where αs ∈ IR and the

functions hs : V → [−1, 1] belong to a fixed hypothesis space H. In the boosting
by resampling schema, the classifier is built incrementally: at each step t, the
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booster weighs the sample and calls an oracle (the so-called weak learner) that
returns some ht ∈ H. Then the booster chooses αt based on the performance of
ht on the weighted sample and adds αtht to the thresholded sum. Boosting by
resampling can be easily fitted in our framework by letting, at each round t, αt
be the decision maker’s choice (X = IR) and ht be the outcome (Y = H). The
drift function rt is defined by ri,t(αt, ht) = −αt�iht(vi) for each i = 1, . . . , N ,
and condition (1) takes the form

∇Φ(Rt−1) · rt = −αt
N∑
i=1

�iht(vi)∇iΦ(Rt−1) ≤ 0 .

Define
∑N
i=1 �iht(vi)∇iΦ(Rt−1) as the weighted functional margin of ht, denoted

by m(ht). We see that (1) corresponds to αtm(ht) ≥ 0. Freund and Schapire’s
AdaBoost [8] is a special case of this schema where the potential is exponential
and αt is chosen in a way such that (1) is satisfied. We recover (to within con-
stants) the known bound on the accuracy of the classifier output by AdaBoost
as a special case of our main result.
Corollary 14. For every training set (v1, �1), . . . , (vN , �N ) ∈ V × {−1, 1}, and
for every sequence h1, h2, . . . of functions ht : V → [−1, 1], if Φ is the exponential
potential (2) with η = 1, then the classifier f = sgn

(∑t
s=1 α̃shs

)
achieves

1
N

N∑
i=1

1l{f(vi) �=�i} ≤ exp
(
−1
4

t∑
s=1

α̃2s

)
,

where α̃s = m(hs)/

(
2
N∑
i=1

exp(Ri,t−1)

)
.

Proof. The result does not follow directly from Corollary 5. We need to slightly
modify the proof of Theorem 3 when the negative term f ′(Φ(Rt−1))∇Φ(Rt−1)·rt
was dropped. Here, that term is −αtm(ht)/

(∑N
i=1 exp(Ri,t−1)

)
, where

m(ht) =
N∑
i=1

�iht(vi) exp(Ri,t−1) .

Keeping this term around, and noting that C(rt) ≤ α2t , we can choose αt = α̃t
and, proceeding as in the proof of Corollary 5, obtain

lnΦ(Rt) ≤ lnN − 14
t∑

s=1

α̃2s .

By rearranging and exponentiating we get

Φ(Rt)
N

≤ exp
(
−1
4

t∑
s=1

α̃2s

)
.

As, for the exponential potential, Φ(Rt)/N upper bounds the fraction of mis-
classified examples, we get the desired result. ��
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6 Potential-Based Algorithms in Game Theory

Our abstract decision problem can be applied to the problem of playing repeated
games. Consider a game between a player and an adversary. At each round of
the game, the player chooses an action (or pure strategy) i ∈ {1, . . . ,m} and,
independently, the adversary chooses an action y ∈ Y. The player’s loss L(i, y)
is the value of a loss function L : {1, . . . ,m} × Y → IR+, where L(i, y) < M for
some M <∞ and for all (i, y) ∈ {1, . . . ,m} × Y. Now suppose that, at the t-th
round of the game, the player chooses an action according to the mixed strategy
(i.e., probability distribution over actions) pt = (p1,t, . . . , pm,t), and suppose the
adversary chooses action y ∈ Y. Then the regret for the player is the vector
rt ∈ IRm, whose j-th component is

rj,t(pt, y) =
m∑
k=1

pk,t (L(k, y)− L(j, y)) . (7)

This quantity measures the expected change in the player loss if it were to
deterministically choose action k, and the adversary did not change his action.
A player is Hannan consistent [16] if the per-round regret vector Rt/t = (r1 +
. . .+ rt)/t converges to the zero vector as t grows to infinity.

Our general decision strategy can be used to play repeated games of this
type by letting the decision space X be the set of distributions on the player set
{1, . . . ,m} of actions and the drift vector be the regret vector (7). It is not hard
to see that, in this setting, condition (1) yields the mixed strategy pt defined,
for ∇Φ ≥ 0, by

pi,t =
∇iΦ(Rt−1)∑m
k=1∇kΦ(Rt−1)

. (8)

Freund and Schapire’s Hedge algorithm [8] and the strategy in Blackwell’s proof
of the approachability theorem are special cases of (8) for, respectively, the ex-
ponential potential (3) and the polynomial potential (2) with p = 2. Hart and
Mas-Colell [18] characterize the whole class of potentials for which condition (1)
yields a Hannan consistent player.

Remark 15. Freund and Schapire [10] discuss a more general setup where the
game is defined by an N × M loss matrix S of entries in [0, 1]. In each
round t the row player chooses a row of M according to a mixed strategy
pt = (p1,t, . . . , pN,t) and the column player chooses a column of M accord-
ing to the mixed strategy qt = (q1,t, . . . , qM,t). The row player’s loss at time
t is S(pt, qt) =

∑N
i=1

∑M
j=1 pi,tqj,tS(i, j) and its goal is to achieve a cumula-

tive loss
∑t
s=1 S(pt, qt) almost as small as the cumulative loss of the best fixed

mixed strategy minp

∑t
s=1 S(p, qt). Freund and Schapire introduce an algorithm

MW and show that it achieves the desired goal. They also provide finite-sample
bounds for the cumulative loss of their algorithm and show that it is, in a certain
sense, optimal. Defining the regret ri,t = S(pt, qt) − S(i, qt) it is easy to show
that the MW algorithm satisfies condition (1) with the exponential potential.
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Also, it is easy to see that the bound in [10] follows from Corollary 5 together
with the log-sum inequality used as in the proof of Corollary 12.

6.1 Generalized Regret in Learning with Experts

In this section we will consider a more general notion of regret, which we call
“generalized regret”, introduced in [21]. As we will see, generalized regret has
several other notions of regret, such as those defined in [12, 6], as special cases.
According to our definition, a repeated game can be viewed as an on-line predic-
tion problem with a randomized predictor. Hence, we can use generalized regret
to analyze such on-line prediction problems. Consider the prediction with ex-
perts framework, where f1,t, . . . , fN,t ∈ {1, . . . ,m} denote the predictions of the
experts at time t. For each expert i = 1, . . . , N , define an activation function
Ai : {1, . . . ,m} × IN → {0, 1}. The activation function determines whether the
corresponding expert is active at the current prediction step. At each time in-
stant t, the values Ai(k, t), i = 1, . . . , N , k = 1, . . . ,m of the activation function
are revealed to the predictor who then decides on his guess pt = (p1,t, . . . , pm,t).
Define the generalized regret of a randomized predictor with respect to expert i
at round t by

ri,t(pt, y) =
m∑
k=1

pk,tAi(k, t) (L(k, y)− L(fi,t, y)) . (9)

Hence, the generalized regret with respect to expert i is nonzero only if expert i
is active, and the expert is active based on the current step t and, possibly, on
the predictor’s guess k. Variants of the learning with experts framework, such as
“shifting experts” or the more general “specialists” [11] can be analyzed using
generalized regret.

Example 16. An important special case of the generalized regret (9) is the so-
called “internal” or “conditional” regret [19] (see also [7] for a survey). In this
case the N = m(m − 1) experts are labeled by pairs (i, j) for i �= j. Expert
(i, j) predicts always i, that is, f(i,j),t = i for all t, and it is active only when
the predictor’s guess is j, that is, A(i,j)(k, t) = 1 if and only if k = j. Thus,
component (i, j) of the generalized regret vector rt(pt, y) ∈ IRN becomes

r(i,j),t(pt, y) = pj,t(L(j, y)− L(i, y)) .

Hence, the cumulative internal regret with respect to expert (i, j), R(i,j),t =
r(i,j),1 + . . . + r(i,j),t, may be interpreted as the regret the predictor feels of
not having predicted i each time he predicted j. It is easy to see that this
notion of regret is stronger than the usual regret (7). Indeed, assume that
max{0, R(i,j),t} ≤ at = o(t) for all possible pairs (i, j) and for some sequence
at ≥ 0, t ≥ 1. Let k ∈ {1, . . . ,m} be the action with minimal cumulative loss,
that is,

∑t
s=1 L(k, ys) = min1≤i≤m

∑t
s=1 L(i, ys). Then the cumulative regret
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based on (7) is just

t∑
s=1


 m∑
j=1

pj,tL(j, ys)− L(k, ys)


 =

m∑
j=1

R(k,j),t ≤ mat = o(t) .

Thus, small cumulative internal regret implies small cumulative regret of the
form considered in the experts’ framework. On the other hand, it is easy to
show by example that, for m ≥ 3, small cumulative regret does not imply small
internal regret.
We now state the extension of (8) to generalized regret. The proof, which we
relegate to the appendix, is a generalization of a proof contained in [19].
Theorem 17. Consider an abstract decision problem with drift function (9) and
potential Φ, where ∇Φ ≥ 0. Then a randomized predictor satisfying condition (1)
is defined by the unique solution to the set of m linear equations

pk,t =

∑m
j=1 pj,t

∑N
i=1 1l{fi,t=k}Ai(j, t)∇iΦ(Rt−1)∑N
i=1Ai(k, t)∇iΦ(Rt−1)

k = 1, . . . ,m.

As an example, we may apply Theorem 17 to the internal regret with exponential
potential.
Corollary 18. If the randomized predictor of Theorem 17 is run with the ex-
ponential potential (3) and parameter η =

√
4 lnm/t, then for all sequences

y1, y2, . . . ∈ Y its internal regret satisfies
max
j,k

R(j,k),t ≤ 2
√
t lnm .

For large values of m this bound is a significant improvement on the bound
O(
√
tm), obtainable with the polynomial potential (with p = 2) used by Hart

and Mas-Colell to show that maxj,k R(j,k),t = o(t).

Appendix

Proof of Theorem 17. We write condition (1) as follows:

∇Φ(Rt−1) · rt

=
N∑
i=1

∇iΦ(Rt−1)
m∑
k=1

pk,tAi(k, t) [L(k, yt)− L(fi,t, yt)]

=
m∑
k=1

m∑
j=1

N∑
i=1

1l{fi,t=j}∇iΦ(Rt−1)pk,tAi(k, t) [L(k, yt)− L(fi,t, yt)]

=
m∑
k=1

m∑
j=1

N∑
i=1

1l{fi,t=j}∇iΦ(Rt−1)pk,tAi(k, t)L(k, yt)
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−
m∑
k=1

m∑
j=1

N∑
i=1

1l{fi,t=j}∇iΦ(Rt−1)pk,tAi(k, t)L(fi,t, yt)

=
m∑
k=1

m∑
j=1

N∑
i=1

1l{fi,t=j}∇iΦ(Rt−1)pk,tAi(k, t)L(k, yt)

−
m∑
k=1

m∑
j=1

N∑
i=1

1l{fi,t=k}∇iΦ(Rt−1)pj,tAi(j, t)L(k, yt)

=
m∑
k=1

L(k, yt)

[
N∑
i=1

∇iΦ(Rt−1)pk,tAi(k, t)

−
m∑
j=1

N∑
i=1

1l{fi,t=k}∇iΦ(Rt−1)pj,tAi(j, t)


 ≤ 0 .

Since the L(k, yt) are arbitrary and nonnegative, the above is implied by

N∑
i=1

∇iΦ(Rt−1)pk,tAi(k, t)−
m∑
j=1

N∑
i=1

1l{fi,t=k}∇iΦ(Rt−1)pj,tAi(j, t) ≤ 0 (10)

for each k = 1, . . . ,m. Solving for pk,t yields the result.
We now check that such a predictor always exists. Let M be the (m ×m)

matrix whose entries are

Mk,j =
∑N
i=1 1l{fi,t=k}∇iΦ(Rt−1)Ai(j, t)∑N

i=1∇iΦ(Rt−1)Ai(k, t)
.

Then condition (10) is implied by Mp = p. As ∇Φ ≥ 0, M is nonnegative, and
thus the eigenvector equation Mp = p has a positive solution by the Perron-
Frobenius theorem [27].

Proof of Corollary 12. Corollary 5 implies lnΦ(Rt) ≤ lnN+(η2/2)X2
∞Mt. To

obtain a lower bound on lnΦ(Rt), consider any vector v0 of convex coefficients.
Then we use the well-known “log sum inequality” (see [5, page 29]) which implies
that, for any vectors u,v ∈ IRN of nonnegative numbers with

∑N
i=1 vi = 1,

ln
N∑
i=1

ui ≥
N∑
i=1

vi lnui +H(v) ,

where H(v) = −∑N
i=1 vi ln vi is the entropy of v. Therefore, for any vector v0

of convex coefficients such that ysv0 · xs ≥ γ for all s = 1, . . . , t,

lnΦ(Rt) = ln
N∑
i=1

eηRi,t ≥ ηRt · v0 +H(v0) ≥ η (γMt −Dt) +H(v0)
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where in the last step we proceeded just like in the proof of Corollary 11. Putting
the upper and lower bounds for lnΦ(Rt) together we obtain

η (γMt −Dt) +H(v0) ≤ lnN + (η2/2)X2
∞Mt

which, dropping the positive term H(v0), implies

Mt

(
1− η

2
X2
∞
γ

)
≤ Dt

γ
+
lnN
ηγ

. (11)

We prove only the case L ≥ 2(X∞/γ)2 lnN . Letting β = (ηX2
∞)/(2γ), and

verifying that β < 1, we may rearrange (11) as follows

Mt ≤ 1
1− β

(
Dt

γ
+
1
2β

(
X∞
γ

)2
lnN

)

≤ Dt

γ
+

1
1− β

(
β
Dt

γ
+
1
β

A

2

)
where we set A = (X∞/γ)2 lnN

≤ Dt

γ
+

1
1− β

(
βL+

1
β

A

2

)
since L ≥ Dt/γ by hypothesis

≤ Dt

γ
+

√
2AL

1−√A/(2L)
since β =

√
(Aγ)/(2L) by our choice of η

≤ Dt

γ
+
√
2AL+ 2A

whenever L ≥ 2A, which holds by hypothesis.
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Abstract. In this paper, we study a class of sample dependent convex
optimization problems, and derive a general sequential approximation
bound for their solutions. This analysis is closely related to the regret
bound framework in online learning. However we apply it to batch learn-
ing algorithms instead of online stochastic gradient decent methods. Ap-
plications of this analysis in some classification and regression problems
will be illustrated.

1 Introduction

An important aspect of a machine learning algorithm is its generalization ability.
In the batch learning framework, an algorithm obtains a hypothesis from a finite
number of training data. The generalization ability is measured by the accuracy
of the learned hypothesis when it is tested on some previously unobserved data.
A popular method to derive generalization bounds is the so-called Vapnik-

Chervonenkis (VC) style analysis [11]. This method depends on the uniform
convergence of observed errors of the hypothesis family to their true errors.
The rate of uniform convergence depends on an estimate of certain sample-
dependent covering numbers (growth numbers) for the underlying hypothesis
family. Although this framework is quite general and powerful, it also has many
disadvantages. For example, the derived generalization bounds are often very
loose.
Because of various disadvantages of VC analysis, other methods to estimate

generalization performance have been introduced. In this paper, we propose a
new style of analysis that is suitable for certain sample dependent convex opti-
mization problems. This type of bounds are closely related to the leave-one-out
analysis, which has received much attention recently. For example, see [3,7,8,13]
and some references therein. However, instead of estimating the leave-one-out
cross-validation error, we estimate the convergence of the estimated parameter
averaged over a sequence of data. This is closely related to the online regret
bound framework (for example, see [1,9]). However, we study the learning prob-
lems in batch setting. Another important technical difference is that since an

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 65–81, 2001.
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explicit regularization condition is used in a batch-form sample-dependent op-
timization formulation, we can avoid the limitation of “matching loss” and the
“learning rate” parameter which requires to be adjusted in online learning anal-
ysis.
Our analysis also indicates that even though some gradient descent type on-

line learning algorithms achieve good worst-case regret bounds, in practice they
could still be inferior to the corresponding batch algorithms. This also justifies
why practitioners apply an online algorithm repeatedly over the training data
so that it effectively converges to the solution of a sample dependent optimiza-
tion problem, although the online mistake bound analysis implies that this is
not helpful. In addition, the sequential approximation analysis complements the
leave-one-out analysis in batch learning. In many cases it can give better bounds
than those from the leave-one-out analysis. The latter analysis may not yield
bounds that are asymptotically tight.
We organize the paper as follows. In Section 2, we prove a sequential ap-

proximation bound for a class of sample dependent optimization problems. This
bound is the foundation of our analysis. Section 3 applies this bound to a gen-
eral formulation of linear learning machines. Section 4 and Section 5 contain
specific results of this analysis on some classification and regression problems.
Concluding remarks are given in Section 6.

2 A Generic Sequential Approximation Bound

In many machine learning problems, we are given a training set of input variable
x and output variable y. Our goal is to find a function that can predict y based
on x. Typically, one needs to restrict the hypothesis function family size so that a
stable estimate within the function family can be obtained from a finite number
of samples. We assume that the function family can be specified by a vector
parameter w ∈ H, where H is a Hilbert space. The inner product of two vectors
w1, w2 ∈ H is denoted by wT1 w2. We also let w

2 = wTw and ‖w‖ = (wTw)1/2.
We consider a “learning” algorithm that determines a parameter estimate

wn from training samples (x1, y1), . . . , (xn, yn) by solving the following sample-
dependent optimization problem:

wn = argmin
w
w2 (1)

s.t. w ∈ Cn(x1, y1, . . . , xn, yn). (2)

We assume that Cn is a sample-dependent weakly closed convex set in H. That
is,

– ∀ w ∈ H: if ∃ sequence {wi}i=1,2,... ∈ Cn such that limi→∞ wTi x = wTx for
all x ∈ H,1 then w ∈ Cn.

– ∀w1, w2 ∈ Cn and θ ∈ [0, 1], we have θw1 + (1− θ)w2 ∈ Cn.
1 We say that the sequence {wi} converges weakly to w.
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Under the above assumptions, the optimization problem (1) becomes a con-
vex programming problem. The following proposition shows that it has a unique
solution.

Proposition 1. If Cn(x1, y1, . . . , xn, yn) is non-empty, then optimization prob-
lem (1) has a unique solution that belongs to Cn(x1, y1, . . . , xn, yn).

Proof. Since Cn is non-empty, there exists a sequence {wi}i=1,2,... such that
limi→∞ w2i = infw∈Cn

w2. Note that since the sequence {w2i } converges, it is
bounded. Therefore it contains a weakly convergent subsequence (cf. Proposi-
tion 66.4 in [6]). Without loss of generality, we assume the weakly convergent
subsequence is the sequence {wi} itself. Denote its weak limit by w∗, then by
the weakly closedness of Cn, we have w∗ ∈ Cn. Also

w2∗ = lim
i→∞

w ∗T wi ≤ (w2∗ lim
i→∞

w2i )
1/2 ≤ (w2∗ inf

w∈Cn

w2)1/2 ≤ w2∗.

This implies that w∗ is a solution of (1).
To see that the solution is unique, we simply assume that there are two

solutions denoted by w1 ∈ Cn and w2 ∈ Cn. Note that 0.5w1 + 0.5w2 ∈ Cn by
the convexity of Cn. We thus have (0.5w1 + 0.5w2)2 ≥ 0.5w21 + 0.5w

2
2 by the

definition of w1 and w2 as solutions of (1). This inequality is satisfied only when
w1 = w2.

The following lemma, although simple to prove, is the foundation of our
analysis.

Lemma 1. Let (x1, y1), . . . , (xn, yn) be a sequence of observations. Assume that

Cn(x1, y1, . . . , xn, yn) ⊆ Cn−1(x1, y1, . . . , xn−1, yn−1).
Let wk be the solution of (1) with respect to samples (x1, y1), . . . , (xk, yk) where
(k = n− 1, n),2 then if Cn is non-empty, we have the following one-step approx-
imation bound:

(wn − wn−1)2 ≤ w2n − w2n−1.

Proof. Since w2n = w2n−1 + (wn − wn−1)2 + 2(wn − wn−1)Twn−1, to prove the
lemma we only need to show (wn − wn−1)Twn−1 ≥ 0. If this is not true, then
assume z = (wn − wn−1)Twn−1 < 0. Let θ = min(1,−z/(wn − wn−1)2), then
θ ∈ (0, 1] and by the convexity of Cn−1, we know wn−1+ θ(wn−wn−1) ∈ Cn−1.
However,

(wn−1 + θ(wn − wn−1))2
= w2n−1 + θ

2(wn − wn−1)2 + 2θ(wn − wn−1)Twn−1
≤ w2n−1 + θz < w2n−1,

which contradicts the definition of wn−1. Therefore the lemma holds.
2 There is a little abuse of notation. We need to change the subscripts of n to k in
(1) to define wk. This convention, also used in later parts of the paper, should not
cause any confusion.
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Theorem 1. Let (x1, y1), . . . , (xn, yn) be a sequence of observations. Let C0 =
H, and assume that for all k = m, . . . , n,

Ck(x1, y1, . . . , xk, yk) ⊆ Ck−1(x1, y1, . . . , xk−1, yk−1).
Let wk be the solution of (1) with respect to samples (x1, y1), . . . , (xk, yk) where
(k = m− 1, . . . , n), then we have the following sequential approximation bound:

n∑
i=m

(wi − wi−1)2 ≤ w2n − w2m−1.

Proof. By Lemma 2, we have (wi − wi−1)2 ≤ w2i − w2i−1 for all i = 1, . . . , n.
Summing over i = m, . . . , n, we obtain the theorem.

Note that the style of the above bound is similar to techniques widely used
in online learning [1,9,4,5]. However, the formulation we consider here is signif-
icantly different than what has been considered in the existing online learning
literature. Furthermore, from a technical point of view, instead of bounding the
regret loss as in online learning analysis, we directly bound the sum of squared
distances of consecutive parameter estimates in a batch learning setting. There-
fore our bound indicates the convergence of estimated parameter itself, which
can then be used to bound the regret with respect to any loss function. The
reason we can prove the convergence of parameter itself is due to our explicit
use of regularization that minimizes w2n in (1).
The concept of convergence of the estimated parameter has been widely

used in traditional numerical mathematics and statistics. However, it has only
recently been applied to analyzing learning problems. For example, techniques
related to what we use here have also been applied in [12,13]. The former leads
to PAC style probability bounds, while the latter gives leave-one-out estimates.
The convergence of the estimated parameter is also related to the algorithmic
stability concept in [8]. However, the former condition is stronger. Consequently,
better bounds can usually be obtained if we can show the convergence of the
estimated parameter.

3 Linear Learning Methods

3.1 Linear Learning Formulations

To apply the general sequential approximation bound, we consider the linear
prediction model where y is predicted as y ≈ wTx. We assume that x ∈ H
for all sample x. Given a training set of (x1, y1), . . . , (xn, yn), the parameter
estimate wn is obtained from (1) with the set Cn defined by the following type
of constraints:

Cn(x1, y1, . . . , xn, yn)
= {w ∈ H : cn,k(wTx1, x1, y1 . . . , wTxn, xn, yn) ≤ 0, (k = 1, . . . , sn)}, (3)

where each cn,k is a continuous convex function of w.
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Proposition 2. The set Cn defined in (3) is convex and weakly closed.

Proof. It is easy to check that the set Cn defined above is convex. Cn is also
weakly closed since if a sequence {wi} ∈ Cn converges weakly to w ∈ H, then
∀k, by the continuity of cn,k:

cn,k(wTx1, x1, y1, . . . , wTxn, xn, yn)
= cn,k(lim

i
wTi x1, x1, y1, . . . , lim

i
wTi xn, xn, yn)

= lim
i
cn,k(wTi x1, x1, y1, . . . , w

T
i xn, xn, yn) ≤ 0.

This means that w ∈ Cn.
For all concrete examples in this paper, we only consider the following func-

tional form of cn,k in (3):

cn,k(wTx1, x1, y1, . . . , wTxn, xn, yn) =
n∑
i=1

fk,i(wTxi, xi, yi),

where fk,i(a, b1, b2) is a continuous convex function of a. Specifically, we consider
the following two choices of Cn. The first choice is

Cn = {w ∈ H : a(xi, yi) ≤ wTxi ≤ b(xi, yi), (i = 1, . . . , n)}. (4)

Both a(·) and b(·) are functions that can take ±∞ as their values. The second
choice is

Cn = {w ∈ H :
k∑
i=1

L(wTxi, xi, yi) ≤ s}, (5)

where L(a, b1, b2) ≥ 0 is a continuous convex function of a. s ≥ 0 is a fixed
parameter.
Clearly, either of the above choices of Cn satisfies the condition Ck ⊆ Ck−1.

Hence Theorem 1 can be applied.

3.2 An Equivalent Formulation

From the numerical point of view, the parameter estimate wn in (1) with Cn
defined in (5) is closely related to the solution w̃n of the following penalized
optimization formulation more commonly used in statistics:

w̃n = arg min
w∈H

[w2 + C
k∑
i=1

L(wTxi, xi, yi)], (6)

where C > 0 is a parameter. In fact, ∀C in (6), if we let s =∑n
i=1 L(w̃

Txi, xi, yi),
then the solution wn with Cn given in (5) is the same as w̃n in (6). To see this,
just note that by the definition of wn, we have w2n ≤ w̃2n. Now compare (6) at
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w = wn and w = w̃n, we obtain w2n ≥ w̃2n. This means that w̃n is the solution of
(1) with Cn given in (5). Due to the uniqueness of solution, wn = w̃n.

This equivalence suggests that our analysis of the constrained formulation
(1) with Cn defined in (5) can provide useful insights into the penalty type for-
mulation (6). However in reality, there are some complications since typically the
parameter C in (6) or s in (5) is determined by data-dependent cross-validation.
A typical analysis either fixes C in (6) or fixes s in (5). These choices are not
equivalent any more. An advantage of using (6) is that we do not need to worry
about the feasibility condition (Cn is non-empty), although for many practical
problems (even for problems with noise), the feasibility condition itself can be
generally satisfied. The readers should be aware that although bounds given
later in the paper assume that Cn is always non-empty, it is not difficult to gen-
eralize the bounds to handle the case where Cn may become empty with small
probability.
There is no difficulty analyzing (6) directly using the same technique devel-

oped in this paper. We only need a slight generalization of Lemma 2 that allows
a general penalized convex formulation in the objective function. Note that the
proof of Lemma 2 essentially relies on the KKT condition of (1) at the optimal
solution. In the more general situation, a similar KKT condition can be used to
yield a desired inequality.
It is also easy to generalize the scheme to analyze non-square regularization

conditions. Furthermore, by introducing slack variables (for example, this is done
in the standard SVM formulation), it is not hard to rewrite general penalty type
regularization formulations such as (6) as constrained regularization formula-
tions such as (1), where we replace the minimization of w2 by the minimization
of an arbitrary convex function g(w, ξ) of the weight vector w and the slack
variable vector ξ. This provides a systematic approach to a very general learning
formulation.
It is also possible to use a different technique to bound the squared distance

of consecutive parameter estimates as in [13]. Although the method will yield
a similar sequential approximation bound for penalty type formulation (6), it
is not suitable for analyzing constrained formulation (1) which we study in this
paper. In a related work, mistake bounds for some ridge-regression like online
algorithms are derived in [4]. The resulting bounds are similar to what can be
obtained by using our technique.
In this paper, we do not consider the general formulation which includes

(6). We shall only mention that while our current approach is more suitable
for the small noise situation (that is, s small, or equivalently C large), a direct
analysis for (6) is more suitable for the large noise situation (that is, C small,
or equivalently s large).

3.3 Kernel Learning Machines

Proposition 3. The solution wn of (1) with Cn defined in (3) belongs to Xn
where Xn is the subspace of H that is spanned by xi (i = 1, . . . , n).
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Proof. Let w̄n be the orthonormal projection of wn onto Xn, then w̄Tnxi = w
T
nxi

for i = 1, . . . , n. This implies that w̄n ∈ Cn. Since w̄2n ≤ w2n, by Proposition 1,
we have wn = w̄n.

Under the assumption of Proposition 3, we can assume a representation
of w as w =

∑n
i=1 αixi in the optimization of (1). Using this representation,

wTx =
∑n
i=1 αix

T
i x, and w

2 =
∑n
i=1
∑n
j=1 αiαjx

T
i xj . Therefore the only prop-

erty we need to know about the Hilbert space H is a representation of its inner
product xT y. We may replace xT y by a symmetric positive-definite kernel func-
tion K(x, y), which leads to a corresponding kernel method as follows:

α̂ = argmin
α

n∑
i=1

n∑
j=1

αiαjK(xi, xj) (7)

s.t. cn,k(
n∑
i=1

αiK(xi, x1), x1, y1 . . . ,
n∑
i=1

αiK(xi, xn), xn, yn) ≤ 0 k = 1, . . .

A properly behaved kernel function induces a Hilbert space (reproducing
kernel Hilbert space) that consists of the closure of functions f(x) of the form∑
i αiK(xi, x). We can represent the functions linearly in a feature space as

f(x) =
∑∞
i=1 wiφi(x). The inner product is K(x, y) =

∑∞
i=1 λiφi(x)φi(y), where

λi > 0 are eigenvalues. See [2], chapter 3 for more details on kernel induced
feature spaces. Our analysis in the reproducing kernel Hilbert space can thus be
applied to study the general kernel method in (7).

4 Regression

4.1 Sequential-Validation Bounds

We consider regression problems. For simplicity, we only consider the q-norm
loss with 1 ≤ q ≤ 2. Our goal is to estimate w from the training data so that it
has a small expected loss:

Q(w) = E(x,y)∼D|wTx− y|q,
where the expectation E is taken over an unknown distribution D. 1 ≤ q ≤ 2 is a
fixed parameter. The training samples (xi, yi) for i = 1, . . . , n are independently
drawn from D.
Given the training data, we define the empirical expected loss as

Qn(w, x1, y1, . . . , xn, yn) =
1
n

n∑
i=1

|wTxi − yi|q.

We use algorithm (1) to compute an estimate of wn from the training data.
We consider two formulations of Cn in (1). The first employs

Cn = {w ∈ H : |wTxi − yi| ≤ ε(xi, yi), (i = 1, . . . , n)}, (8)
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where ε(x, y) ≥ 0 is a pre-defined noise tolerance parameter. The second employs

Cn = {w ∈ H :
n∑
i=1

|wTxi − yi|q ≤ s}, (9)

where s is a data independent parameter. If a solution does not exist in one of the
above formulations (that is, Cn is empty), then we let wn = 0. In the following,
we only consider the case that Cn is always non-empty for clarity. However as
we have mentioned earlier, it is possible to deal with the situation that Cn is
empty with a small probability.

Theorem 2. Assume for all training data Cn+1 is non-empty, and Ck ⊆ Ck−1
for k = m, . . . , n+1. For each k, wk is computed from (x1, y1), . . . , (xk, yk) using
(1). We have the following sequential expected generalization bound (1 ≤ q ≤ 2):

[
n∑

i=m

EQ(wi)]1/q ≤ E1/q
n+1∑

i=m+1

Qi(wi, x1, y1, . . . , xi, yi) +

E1/q [‖wn+1‖q(
n∑

i=m

‖xi+1‖2q/(2−q))(2−q)/2].

The expectation E is with respect to n+1 independent random training samples
(x1, y1), . . . , (xn+1, yn+1) from D.

Proof. Consider training samples (x1, y1), . . . , (xn+1, yn+1).

(
n∑

i=m

|wTi xi+1 − yi+1|q)1/q

= (
n∑

i=m

|wTi+1xi+1 − yi+1 + (wi − wi+1)Txi+1|q)1/q

≤ [
n∑

i=m

|wTi+1xi+1 − yi+1|q]1/q + [
n∑

i=m

|(wi − wi+1)Txi+1|q]1/q

≤ (
n∑

i=m

|wTi+1xi+1 − yi+1|q)1/q + (
n∑

i=m

(wi − wi+1)2)1/2(
n∑

i=m

‖xi+1‖
2q

2−q )
2−q
2q .

The first inequality follows from the Minkowski inequality. The second inequality
follows from the Hölder’s inequality.
By taking expectation E and again applying the Minkowski inequality, we

obtain

[
n∑

i=m

EQ(wi)]1/q

= [E
n∑

i=m

|wTi xi+1 − yi+1|q]1/q
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≤ E 1
q [(

n∑
i=m

|wTi+1xi+1 − yi+1|q)
1
q + (

n∑
i=m

(wi − wi+1)2) 1
2 (

n∑
i=m

‖xi+1‖
2q

2−q )
2−q
2q ]q

≤ E 1
q

n∑
i=m

|wTi+1xi+1 − yi+1|q + E
1
q [(

n∑
i=m

(wi − wi+1)2)
q
2 (

n∑
i=m

‖xi+1‖
2q

2−q )
2−q
2 ].

By Theorem 1, we have (
∑n
i=m(wi − wi+1)2)q/2 ≤ ‖wn+1‖q. Also observe that

E (wTi+1xi+1 − yi+1)q = EQi+1(wi+1, x1, y1, . . . , xi+1, yi+1).
We thus obtain the theorem.

Corollary 1. Using formulation (8), we have

[
1

n+ 1

n∑
i=0

EQ(wi)]1/q

≤ [E(x,y)∼D εq(x, y)]1/q + E1/q [ ‖wn+1‖
q

(n+ 1)q/2
(
n+1∑
i=1

‖xi‖2q/(2−q)
n+ 1

)(2−q)/2].

Using formulation (9), we have

[
1

n−m
n∑

i=m+1

EQ(wi)]1/q

≤ [ 1
n−m

n+1∑
i=m+2

s

i
]1/q + E1/q [

‖wn+1‖q
(n−m)q/2 (

n+1∑
i=m+2

‖xi‖2q/(2−q)
n−m )(2−q)/2].

Proof. From formulation (8), we obtain

EQk(wk, x1, y1, . . . , xk, yk) ≤ E 1
k

k∑
i=1

ε(xi, yi)q = E(x,y)∼Dε(x, y)q.

From formulation (9), we obtain

Qk(wk, x1, y1, . . . , xk, yk) ≤ s

k
.

The bounds follow from Theorem 2.

Corollary 2. Using formulation (8), we have

[
1

n+ 1

n∑
i=0

EQ(wi)]1/q

≤ [E(x,y)∼D εq(x, y)]1/q + sup ‖wn+1‖(n+ 1)1/2
E
(2−q)/2q
x∼D ‖x‖2q/(2−q).
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Using formulation (9), we have

[
1

n−m
n∑

i=m+1

EQ(wi)]1/q

≤ [ s

m+ 2
]1/q +

sup ‖wn+1‖
(n−m)1/2 E

(2−q)/2q
x∼D ‖x‖2q/(2−q).

Proof. We have

E1/q [‖wn+1‖q(
n+1∑

i=m+2

‖xi‖2q/(2−q)
n−m )(2−q)/2]

≤ sup ‖wn+1‖E1/q (
n+1∑

i=m+2

‖xi‖2q/(2−q)
n−m )(2−q)/2

≤ sup ‖wn+1‖E(2−q)/2q (
n+1∑

i=m+2

‖xi‖2q/(2−q)
n−m )

= sup ‖wn+1‖E(2−q)/2qx∼D ‖x‖2q/(2−q).

The second inequality above follows from the Jensen’s inequality. Note also
1

n−m
∑n+1
i=m+2

s
i ≤ s

m+2 . The bounds follow from Corollary 1.

Note that in Corollary 2, sup ‖wn+1‖ is with respect to all instances of train-
ing data. It is useful when there exists a “target” vector such that the imposed
constraints are satisfied. In this case, sup ‖wn+1‖ is well-bounded. In the follow-
ing, we briefly discuss some consequences of our bounds.
Consider the bound for formulation (8) in Corollary 2. If there exists a “tar-

get” vector w∗ ∈ H such that |wT∗ x− y| ≤ ε(x, y) for all data, then there exists
k ≤ n such that

(EQ(wk))1/q ≤ [E(x,y)∼D εq(x, y)]1/q + ‖w∗‖
(n+ 1)1/2

E
(2−q)/2q
x∼D ‖x‖2q/(2−q). (10)

We can further define an estimator w̄n = 1
n+1

∑n
i=0 wi, then we obtain from the

Jensen’s inequality that

Q(w̄n) ≤ 1
n+ 1

n∑
i=0

Q(wi).

Therefore from Corollary 1, we have

(EQ(w̄n))1/q ≤ [E(x,y)∼D εq(x, y)]1/q + ‖w∗‖
(n+ 1)1/2

E
(2−q)/2q
x∼D ‖x‖2q/(2−q).
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Although the estimator w̄n gives a worst case expected bound that is as good
as we can obtain for wn using a leave-one-out cross validation analysis,3 it is
likely to be inferior to the estimator wn. This is because the performance of w̄n
is comparable to the average performance of wk for k = 0, . . . , n. However, in
practice, we can make the very reasonable assumption that with more training
data, we obtain better estimates. Under this assumption, wn should perform
much better than this average bound.
Another observation we can make from (10) is that if we let q = 2, then we

have to assume that ‖x‖ is bounded almost everywhere to make the second term
of right hand side bounded. However, if we use a formulation with q < 2, then
we only require the moment Ex∼D‖x‖2q/(2−q) to be bounded. This implies that
the formulation with q < 2 is more robust to large data than the squared loss
formulation is.
We may also consider bounds for formulation (9) in Corollary 2 and obtain

similar results. In this case, we shall seek m that approximately minimizes the
bound. For example, consider q = 2 and assume ‖x‖ ≤ M for all x. We let
m ≈ (n+2)s1/3(s1/3+(sup ‖wn+1‖M)2/3)−1−2, then the bound in Corollary 2
is approximately

(n+ 2)−1/2(s1/3 + (sup ‖wn+1‖M)2/3)3/2. (11)

To interpret this result, we consider the following scenario. Let w be any fixed
vector such that Q(w) ≤ A. By the law of large numbers, we can find εn → 0 as
n→∞ such that P (Qn(w, x1, y1, . . . , xn, yn) > A+εn) = o(1/

√
n). If we let s =

n(A+εn), then with large probability, the inequalityQn(w, x1, y1, . . . , xn, yn) ≤ s
can be satisfied. Technically, under appropriate regularity assumptions, data
such that Qn(w, x1, y1, . . . , xn, yn) > s contribute an additional o(1/

√
n) term

(which we can ignore) to the expected generalization error. The expected general-
ization performance is dominated by those training data for which the condition
Qn(w, x1, y1, . . . , xn, yn) ≤ s is satisfied. This can be obtained from (11), which
now becomes

(A+ εn)1/2(1 +O((n(A+ εn))−1/3(‖w‖M)2/3)
as n → ∞. Assume that A is not small, then this bound, in a style of A +
εn + O(n−1/3), is not optimal as n → ∞. A better bound in the style of A +
O(n1/2) can be obtained by directly dealing with formulation (6), which we
do not consider in this paper. However, this bound is good when A is small.
It also clearly implies that if infwQ(w) = 0, then we can choose A → 0 (or
equivalently s = o(n)) such that there is a sequence of increasing sample size
k: limk→∞EQ(wk) = 0. Note that infwQ(w) = 0 does not imply that there
exists w such that Q(w) = 0. Many Hilbert functional spaces H (such as those
generated by various kernels) are dense in the set of continuous functions. On
the other hand, an arbitrary continuous target function does not correspond to
a vector w ∈ H.
3 We do not give a thorough comparison here due to the limitation of space and a lack
of previous leave-one-out results for similar regression problems that we can cite.
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It is useful to mention that in many cases (for example, in many kernel
methods such as the exponential kernel K(x, y) = exp(−(x − y)2)), Cn in (8)
is not empty as long as either the training data xi are non-duplicate or y is a
function of x. The noise tolerance ε(x, y) in (10) (or s in (11)) can be used to
trade-off the two terms on the right-hand-side of the bound in (10) (or the two
terms in (11)): when we increase ε (or s), we increase the first term but decrease
‖w‖ in the second term.

4.2 Noise-Free Formulation

Assume y is generated from the following exact formulation y = wT∗ x. Where
w∗ ∈ H is the target weight vector. We consider the following noise free estima-
tion formulation:

Cn = {w ∈ H : wTxi = yi (i = 1, . . . , n)}.
For simplicity, we assume that ‖x‖ ≤ M , and let q = 2. Our sequential

approximation bound implies

n∑
i=0

(wTi xi+1 − yi+1)2 ≤ ‖w∗‖2M2. (12)

The above bound is similar to the regret bound using a stochastic gradient
descent rule from i = 0, . . . , n (we let w′0 = 0):

w′i+1 = w
′
i −

1
x2i+1

(w′i
T
xi+1 − yi+1)xi+1. (13)

Using techniques in [1], we may consider the following equality:

(w′i+1 − w∗)2 = (w′i − w∗)2 −
1
x2i+1

(w′i
T
xi+1 − yi+1)2.

Summing over i, we obtain

n∑
i=0

(w′i
T
xi+1 − yi+1)2 ≤ ‖w∗‖2M2. (14)

Both (12) and (14) can be achieved with a set of orthonormal vectors xi and
yi = 1. So both bounds are tight in the worst case. However, in practice wn is
likely to be a better estimator than w′n. We illustrate this in the following.
Observe that wn = Px1,...,xn

(w∗), where P is the orthogonal projection
operator onto the subspace of H spanned by x1, . . . , xn. We also denote
w − Px1,...,xn(w) by P

⊥
x1,...,xn

(w). We have the following inequality:

(wTi xi+1 − yi+1)2 = (P⊥x1,...,xi
(w∗)TP⊥x1,...,xi

(xi+1))2

≤ P⊥x1,...,xi
(w∗)2P⊥x1,...,xi

(xi+1)2.



A Sequential Approximation Bound 77

The effective length of xi+1 is thus P⊥x1,...,xi
(xi+1) which can be substantially

smaller than M . As an extreme, we can bound EQ(wn) using the following
inequality:

EQ(wn) ≤ w2∗E P⊥x1,...,xn
(xn+1)2.

Now, we assume xi is in an d-dimensional space, and the training data x1, . . . , xn
(n ≥ d) have rank d with probability 1, then EQ(wn) = 0. Clearly in general we
still have EQ(w′n) > 0. In practice, even though the data may not lie in finite
dimension, the effective dimension measured by E P⊥x1,...,xn

(xn+1)2 can decrease
rapidly as n→∞. In this case, the estimator wn will be superior to w′n although
both have the same worst-case regret bounds.
This also justifies why in practice, one often run an online method repeatedly

over the data. In the noise-free squared loss regression case, if w′n,m is obtained
by applying (13) repeatedly m times over the training data, then w′n,m → wn

as m → ∞. This is because limm→0 w′Tn,mxi = yi = wTnxi, which easily follows
from the regret bound of w′n,m. This means w

′
n,m converges weakly to wn, which

also implies strong convergence since the vectors are in the finite dimensional
subspace of H spanned by xi (i = 1, . . . , n).

5 Classification

5.1 Sequential-Validation Bounds

We consider the classification problem: to find w that minimizes the classification
error

Q(w) = E(x,y)∼DI(wTxy ≤ 0),
where D is an unknown distribution. I(z ≤ 0) is the indicator function: I(z ≤
0) = 1 if z ≤ 0 and I(z ≤ 0) = 0 otherwise.

Given the training data, we define the empirical expected loss with margin
γ > 0 as:

Qγn(w, x1, y1, . . . , xn, yn) =
1
n

n∑
i=1

I(wTxy < γ).

We consider two formulations of Cn in (1). The first formulation is the max-
imum margin algorithm in [11] (also know as the separable SVM) that employs
the following hard-margin constraints:

Cn = {w ∈ H : wTxiyi ≥ 1, (i = 1, . . . , n)}. (15)

The second formulation employs a soft-margin constraint:

Cn = {w ∈ H :
n∑
i=1

L(wTxiyi) ≤ s}, (16)

where s is a data independent parameter and L is a non-negative and non-
increasing convex function. If a solution does not exist in one of the above for-
mulations (that is, Cn is empty), then we let wn = 0. In the following discussion,
we only consider the case that Cn is non-empty for all training data.
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Theorem 3. Assume for all training data Cn is non-empty, and Ck ⊆ Ck−1 for
all k = m, . . . , n. For each k, wk is computed from samples (x1, y1), . . . , (xk, yk)
using (1). We have the following average expected generalization bound (1 ≤ q ≤
2):

n∑
i=m

EQ(wi)

≤
n+1∑

i=m+1

EQγi (wi, x1, y1, . . . , xi, yi) + E [
‖wn+1‖q
γq

(
n∑

i=m

|xi+1|2q/(2−q))(2−q)/2].

The expectation E is with respect to n + 1 independent random training sam-
ples (x1, y1), . . . , (xn+1, yn+1) from D. Note that γ > 0 can be a function of
(x1, y1), . . . , (xn+1, yn+1).

Proof. Note that

I(wixi+1yi+1 ≤ 0) ≤ I(wTi+1xi+1yi+1 < γ) +
1
γq
|(wi+1 − wi)Txi+1|q.

Summing over i = m, . . . , n, and using the Hölder’s inequality, we have

n∑
i=m

I(wixi+1yi+1 ≤ 0)

≤
n∑

i=m

I(wTi+1xi+1yi+1 < γ) +
1
γq
(
n∑

i=m

(wi − wi+1)2)
q
2 (

n∑
i=m

‖xi+1‖
2q

2−q )
2−q
2 .

Taking expectation E, we obtain

n∑
i=m

EQ(wi)

≤
n∑

i=m

E I(wTi+1xi+1yi+1 < γ) + E
1
γq
(
n∑

i=m

(wi − wi+1)2)
q
2 (

n∑
i=m

‖xi+1‖
2q

2−q )
2−q
2 .

From Theorem 1, we have (
∑n
i=m(wi−wi+1)2)q/2 ≤ ‖wn+1‖q. Also observe that

E I(wTi+1xi+1yi+1 < γ) = EQ
γ
i+1(wi+1, x1, y1, . . . , xi+1, yi+1).

We thus obtain the theorem.

Corollary 3. Using formulation (15), we have

n∑
i=0

EQ(wi) ≤ E [‖wn+1‖q(
n+1∑
i=1

|xi|2q/(2−q))(2−q)/2].
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Using formulation (16), we have

n∑
i=m+1

EQ(wi) ≤
n+1∑

i=m+2

s

i
E

1
L(γ)

+ E [
‖wn+1‖q
γq

(
n∑

i=m+1

|xi+1|2q/(2−q))(2−q)/2].

Proof. If γ = 1, we obtain from formulation (15)

Qγk(wk, x1, y1, . . . , xk, yk) = 0.

From formulation (16), we obtain

Qγk(wk, x1, y1, . . . , xk, yk) ≤
1
k

k∑
i=1

L(wTk xiyi)
L(γ)

≤ s

kL(γ)
.

The bounds follow from Theorem 3.

Corollary 4. Using formulation (15), we have

1
n+ 1

n∑
i=0

EQ(wi) ≤ sup ‖wn+1‖
q

(n+ 1)q/2
E
(2−q)/2
x∼D ‖x‖2q/(2−q).

Using formulation (16), with fixed γ, we have

1
n−m

n∑
i=m+1

EQ(wi) ≤ s

(m+ 2)L(γ)
+
sup ‖wn+1‖q
(n−m)q/2γqE

(2−q)/2
x∼D ‖x‖2q/(2−q).

Proof. Using Corollary 3, the proof is the essentially the same as that of Corol-
lary 2.

The separable case (15) has also been considered in [10], where they derived
a result that is similar to the corresponding bound in Corollary 4 with q = 2.

We shall mention that in most of previous theoretical studies, the quantity
‖x‖ were assumed to be bounded. However, our bounds can still be applied
when ‖x‖ is not bounded, as long as there exists 1 ≤ q < 2 such that the
moment Ex∼D‖x‖2q/(2−q) is finite. On the other hand, this causes a slow down
of convergence in our bounds.
Consider formulation (16) in Corollary 4. We may seek m to approximately

minimize the bound. For example, consider q = 2 and assume ‖x‖ ≤ M for all
x. We let m ≈ (n+ 2)s1/2L(γ)1/2(s1/2 +L(γ)1/2 sup ‖wn+1‖Mγ−1)−1 − 2, then
the bound in Corollary 2 is approximately

(n+ 2)−1(s1/2L(γ)−1/2 + sup ‖wn+1‖Mγ−1)2. (17)

Similar to the discussion after (11), the above bound can be improved by
directly analyzing the penalty type formulation (6) if the problem is not linearly
separable. On the other hand, the bound is good if the problem is nearly sepa-
rable. If infwQ(w) = 0, then we can find s = o(n) such that there is a sequence
of increasing sample size k: limk→∞EQ(wk) = 0.
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5.2 Separable Linear Classification

We consider the separable case using formulation (15). Similar to the regression
case, we may compare our results with the perceptron mistake bound. However,
in this section we consider the comparison with Vapnik’s leave-one-out bound
in [11] and illustrate why our sequential validation analysis can provide useful
information that cannot be obtained by using the leave-one-out bound alone.
To be compatible with Vapnik’s result, we consider the special case of q = 2

in Corollary 3:
n∑
i=0

EQ(wi) ≤ E w2n+1 max
i=1,...,n+1

x2i .

This implies the following: there exists a sample size k ≤ n such that

EQ(wk) ≤ 1
n+ 1

E w2n+1 max
i=1,...,n+1

x2i .

This can be compared with Vapnik’s leave-one-out bound in [11], which can be
expressed as:

EQ(wn) ≤ 1
n+ 1

E w2n+1 max
i=1,...,n+1

x2i .

Using our bound, we may also consider an estimator w′n that is randomly
selected among wi from i = 0, . . . , n. Clearly,

EQ(w′n) ≤
1

n+ 1
E w2n+1 max

i=1,...,n+1
x2i .

This gives a comparable bound as the leave-one-out bound of wn. However, as
we have argued before, despite of the same worst case bound, w′n is likely to be
inferior to wn. If we make the reasonable assumption that with more training
data, one can obtain better results, than our sequential validation result implies
that the performance of wn should be better than what is implied by the leave-
one-out bound.
Specifically, we consider the situation that there exists an estimator M such

that ‖x‖ ≤ M and there exists a weight parameter w∗ so that the condition
wT∗ xy ≥ 1 is always satisfied. Vapnik’s bounds implies that

EQ(wn) ≤ 1
n
w2∗M

2.

That is, the expected generalization error decreases at an order of O(1/n). How-
ever, our bound implies that

∞∑
n=0

EQ(wn) ≤ w2∗M2.

This implies that asymptotically the expected generalization error decreases
faster than O(1/n) since

∑∞
n=1 1/n =∞.

This example shows that the sequential approximation analysis proposed in
this paper provides useful insights into classification problems that cannot be
obtained by using the leave-one-out analysis.
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6 Summary

In this paper, we derived a general sequential approximation bound for a class of
sample dependent convex optimization problems. Based on this bound, we are
able to obtain sequential cross validation bounds for some learning formulations.
A unique aspect that distinguishes this work from many previous works on mis-
take bound analysis is that we directly bound the convergence of consecutive
parameter estimates in a batch learning setting.
The specific analysis given in this paper for constrained regularization for-

mulation is more suitable for problems that contain small noise. However, it is
easy to generalize the idea to analyze penalty type regularization formulations
including the standard forms of Gaussian processes and soft-margin support
vector machines. A direct analysis of penalty type regularization formulations is
more suitable for large noise problems. Note that we have already demonstrated
in the paper that the constrained regularization formulation considered here is
numerically equivalent to the penalty type regularization formulation.
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Abstract. We explore applications of Markov chain Monte Carlo meth-
ods for weight estimation over inputs to the Weighted Majority (WM)
and Winnow algorithms. This is useful when there are exponentially
many such inputs and no apparent means to efficiently compute their
weighted sum. The applications we examine are pruning classifier ensem-
bles using WM and learning general DNF formulas using Winnow. These
uses require exponentially many inputs, so we define Markov chains over
the inputs to approximate the weighted sums. We state performance
guarantees for our algorithms and present preliminary empirical results.

1 Introduction

Multiplicative weight-update algorithms (e.g. [11,13,3]) have been studied ex-
tensively due to their on-line mistake bounds’ logarithmic dependence on N , the
total number of inputs. This attribute efficiency allows them to be applied to
problems where N is exponential in the input size, which is the case in the prob-
lems we study here: using the Weighted Majority algorithm (WM [13]) to predict
nearly as well as the best pruning of a classifier ensemble (from e.g. boosting)
and using Winnow [11] to learn DNF formulas in unrestricted domains. How-
ever, a large N requires techniques to efficiently compute the weighted sums of
inputs to WM and Winnow. One method is to exploit commonalities among the
inputs, partitioning them into a polynomial number of groups such that given a
single member of each group, the total weight contribution of that group can be
efficiently computed [14,6,7,8,18,20]. But many WM and Winnow applications
do not appear to exhibit such structure, so it seems that a brute-force implemen-
tation is the only option to guarantee complete correctness.1 Thus we explore
applications of Markov chain Monte Carlo (MCMC) methods to estimate the
total weight without the need for special structure in the problem.

First we study pruning a classifier ensemble (from e.g. boosting), which can
reduce overfitting and time for evaluation [15,21]. We use the Weighted Major-
ity algorithm, using all possible prunings as experts. WM is guaranteed to not
� This work was supported in part by NSF grant CCR-9877080 with matching funds
from CCIS and a Layman grant, and was completed in part utilizing the Research
Computing Facility of the University of Nebraska-Lincoln.

1 For additive weight-update algorithms, kernels can be used to exactly compute the
weighted sums (e.g. [4]).
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make many more prediction mistakes than the best expert, so we know that a
brute-force WM will perform nearly as well as the best pruning. However, the
exponential number of prunings motivates us to use an MCMC approach to
approximate the weighted sum of the experts’ predictions.

Another problem we investigate is learning DNF formulas using Winnow [11].
Our algorithm implicitly enumerates all possible DNF terms and uses Winnow
to learn a monotone disjunction over these terms, which it can do while making
O(k logN) prediction mistakes, where k is the number of relevant terms and N
is the total number of terms. So a brute-force implementation of Winnow makes
a polynomial number of errors on arbitrary examples (with no distributional
assumptions) and does not require membership queries. However, a brute-force
implementation requires exponential time to compute the weighted sum of the
inputs. So we apply MCMC methods to estimate this sum.

MCMC methods [9] have been applied to problems in approximate discrete
integration, where the goal is to approximate W =

∑
x∈Ω w(x), where w is a

positive function and Ω is a finite set of combinatorial structures. It involves
defining an ergodic Markov chain M with state space Ω and stationary distri-
bution π. Then repeatedly simulate M to draw samples almost according to π.
Under appropriate conditions, these samples yield accuracy guarantees. E.g. in
approximate discrete integration, sometimes one can guarantee that the estimate
of the sum is within a factor ε of the true value (w.h.p.). When this is true and
the estimation algorithm requires only polynomial time in the problem size and
1/ε, the algorithm is called a fully polynomial randomized approximation scheme
(FPRAS). In certain cases a similar argument can be made about combinatorial
optimization problems, i.e. that the algorithm’s solution is within a factor of ε
of the true maximum or minimum (in this case the chain is called a Metropolis
process [16]). In this paper we combine two known approximators for applica-
tion to WM and Winnow: one is for the approximate knapsack problem [17,5],
where given a positive real vector x and real number b, the goal is to estimate
|Ω| within a multiplicative factor of ε, where Ω = {p ∈ {0, 1}n : x · p ≤ b}. The
other is for computing the sum of the weights of a weighted matching of a graph:
for a graph G and λ ≥ 0, approximate ZG(λ) =

∑n
k=0mkλ

k, where mk is the
number of matchings in G of size k and n is the number of nodes. Each of these
problems has an FPRAS [9,17]. In combining the results from these two prob-
lems, we make several non-trivial changes. We also propose Metropolis processes
to find prunings in WM and terms in Winnow with high weight, allowing us to
output hypotheses that do not require MCMC simulations to evaluate them.

1.1 Summary of Results

Theorems 2 and 7 give bounds on the error of our approximations of the weighted
sums of the inputs to WM and Winnow for the problems (respectively) of pre-
dicting nearly as well as the best ensemble pruning and learning DNF formulas.
Specifically, we show that the weighted sums can be approximated to within a
factor of 1± ε with probability at least 1− δ. The theorems hold if the Markov
chains used are simulated sufficiently long such that the resultant simulated
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probability distribution is “close” to the chain’s true stationary distribution. If
these mixing times are polynomial in all relevant inputs, then we get FPRASs
for these problems. This is the case for WM under appropriate conditions, as
described in Theorem 5. Based on our empirical evidence, we also believe that
both Winnow and WM have polynomial mixing time bounds for more general
cases. However, even if an FPRAS exists for these problems, then while we can
guarantee correctness of our algorithms in the PAC sense, we cannot necessarily
guarantee efficiency. This is because in the worst case, the weighted sum for
Winnow might be exponentially close to the threshold. Thus unless we make ε
exponentially small, an adversary can force the on-line version of each of our
algorithms to make an arbitrary number of mistakes, since when ε is too large,
we can never be certain that our algorithm is behaving the same as brute-force
Winnow. A similar situation can occur for WM. (Corollaries 4 and 8 formalize
this.) It is an open problem as to whether this can be avoided when there are
specific probability distributions over the examples and/or restricted cases of the
problems.2

Section 2 gives our algorithms and Markov chains for pruning ensembles and
learning DNF formulas, and some preliminary empirical results appear in Sect. 3.
Finally, we conclude in Sect. 4 with a description of future and ongoing work.

2 The Algorithms and Markov Chains

2.1 Pruning Ensembles of Classifiers

We start by exploring methods for pruning an ensemble produced by e.g. Ada-
Boost [19]. AdaBoost’s output is a set of functions hi : X → Re, where
i ∈ {1, . . . , n} and X is the instance space. Each hi is trained on a different dis-
tribution over the training examples and is associated with a parameter βi ∈ Re
that weights its predictions. Given an instance x ∈ X , the ensemble’s prediction
is H(x) = sign (

∑n
i=1 βihi(x)). Thus sign (hi(x)) is hi’s prediction on x, |hi(x)|

is its confidence in its prediction, and βi weights AdaBoost’s confidence in hi.
It has been shown that if each hi has error less than 1/2 on its distribution,
then the error on the training set and the generalization error of H(·) can be
bounded. Strong bounds on H(·)’s generalization error can also be shown. How-
ever, overfitting can still occur [15], i.e. sometimes better generalization can be
achieved if some of the hi’s are discarded. So our first goal is to find a weighted
combination of all possible prunings that performs not much worse in terms of
generalization error than the best single pruning. Since another motivation for
pruning an ensemble is to reduce its size, we also explore methods for choosing
a single good pruning.

The typical approach to predicting nearly as well as the best pruning of
classifiers (e.g. [18,20]) uses recent results from [3] on predicting with expert
advice, where each possible pruning is an expert. If there is an efficient way to
make predictions, then the expert-based algorithm’s mistake bound yields an
2 It is unlikely that an efficient distribution-free DNF-learning algorithm exists [2,1].
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efficient algorithm. We take a similar approach, but for simplicity we use the
more straightforward WM.

To predict nearly as well as the best pruning, we place every possible pruning
in a pool (so N = 2n) and run WM for binary predictions. We start by computing
W+

t and W−t , which are, respectively, the sums of the weights of the experts
predicting a positive and a negative label on example xt. Then WM predicts +1
if W+

t > W−t and −1 otherwise. Whenever WM makes a prediction mistake, it
reduces the weights of all experts that predicted incorrectly by dividing them by
some constant α > 1. It has been shown that if the best expert makes at most
M mistakes, then WM has a mistake bound of 2.41(M + log2N).

We use WM in the following way. Given an example xt ∈ X , we compute
hi(xt) for all i ∈ {1, . . . , n}. We then use an MCMC procedure to compute Ŵ+

t ,
an estimate of W+

t =
∑

pj∈Ω+
t
wj , where Ω+t = {p ∈ {0, 1}n :

∑n
i=1 piβihi(xt) ≥

0}. A similar procedure is used to compute Ŵ−t . Then WM predicts +1 if Ŵ+
t >

Ŵ−t and −1 otherwise.
DefineM+

WM,t as a Markov chain with state space Ω+t that makes transitions
from state p = (p0, . . . , pn−1) ∈ Ω+t to state q ∈ Ω+t by the following rules.3 (1)
With probability 1/2 let q = p. Otherwise, (2) select i uniformly at random from
{0, . . . , n − 1} and let p′ = (p0, . . . , pi−1, 1 − pi, pi+1, . . . , pn−1). (3) If p′ ∈ Ω+t
(i.e. if the new pruning also predicts positive on xt), then let p′′ = p′, else let
p′′ = p. (4) With probability min

{
1, αvt(p)−vt(p′′)

}
, let q = p′′, else let q = p.

Here vt (p) is the number of prediction mistakes made on trials 1 through t− 1
by the pruning represented by p.

Lemma 1. M+
WM,t is ergodic with stationary distribution

π+α,t(p) =
α−vt(p)

W+
t (α)

,

where W+
t (α) =

∑
p∈Ω+

t
α−vt(p), i.e. the sum of the weights of the prunings in

Ω+t assuming α was the update factor for all previous trials.

Proof. InM+
WM,t, all pairs of states can communicate. To see this, note that to

move from p ∈ Ω+t to q ∈ Ω+t , first add to p all bits i in q and not in p that
correspond to positions where βi hi(x) ≥ 0. Then delete from p all bits i in p
and not in q that correspond to positions where βi hi(x) < 0. Then delete the
unnecessary “positive bits” and add the necessary “negative bits”. All states be-
tween p and q are in Ω+t . ThusM+

WM,t is irreducible. Also, the self-loop of Step
1 ensures aperiodicity. Finally,M+

WM,t is reversible since the transition probabil-
ities P (p,q) = min{1, αvt(q)/αvt(p)}/(2n) = min{1, π+α,t(q)/π+α,t(p)}/(2n) sat-
isfy the detailed balance condition π+α,t(p)P (p,q) = π+α,t(q)P (q,p). So M+

WM,t

is ergodic with the stated stationary distribution. �
3 The chainM−

WM,t
is defined similarly with respect to Ω−

t .
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Let rt be the smallest integer s.t. (1+1/B)rt−1 ≥ α and rt ≥ 1+log2 α, where
B is the total number of prediction mistakes made by WM. Then rt ≤ 1+2B lnα.
Also, let mt = 1/

(
α1/(rt−1) − 1

) ≥ B and αi,t = (1 + 1/mt)
i−1 = α(i−1)/(rt−1)

for 0 ≤ i ≤ rt (so αrt,t = α). Now define fWMi,t (p) = (αi,t/αi−1,t)
−vt(p), where

p is chosen according to π+αi,t
. Then

E
[
fWMi,t

]
=
∑

p∈Ω+
t

(
αi,t

αi−1,t

)−vt(p) α
−vt(p)
i,t

W+
t (αi,t)

=
W+

t (αi+1,t)
W+

t (αi,t)
.

So we can estimate W+
t (αi+1,t)/W+

t (αi,t) by sampling points fromM+
WM,t and

computing the sample mean of fWMi,t . Note that

W+
t (α) =

(
W+

t (αrt,t)
W+

t (αrt−1,t)

)(
W+

t (αrt−1,t)
W+

t (αrt−2,t)

)
· · ·
(
W+

t (α2,t)
W+

t (α1,t)

)
W+

t (α1,t) ,

where W+
t (α1,t) = W+

t (1) = |Ω+t |. So for each value α1,t, . . . , αrt−1,t, we run
St independent simulations of M+

WM,t, each of length Ti,t, and let Xi,t be the

sample mean of (αi,t/αi−1,t)
−vt(p). Then our estimate is4

Ŵ+
t (α) = W+

t (α1,t)
rt−1∏
i=1

Xi,t = |Ω+t |
rt−1∏
i=1

Xi,t . (1)

Theorem 2’s proof is a hybrid of those of Jerrum and Sinclair [9] for weighted
matchings and the knapsack problem, with several non-trivial extensions. The
theorem uses variation distance, a distance measure between a chain’s simu-
lated and stationary distributions, defined as maxU⊆Ω |P τ (p, U)− π(U)|, where
P τ (p, ·) is the distribution of a chain’s state at simulation step τ given that the
simulation started in state p ∈ Ω, and π is the stationary distribution.

Theorem 2. Let ε′ = 2(1 + ε)1/3− 2, the sample size St =
⌈
520rte/ε

′2
⌉
, |Ω+t |’s

estimate be within ε′/2 of its true value with probability ≥ 3/4, and M+
WM,t be

simulated long enough (Ti,t steps) for each sample s.t. the variation distance is
≤ ε′/(10ert). Then Ŵ+

t (α) satisfies

Pr
[
(1− ε)W+

t (α) ≤ Ŵ+
t (α) ≤ (1 + ε)W+

t (α)
]
≥ 1/2 .

In addition, the 1/2 can be made arbitrarily close to 1− δ for any δ > 0.

We start with a lemma to bound fWMi,t ’s variance relative to its expectation.

Lemma 3.

Var [fWM
i,t ](

E [fWM
i,t ]

)2 ≤ 1
E [fWM

i,t ]
< e .

4 Since computing |Ω+
t | is #P-complete [22], we use a variation of the knapsack

FPRAS [17,9] to estimate |Ω+
t |.
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Proof. The first inequality follows from

Var
[
fWMi,t

]
= E

[(
fWMi,t

)2]− (E [fWMi,t

])2

=
∑

p∈Ω+
t

(
αi,t

αi−1,t

)−2vt(p) α
−vt(p)
i,t

W+
t (αi,t)

− W+
t (αi+1,t)2

W+
t (αi,t)2

≤ 1
W+

t (αi,t)

∑
p∈Ω+

t

(
α2i,t

αi−1,t

)−vt(p)

− W+
t (αi+1,t)2

W+
t (αi,t)2

=
W+

t (αi+1,t)
W+

t (αi,t)
− W+

t (αi+1,t)2

W+
t (αi,t)2

< E
[
fWMi,t

]
.

Thus for all 1 ≤ i ≤ rt − 1,

Var [fi,t]
(E [fi,t])

2 <
1

E [fi,t]
=

W+
t (αi,t)

W+
t (αi+1,t)

=

∑
p∈Ω+

t
α
−vt(p)
i,t∑

p∈Ω+
t
α
−vt(p)
i+1,t

=

(
1

αi,t

)B (∑
p∈Ω+

t

(
1

αi,t

)vt(p)−B
)

(
1

αi+1,t

)B (∑
p∈Ω+

t

(
1

αi+1,t

)vt(p)−B
)

≤
(
αi+1,t

αi,t

)B

= (1 + 1/mt)
B ≤ e . �

Proof (of Theorem 2). Let the distribution π̂+αi,t
be the one resulting from

a length-Ti,t simulation of M+
WM,t, and assume that the variation distance∥∥∥π̂+αi,t

− π+αi,t

∥∥∥ ≤ ε′/(10ert). Now consider the random variable f̂WMi,t , which

is the same as fWMi,t except that the terms are selected according to π̂+αi,t
. Since

f̂WMi,t ∈ (0, 1],
∣∣∣E [f̂WMi,t

]
− E

[
fWMi,t

]∣∣∣ ≤ ε′/(10ert), which implies E
[
fWMi,t

] −
ε′/(10ert) ≤ E

[
f̂WMi,t

]
≤ E

[
fWMi,t

]
+ ε′/(10ert). Factoring out E

[
fWMi,t

]
and ap-

plying Lemma 3 yields
(

1− ε′

10rt

)
E
[
fWMi,t

] ≤ E
[
f̂WMi,t

]
≤
(

1 +
ε′

10rt

)
E
[
fWMi,t

]
. (2)

This allows us to conclude that E
[
f̂WMi,t

]
≥ E

[
fWMi,t

]
/2. Also, slight modifica-

tions of Lemma 3’s proof show Var
[
f̂WMi,t

]
≤ E

[
f̂WMi,t

]
. Using this and again

applying Lemma 3 yields

Var [f̂WMi,t ](
E [f̂WMi,t ]

)2 ≤ 1(
E [f̂WMi,t ]

) ≤ 2
E [fWMi,t ]

≤ 2e . (3)
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Let X
(1)
i,t , . . . , X

(St)
i,t be a sequence of St independent copies of f̂WMi,t , and let

X̄i,t =
(∑St

j=1X
(j)
i,t

)
/St. Then E

[
X̄i,t

]
= E

[
f̂WMi,t

]
and Var

[
X̄i,t

]
=
Var
[
f̂WMi,t

]
St

.

The estimator of W+
t (α) is Ŵ+

t (α1,t)Xt = Ŵ+
t (α1,t)

∏rt−1
i=1 X̄i,t, where Ŵ+

t (α1,t)
is an estimate of |Ω+t |, which by assumption is within ε′/2 of the true value.
Since the X̄i,t’s are independent, E [Xt] =

∏rt−1
i=1 E

[
X̄i,t

]
=
∏rt−1

i=1 E
[
f̂WMi,t

]
and

E
[
X2

t

]
=
∏rt−1

i=1 E
[
X̄2

i,t

]
. Let ρ =

∏rt−1
i=1

W+
t (αi+1,t)
W+

t (αi,t)
, (i.e. what we are estimating

with Xt) and ρ̂ = E [Xt]. Then applying (2) gives
(

1− ε′

10rt

)rt

ρ ≤ ρ̂ ≤ ρ

(
1 +

ε′

10rt

)rt

.

Since limrt→∞ (1 + ε′/(10rt))
rt = eε

′/10 ≤ 1 + ε′/8 and (1− ε′/(10rt))
rt is min-

imized at rt = 1, we get
(

1− ε′

8

)
ρ ≤ ρ̂ ≤

(
1 +

ε′

8

)
ρ .

Since Var [Xt] = E
[
X2

i,t

]− (E [Xi,t])
2, we have

Var [Xt]
(E [Xt])

2 =
rt−1∏
i=1

(
1 +

Var
[
X̄i,t

]
(
E
[
X̄i,t

])2
)
− 1

≤
(

1 +
2e
St

)rt−1
− 1 (By (3))

≤
(

1 +
ε

′2

260rt

)rt

− 1 ≤ exp
(
ε

′2/260
)
− 1 ≤ ε

′2/256 .

We now apply Chebyshev’s inequality to Xt with standard deviation ε′ρ̂/16:

Pr [|Xt − ρ̂| > ε′ρ̂/8] ≤ 1/4 .

So with probability at least 3/4 we get
(

1− ε′

8

)
ρ̂ ≤ Xt ≤

(
1 +

ε′

8

)
ρ̂ ,

which implies that with probability at least 3/4

(
1− ε′

8

)2
ρ ≤ Xt ≤

(
1 +

ε′

8

)2
ρ .

Given that

|Ω+|
(

1− ε′

2

)
≤ Ŵ+

t (α1,t) ≤ |Ω+|
(

1 +
ε′

2

)



Efficiently Approximating Weighted Sums with Exponentially Many Terms 89

with probability ≥ 3/4, we get

|Ω+|
(

1− ε′

2

)
ρ

(
1− ε′

8

)2
≤ Ŵ+

t (α1,t)Xt ≤ |Ω+|
(

1 +
ε′

2

)
ρ

(
1 +

ε′

8

)2

with probability ≥ 1/2. Thus

W+
t (α)

(
1− ε′

2

)3
≤ Ŵ+

t (αt) ≤W+
t (α)

(
1 +

ε′

2

)3

with probability ≥ 1/2. Substituting for ε′ completes the proof of the first part
of the theorem. Making these approximations with probability ≥ 1 − δ for any
δ > 0 is done by rerunning the procedures for estimating |Ω+t | and Xt each
O(ln 2/δ) times and taking the median of the results [10]. �

Note that if W+
t (α)/W−t (α) �∈ [ 1−ε1+ε ,

1+ε
1−ε ] for all t, then our version of WM

runs identically to the brute-force version, and we can apply WM’s mistake
bounds. This yields the following corollary.

Corollary 4. Using the assumptions of Theorem 2, if W+
t (α)/W−t (α) �∈ [ 1−ε1+ε ,

1+ε
1−ε ] for all t, then (w.h.p.) the number of prediction mistakes made by this
algorithm on any sequence of examples is B ≤ 2.41(M + n), where n is the
number of hypotheses in the ensemble and M is the number of mistakes made by
the best pruning. Thus rt ≤ 1+4.82(M +n) lnα and St = O((M +n)(lnα)/ε

′2).

We now investigate bounding the mixing time of M+
WM,t under restricted

conditions using the canonical paths method [9]. The first condition is that we
use AdaBoost’s confidences in the weight updates by multiplying pruning p’s
weight by αzp,t , where zp,t = +t

∑
hi∈p βi hi(xt) and +t is xt’s true label. The

second condition is that Ω+t be the entire set of prunings. The final condition is
that |zp,t− zq,t| = O(log n) for any two neighboring prunings p and q (differing
in one bit). If these conditions hold, thenM+

WM,t’s mixing time is bounded by a
polynomial in all relevant parameters. Theorem 5’s proof is deferred to the full
version of the paper.

Theorem 5. If WM’s weights are updated as described above, Ω+t = {0, 1}n,
and for all t and neighbors p,q ∈ Ω+t , |zp,t − zq,t| ≤ logα nc for a constant c,
then a simulation of M+

WM,t of length

Ti,t = 2nc+2 (n ln 2 + 2nc lnn + ln (10ert/ε′))

will draw samples from π̂+αi,t
such that

∥∥∥π̂+αi,t
− π+αi,t

∥∥∥ ≤ ε′/(10ert).

Combining Theorems 2 and 5 yields an FPRAS for ensemble pruning under
the conditions of Theorem 5. To get a general FPRAS, we need to eliminate the
conditions of Theorem 5. The first condition is to simplify the proof and should
not be difficult to remove. The second condition can probably be removed by
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adapting the proof of Morris and Sinclair [17] that solved the long-standing open
problem of finding an FPRAS for knapsack. However, it is open whether the final
condition (that neighboring prunings be close in magnitude of weight changes)
can be removed. In the meantime, one can meet this condition in general by
artificially bounding the changes any weight undergoes, similar to the procedure
for tracking a shifting concept [13].

Since one of the goals of pruning an ensemble of classifiers is to reduce its
size, one may adopt one of several heuristics, such as choosing the pruning that
has highest weight in WM or the highest product of weight and diversity, where
diversity is measured by e.g. KL divergence [15]. Let f(p) be the function that
we want to maximize. Then our goal is to find the p ∈ {0, 1}n that approx-
imately maximizes f . To do this we define a new Markov chain Mmax

WM whose
transition probabilities are the same as for M+

WM,t except that step 3 is ir-
relevant and in step 4, we substitute f(·) for (−vt(·)) and substitute η for α,
where η is a parameter that governs the shape of the stationary distribution.
Lemma 1 obviously holds forMmax

WM, i.e. it is ergodic with stationary distribution
πη(p) = ηf(p)/W (η), where W (η) =

∑
p∈{0,1}n ηf(p). However, the existence of

an FPRAS is still open.

2.2 Learning DNF Formulas

We first note the well-known reduction from learning DNF to learning monotone
DNF, where no variable in the target function is negated. If the DNF formula
is defined over n variables, we convert each example x = x1 · · ·xn to x′ =
x1 · · ·xnx̄1 · · · x̄n. It is easy to see that by giving x′ to a learning algorithm for
monotone DNF, we automatically get an algorithm for learning DNF. Thus we
focus on learning monotone DNF, though our empirical results are based on a
more general definition (Sect. 3.1).

To learn monotone DNF, one can use Winnow, which maintains a weight
vector wt ∈ Re+N (N -dimensional positive real space). Upon receiving an in-
stance xt ∈ {0, 1}N , Winnow makes its prediction ŷt = 1 if Wt = wt · xt ≥ θ
and 0 otherwise (θ > 0 is a threshold). Given the true label yt, the weights are
updated as follows: wt+1,i = wt,iα

xt,i(yt−ŷt) for some α > 1. If wt+1,i > wt,i we
call it a promotion and if wt+1,i < wt,i we call it a demotion. Littlestone [11]
showed that if the target function f is a monotone disjunction of K of the N
inputs, then Winnow can learn f while making only 2 + 2K log2N prediction
mistakes. So using the 2n possible terms as Winnow’s inputs, it can learn k-term
monotone DNF with only 2 + 2kn prediction mistakes. However, computing ŷt
and updating the weights for each trial t takes exponential time. So we estimate
Wt by associating each term with a state in a Markov chain, representing it by a
string over {0, 1}n. Since Wt is a weighted sum of the terms satisfied by example
xt, we want to estimate the sum of the weights of the strings p ∈ {0, 1}n that
satisfy xt · p =

∑n−1
i=0 xt,ipi = ‖p‖1, where ‖p‖1 =

∑n−1
i=0 pi.

The state space for our Markov chain MDNF,t is Ωt = {p ∈ {0, 1}n :
xt · p = ‖p‖1}. Transitions from state p = (p0, . . . , pn−1) ∈ Ωt to state
q ∈ Ωt are given by the following rules. (1) With probability 1/2 let q =
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p. Otherwise, (2) select i uniformly at random from {0, . . . , n − 1} and let
q′ = (p0, . . . , pi−1, 1 − pi, pi+1, . . . , pn−1). (3) If xt satisfies the term repre-
sented by q′, let q′′ = q′, else let q′′ = p. (4) Let q = q′′ with prob-
ability min

{
1, αut(q′′)−vt(q′′)−ut(p)+vt(p)

}
, else let q = p. Here ut(p) is the

number of promotions of p so far, and vt(p) is the number of demotions.
Lemma 1 holds for MDNF,t as well: it is ergodic with stationary distribution
πα,t(p) = αut(p)−vt(p)/Wt(α), where Wt(α) =

∑
p∈Ωt

αut(p)−vt(p).
We now describe how to estimate Wt(α). Let mt =

∑t−1
τ=1 uτ (pe) + vτ (pe),

αi,t = (1 + 1/mt)
i−1 for 1 ≤ i < rt, where rt is the smallest integer such that

(1 + 1/mt)
rt−1 ≥ α (thus rt ≤ 1 + 2mt lnα) and pe = 0, the “empty” (always

satisfied) term. Also, set αr,t = α. Now define fi,t(p) = (αi−1,t/αi,t)
ut(p)−vt(p),

where p is chosen according to distribution παi,t,t. Then

E [fi,t] =
∑
p∈Ωt

(
αi−1,t
αi,t

)ut(p)−vt(p) α
ut(p)−vt(p)
i,t

Wt(αi,t)
=

Wt(αi−1,t)
Wt(αi,t)

.

So we can estimate Wt(αi−1,t)/Wt(αi,t) by sampling points from MDNF,t and
computing the sample mean of fi,t, which allows us to compute Wt(α) since

Wt(α) =
(

Wt(αr,t)
Wt(αr−1,t)

)(
Wt(αr−1,t)
Wt(αr−2,t)

)
· · ·
(
Wt(α2,t)
Wt(α1,t)

)
Wt(α1,t)

and Wt(α1,t) = W (1) = |Ω| = 2‖xt‖1 . Therefore, for each value α2,t, . . . , αr,t, we
run St independent simulations of MDNF,t, each of length Ti,t, and let Xi,t be
the sample mean of (αi−1,t/αi,t)

ut(x)−vt(x). Then our estimate of Wt(α) is

Ŵt(α) = 2‖xt‖1
rt∏
i=2

1/Xi,t .

Below we show results similar to Theorem 2 forMDNF,t. We start by bound-
ing the variance of fDNFi,t relative to its expectation. The proof is slightly different
since fDNFi,t can take on values greater than 1 (specifically, fDNFi,t ∈ [1/e, e]).

Lemma 6.

Var [fDNF
i,t ](

E [fDNF
i,t ]

)2 ≤ e,
1

E [fDNF
i,t ]

< e, and Var [fDNF
i,t ] ≤ e2E [fDNF

i,t ] .

Proof. Let Pmint = minp{ut(p)− vt(p)} and Pmaxt = maxp{ut(p)− vt(p)}, i.e.
the minimum and maximum (respectively) number of net promotions over all
terms at trial t. The first inequality of the lemma follows from

Var
[
fDNFi,t

]
(
E
[
fDNFi,t

])2 =

∑
p∈Ωt

(
αi−1,t

αi,t

)−2(ut(p)−vt(p)) α
ut(p)−vt(p)
i,t

Wt(αi,t)
− Wt(αi−1,t)2

Wt(αi,t)2

Wt(αi−1,t)2/Wt(αi,t)2
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<
Wt(αi,t)

∑
p∈Ωt

(
α2

i−1,t

αi,t

)ut(p)−vt(p)

Wt(αi−1,t)2

=

[∑
p∈Ωt

(αi,t)
ut(p)−vt(p)

] [∑
p∈Ωt

(αi−2,t)
ut(p)−vt(p)

]
[∑

p∈Ωt
(αi−1,t)

ut(p)−vt(p)
] [∑

p∈Ωt
(αi−1,t)

ut(p)−vt(p)
]

≤
∑

p∈Ωt
(αi−2,t)

ut(p)−vt(p)−Pmax
t

∑
p∈Ωt

(αi−1,t)
ut(p)−vt(p)−Pmax

t

.

Since the series of exponents is the same in the numerator and denominator,
αi,t ≥ 1 for all i ≥ 1, and mt ≥ Pmaxt − Pmint , we get

∑
p∈Ωt

(αi−2,t)
ut(p)−vt(p)−Pmax

t

∑
p∈Ωt

(αi−1,t)
ut(p)−vt(p)−Pmax

t

≤
∑

p∈Ωt
(αi−2,t)

Pmin
t −Pmax

t

∑
∨p∈Ωt

(αi−1,t)
Pmin

t −Pmax
t

= (1 + 1/mt)
Pmax

t −Pmin
t ≤ e . (4)

To prove the lemma’s second inequality, note that

1
E [fDNFi,t ]

=

∑
p∈Ωt

(αi,t)
ut(p)−vt(p)

∑
p∈Ωt

(αi−1,t)
ut(p)−vt(p)

=
α
Pmax

t
i,t

∑
p∈Ωt

(αi,t)
ut(p)−vt(p)−Pmax

t

α
Pmax

t
i−1,t

∑
p∈Ωt

(αi−1,t)
ut(p)−vt(p)−Pmax

t

= (1 + 1/mt)
Pmax

t

∑
p∈Ωt

(αi,t)
ut(p)−vt(p)−Pmax

t

∑
p∈Ωt

(αi−1,t)
ut(p)−vt(p)−Pmax

t

≤ e .

Since Var
[
fDNFi,t

]
<Wt(αi−2,t)/Wt(αi,t) and E

[
fDNFi,t

]
=Wt(αi−1,t)/Wt(αi,t),

showing Wt(αi−2,t) ≤ e2Wt(αi−1,t) proves the third part of this lemma. Applying
(4) yields

Wt(αi−2,t)
Wt(αi−1,t)

=
α
Pmax

t
i−2,t

∑
p∈Ωt

(αi−2,t)
ut(p)−vt(p)−Pmax

t

α
Pmax

t
i−1,t

∑
p∈Ωt

(αi−1,t)
ut(p)−vt(p)−Pmax

t

≤ e

(1 + 1/mt)P
max
t

.

If Pmaxt ≥ 0, the above quantity is at most e. Otherwise, it is at most e(1 +
1/mt)|P

max
t | ≤ e2. �

The proof to the following theorem is similar to that of Theorem 2, but also
accounts for the fact that fDNFi,t can be greater than 1.

Theorem 7. Let the sample size St =
⌈
130rte3/ε2

⌉
and MDNF,t be simu-

lated long enough (Ti,t steps) for each sample s.t. the variation distance be-
tween the empirical distribution and παi,t is ≤ ε/(5e2rt). Then Ŵt(α) satisfies

Pr
[
(1− ε)Wt(α) ≤ Ŵt(α) ≤ (1 + ε)Wt(α)

]
≥ 3/4. In addition, the 3/4 can be

made arbitrarily close to 1− δ for any δ > 0.
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As stated in the following corollary, our algorithm’s behavior is the same as
Winnow’s if the weighted sums are not too close to θ for any input. It is easy
to extend this result to tolerate a bounded number of trials with weighted sums
near θ by thinking of the potential mispredictions as noise [12].

Corollary 8. Using the assumptions of Theorem 7, if Wt(α) �∈ [ θ
(1+ε) ,

θ
(1−ε) ] for

all t, then (w.h.p.) the number of mistakes made by Winnow on any sequence of
examples is at most 2+2kn. Thus for all t, mt ≤ 2+2kn, rt ≤ 1+(4+4kn) lnα,
and St = O((kn logα)/ε2).

We have not yet shown that MDNF,t mixes rapidly, but Theorem 5 and our
preliminary empirical results (Sect. 3.1) lead us to believe that it does, at least
under appropriate conditions.

One issue with this algorithm is that after training, we still require the train-
ing examples and runningMDNF,t to evaluate the hypothesis on a new example.
In lieu of this, we can, after training, run a Metropolis process to find the terms
with the largest weights. The result is a set of rules, and the prediction on a new
example can be a thresholded sum of weights of satisfied rules, using the same
threshold θ. The only issue then is to determine how many terms to select. If we
focus on the generalized DNF representations of Sect. 3.1, then each example
satisfies exactly 2n terms (out of

∏n
i=1(ki + 1)). Thus for an example to be clas-

sified as positive, the average weight of its satisfied terms must be at least θ/2n.
Thus one heuristic is to use the Metropolis process to choose as many terms as
possible with weight at least θ/2n. Using this pruned set of rules, no additional
false positives will occur, and in fact the number will likely be reduced. The only
concern is causing extra false negatives.

3 Preliminary Empirical Results

3.1 Learning DNF Formulas

In our DNF experiments, we used generalized DNF representations. The set
of terms and the instance space were both

∏n−1
i=0 {0, . . . , ki}, where ki is the

number of values for feature i. A term p = (p0, . . . , pn−1) is satisfied by example
x = (x0, . . . , xn−1) iff ∀ pi > 0, pi = xi. So pi = 0 ⇒ xi is irrelevant for term p
and pi > 0 ⇒ xi must equal pi for p to be satisfied. If xi = 0 for some i then
we assume it is unspecified.

We generated random (from a uniform distribution) 5-term DNF formulas,
using n ∈ {10, 15, 20}, with ki = 2 for all i. So the total number of Winnow inputs
was 310 = 59049, 315 = 1.43×107, and 320 = 3.49×109. For each value of n there
were nine training/testing set combinations, each with 50 training examples and
50 testing examples. Examples were generated uniformly at random.

Table 1 gives averaged5 results for n = 10, indexed by S and T (“BF”
means brute-force). “GUESS” is the average error of the estimates. “LOW” is
5 The number of weight estimations made per row in the table varied due to a varying
number of training rounds, but typically was around 3000.
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the fraction of guesses that were < θ when the actual value was > θ, and “HIGH”
is symmetric. These are the only times our algorithm deviates from brute-force.
“PRED” is the prediction error on the test set and “Stheo” is S from Theorem 7
that guarantees an error of GUESS given the values of rt in our simulations.

Both GUESS and HIGH are very sensitive to T but not as sensitive to S.
LOW was negligible due to the distribution of weights as training progressed: the
term pe = 0 (satisfied by all examples) had high weights. Since all computations
started at 0 andMDNF,t seeks out nodes with high weights, the estimates tended
to be too high rather than too low. But this is less significant as S and T increase.
In addition, note that PRED does not appear correlated to the accuracy of the
weight guesses, and most of them are very near that for brute-force. We feel
that this is coincidental, and that the only way to ensure a good hypothesis is to
choose S and T sufficiently large such that GUESS, LOW, and HIGH are small,
e.g. S = 100 and T = 300. For these values, training and testing took an average
of 10.286 minutes per example, while brute-force took 0.095 min/example. So
for n = 10, MDNF,t is slower than brute-force by a factor of over 108. Finally,
we note that in our runs with S = 100 and T = 300, the values of rt used ranged
from 19–26 and averaged 21.6.

Table 1.MDNF,t results for n = 10 and r chosen as in Sect. 2.2

S T GUESS LOW HIGH PRED Stheo

100 100 0.4713 0.0000 0.1674 0.0600 2.23× 105

100 200 0.1252 0.0017 0.0350 0.0533 3.16× 106

100 300 0.0634 0.0041 0.0172 0.0711 1.23× 107

100 500 0.0484 0.0091 0.0078 0.0844 2.11× 107

500 100 0.4826 0.0000 0.1594 0.1000 2.13× 105

500 200 0.1174 0.0000 0.0314 0.0600 3.60× 106

500 300 0.0441 0.0043 0.0145 0.0867 2.55× 107

500 500 0.0232 0.0034 0.0064 0.0800 9.16× 107

BF 0.0730

Since the run time of our algorithm varies linearly in r, we ran some ex-
periments where we fixed r rather than letting it be set as in Sect. 2.2. We set
S = 100, T = 300 and r ∈ {5, 10, 15, 20}. The results are in Table 2. This indi-
cates that for the given parameter values, r can be reduced a little below that
which is stipulated in Sect. 2.2.

Results for n = 15 appear in Table 3. The trends for n = 15 are similar to
those for n = 10. Brute-force is faster than MDNF,t at S = 500 and T = 1500,
but only by a factor of 16. Finally, we note that in our runs with S = 500 and
T = 1500, the values of rt used ranged from 26–40 (average was 33.2).

As with n = 10, r can be reduced to speed up the algorithm, but at a cost
of increasing the errors of the predictions (e.g. see Table 4(a)). We ran the same
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Table 2.MDNF,t results for n = 10, S = 100, and T = 300

r GUESS LOW HIGH PRED

5 0.1279 0.0119 0.0203 0.0844
10 0.0837 0.0095 0.0189 0.0867
15 0.0711 0.0058 0.0159 0.0800
20 0.0638 0.0042 0.0127 0.0889
BF 0.0730

Table 3.MDNF,t results for n = 15 and r chosen as in Sect. 2.2

S T GUESS LOW HIGH PRED Stheo

500 1500 0.0368 0.0028 0.0099 0.0700 5.01× 107

500 1800 0.0333 0.0040 0.0049 0.0675 6.12× 107

500 2000 0.0296 0.0035 0.0023 0.0675 7.68× 107

1000 1500 0.0388 0.0015 0.0042 0.0650 4.51× 107

1000 1800 0.0253 0.0006 0.0038 0.0775 1.06× 108

1000 2000 0.0207 0.0025 0.0020 0.0800 1.58× 108

BF 0.0800

experiments with a training set of size 100 rather than 50 (the test set was still
of size 50), summarized in Table 4(b). As expected, error on the guesses changes
little, but prediction error is decreased.

Table 4. MDNF,t results for n = 15, S = 500, and T = 1500, and a training set of
size (a) 50 and (b) 100

(a) (b)

r GUESS LOW HIGH PRED

10 0.0572 0.0049 0.0132 0.1075
20 0.0444 0.0033 0.0063 0.0756
30 0.0407 0.0022 0.0047 0.0822
BF 0.0800

r GUESS LOW HIGH PRED

10 0.0577 0.0046 0.0478 0.0511
20 0.0456 0.0032 0.0073 0.0733
30 0.0405 0.0044 0.0081 0.0689
BF 0.0356

For n = 20, no exact (brute-force) sums were computed since there are over
3 billion inputs. So we only examined the prediction error of our algorithm.
The average error over all runs was 0.11 with S = 1000, T = 2000, r set as
in Sect. 2.2, and a training set of size 100. The average value of r used was 55
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(range was 26–78), and the run time was approximately 30 minutes/example.6

Brute-force evaluation on a few examples required roughly 135 hours/example, a
270-fold slowdown. Thus for this case our algorithm provides a significant speed
advantage. When running our algorithm with a fixed value of r = 30 (reducing
time per example by almost a factor of 2), prediction error increases to 0.1833.

In summary, even though our experiments are for small values of n, they
indicate that relatively small values of S, T , and r are sufficient to minimize
our algorithm’s deviations from brute-force Winnow. Thus we conjecture that
MDNF,t does mix rapidly, at least for the uniformly random data in our ex-
periments. In addition, our algorithm becomes significantly faster than that of
brute-force somewhere between n = 15 and n = 20, which is small for a ma-
chine learning problem. However, our implementation is still extremely slow,
taking several days or longer to finish training when n = 20 (evaluating the
learned hypothesis is also slow). Thus we are actively seeking heuristics to speed
up learning and evaluation, including parallelization of the independent Markov
chain simulations and using a Metropolis process (Sect. 2.2) after training to
return as a hypothesis only the subset of high-weight terms.

3.2 Pruning an Ensemble

For the Weighted Majority experiments, we used AdaBoost over decision shrubs
(depth-2 decision trees) generated by C4.5 to learn hypotheses for an artificial
two-dimensional data set. The target concept is a circle and the examples are dis-
tributed around its circumference, each point’s distance from the circle normally
distributed with zero mean and unit variance. We created an ensemble of 10
classifiers and simulated WM with7 S ∈ {50, 75, 100} and T ∈ {500, 750, 1000}
on the set of 210 prunings and compared the values computed for (1) to the
true values from brute-force WM. The results are in Table 5: “|Ω+t |” denotes
the error of our estimates of |Ω+|, “Xi,t” denotes the error of our estimates of
the ratios W+

t (αi,t)/W+
t (αi−1,t), and “Ŵ+

t (α)” denotes the error of our esti-
mates of W+

t (α). Finally, “DEPARTURE” indicates our algorithm’s departure
from brute-force WM, i.e. in these experiments our algorithm perferctly emu-
lated brute-force. Finally, we note that other early results show that for n = 30,
S = 200, and T = 2000, our algorithm takes about 4.5 hours/example to run,
while brute-force takes about 2.8 hours/example. Thus we expect our algorithm
to run faster than brute-force at about n = 31 or n = 32.

4 Conclusions and Future Work

We have shown how MCMC methods can be used to approximate the weighted
sums for multiplicative weight update algorithms, particularly when applying
6 Runs for n = 20 were on a different machine than those for n = 10.
7 Note that the estimation of |Ω+

t | required an order of magnitude larger values of S
and T than did the estimation of the ratios to get sufficiently low error rates.
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Table 5.M+
WM,t

results for n = 10 and r chosen as in Sect. 2.1

S T |Ω+
t | Xi,t Ŵ+

t (α) DEPARTURE

50 500 0.0423 0.00050 0.0071 0.0000
50 750 0.0332 0.00069 0.0061 0.0000
50 1000 0.0419 0.00068 0.0070 0.0000
75 500 0.0223 0.00067 0.0050 0.0000
75 750 0.0197 0.00047 0.0047 0.0000
75 1000 0.0276 0.00058 0.0055 0.0000
100 500 0.0185 0.00040 0.0047 0.0000
100 750 0.0215 0.00055 0.0050 0.0000
100 1000 0.0288 0.00044 0.0056 0.0000

WM to ensemble pruning and applying Winnow to learning DNF formulas. We
presented some theoretical and preliminary empirical results.

One obvious avenue of future work is to more generally bound the mixing
times of our Markov chains and to prove theoretical results of our Metropolis
processes. Based on our current theoretical and empirical results, we believe that
both chains mix rapidly under appropriate conditions. There is also the question
of how to elegantly choose S and T for empirical use to balance time complexity
and precision. While it is important to accurately estimate the weighted sums in
order to properly simulate WM and Winnow, some imperfections in simulation
can be handled since incorrect simulation decisions can be treated as noise,
which Winnow and WM can tolerate. Ideally, the algorithms would intelligently
choose S and T based on past performance, perhaps (for Winnow) utilizing the
brute-force upper bound of α θ on all weights (since no promotions can occur
past that point). So ∀p, ut(p)− vt(p) ≤ 1 + �logα θ�. If this bound is exceeded
during a run of Winnow, then we can increase S and T and run again. Finally,
we are exploring heuristics to accelerate learning and hypothesis evaluation in
our implementations (Sect. 3.1).
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Abstract. In this paper we study online classification algorithms for
multiclass problems in the mistake bound model. The hypotheses we use
maintain one prototype vector per class. Given an input instance, a mul-
ticlass hypothesis computes a similarity-score between each prototype
and the input instance and then sets the predicted label to be the index
of the prototype achieving the highest similarity. To design and analyze
the learning algorithms in this paper we introduce the notion of ultracon-
servativeness. Ultraconservative algorithms are algorithms that update
only the prototypes attaining similarity-scores which are higher than the
score of the correct label’s prototype. We start by describing a family of
additive ultraconservative algorithms where each algorithm in the family
updates its prototypes by finding a feasible solution for a set of linear
constraints that depend on the instantaneous similarity-scores. We then
discuss a specific online algorithm that seeks a set of prototypes which
have a small norm. The resulting algorithm, which we term MIRA (for
Margin Infused Relaxed Algorithm) is ultraconservative as well. We de-
rive mistake bounds for all the algorithms and provide further analysis of
MIRA using a generalized notion of the margin for multiclass problems.

1 Introduction

In this paper we present a general approach for deriving algorithms for multiclass
prediction problems. In multiclass problems the goal is to assign one of k labels
to each input instance. Many machine learning problems can be phrased as a
multiclass categorization problem. Examples to such problems include optical
character recognition (OCR), text classification, and medical analysis. There
are numerous specialized solutions for multiclass problems for specific models
such as decision trees [3,16] and neural networks. Another general approach is
based on reducing a multiclass problem to multiple binary problems using output
coding [6,1]. An example of a reduction that falls into the above framework is
the “one-against-rest” approach. In one-against-rest a set of binary classifiers is
trained, one classifier for each class. The ith classifier is trained to distinguish
between the ith class and the rest of the classes. New instances are classified by
setting the predicted label to be the index of the classifier attaining the highest
score in its prediction. We present a unified approach that operates directly on
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the multiclass problem by imposing constraints on the updates for the various
classes. Thus, our approach is inherently different from methods based on output
coding.

Our framework for analyzing the algorithms is the mistake bound model. The
algorithms we study work in rounds. On each round the proposed algorithms get
a new instance and output a prediction for the instance. They then receive the
correct label and update their predication rule in case they made a prediction
error. The goal of the algorithms is to minimize the number of mistakes they
made compared to the minimal number of errors that an hypothesis, built offline,
can achieve.

The algorithms we consider in this paper maintain one prototype vector for
each class. Given a new instance we compare each prototype to the instance by
computing the similarity-score between the instance and each of the prototypes
for the different classes. We then predict the class which achieves the highest
similarity-score. In binary problems, this scheme reduces (under mild conditions)
to a linear discriminator. After the algorithm makes a prediction it receives the
correct label of the input instance and updates the set of prototypes. For a given
input instance, the set of labels that attain similarity-scores higher than the
score of correct label is called the error set. The algorithms we describe share
a common feature: they all update only the prototypes from the error sets and
the prototype of the correct label. We call such algorithms ultraconservative.

We start in Sec. 3 in which we provide a motivation for our framework. We do
that by revisiting the well known perceptron algorithm and give a new account
of the algorithm using two prototype vectors, one for each class. We then extend
the algorithm to a multiclass setting using the notion of ultraconservativeness.
In Sec. 4 we further generalize the multiclass version of the extended perceptron
algorithm and describe a new family of ultraconservative algorithms that we
obtain by replacing the perceptron’s update with a set of linear equations. We
give a few illustrative examples of specific updates from this family of algorithms.
Going back to the perceptron algorithm, we show that in the binary case all the
different updates reduce to the perceptron algorithm. We finish Sec. 4 by deriving
a mistake bound that is common to all the additive algorithms in the family. We
analyze both the separable and the non-separable case.

The fact that all algorithms from Sec. 4 achieve the same mistake bound
implies that there are some undetermined degrees of freedom. We present in
Sec. 5 a new online algorithm that gives a unique update and is based on a
relaxation of the set of linear constraints employed by the family of algorithms
from Sec. 4. The algorithm is derived by adding an objective function that
incorporates the norm of the new matrix of prototypes and minimizing it subject
to a subset of the linear constraints. Following recent trend, we call the new
algorithm MIRA for Margin Infused Relaxed Algorithm. We analyze MIRA and
give a mistake bound related to the instantaneous margin of individual examples.
This analysis leads to modification of MIRA which incorporates the margin into
the update rule. Both MIRA and of the additive algorithms from Sec. 4 can be
combined with kernels techniques and voting methods.
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The algorithms presented in this paper underscore a general framework for
deriving ultraconservative multiclass algorithms. This framework can be used
in combination with other online techniques. To conclude, we outline some of
our current research directions. Due to the lack of space many of the proofs and
some of the results have omitted. They will appear in a forthcoming long version
of this paper.

Related Work. Multiclass extensions to binary approaches by maintaining mul-
tiple prototypes are by no means new. The widely read and cited book by
Duda and Hart [7] describes a multiclass extension to the perceptron that em-
ploys multiple vectors. However, direct methods for online learning of multiclass
problems in the mistake bound model have received relatively little attention.

A question that is common to numerous online algorithms is how to compro-
mise the following two demands. On one hand, we want to update the classifier
we learn so that it will better predict the current input instance, in particular if
an error occurs when using the current classifier. On the other hand, we do not
want to change the current classifier too radically, especially if it classifies well
most of the previously observed instances. The good old perceptron algorithm
suggested by Rosenblatt [17] copes with these two requirements by replacing the
classifier with a linear combination of the current hyperplane and the current in-
stance vector. Although the algorithm uses a simple update rule, it performs well
on many synthetic and real-world problems. The perceptron algorithm spurred
voluminous work which clearly cannot be covered here. For an overview of nu-
merous additive and multiplicative online algorithms see the paper by Kivinen
and Warmuth [12]. We outline below some of the research that is more relevant
to the work presented in this paper.

Kivinen and Warmuth [12] presented numerous online algorithms for regres-
sion. Their algorithms are based on minimization of an objective function which
is a sum of two terms. The first term is equal to the distance between the new
classifier and the current classifier while the second term is the loss on the current
example. The resulting update rule can be viewed as a gradient-descent method.
Although multiclass classification problems are a special case of regression prob-
lems, the algorithms for regression put emphasis on smooth loss functions which
might not be suitable for classification problems.

The idea of seeking a hyperplane of a small norm is a primary goal in sup-
port vector machines (SVM) [4,18]. Algorithms for constructing support vector
machines solve optimization problems with a quadratic objective function and
linear constraints. The work in [2,9] suggests to minimize the objective func-
tion in a gradient-decent method, which can be performed by going over the
sample sequentially. Algorithms with a similar approach include the Sequential
Minimization Optimization (SMO) algorithm introduced by Platt [15]. SMO
works on rounds, on each round it chooses two examples of the sample and min-
imizes the objective function by modifying variables relevant only to these two
examples. While these algorithms share some similarities with the algorithmic
approaches described in this paper, they were all designed for batch problems
and were not analyzed in the mistake bound model.
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Another approach to the problem of designing an update rule which results
in a linear classifier of a small norm was suggested by Li and Long [13]. The
algorithm Li and Long proposed, called ROMMA, tackles the problem by find-
ing a hyperplane with a minimal norm under two linear constraints. The first
constraint is presented so that the new classifier will classify well previous exam-
ples, while the second rule demands that the hyperplane will classify correctly
the current new instance. Solving this minimization problem leads to an additive
update rule with adaptive coefficients.

Grove, Littlestone and Schuurmans [11] introduced a general framework of
quasi-additive binary algorithms, which contain the perceptron and Winnow as
special cases. In [10] Gentile proposed an extension to a subset of the quasi-
additive algorithms, which uses an additive conservative update rule with de-
creasing learning rates.

The algorithms presented in this paper are reminiscent of some of the widely
used methods for constructing classifiers in multiclass problems. As mentioned
above, a popular approach for solving classification problems with many classes
is to learn a set of binary classifiers where each classifier is designed to separate
one class from the rest of classes. If we use the perceptron algorithm to learn the
binary classifiers, we need to maintain and update one vector for each possible
class. This approach shares the same form of hypothesis as the algorithms pre-
sented in this paper, which maintain one prototype per class. Nonetheless, there
is one major difference between the ultraconservative algorithms we present and
the one-against-rest approach. In one-against-rest we update and change each of
the classifiers independently of the others. In fact we can construct them one after
the other by re-running over the data. In contrast, ultraconservative algorithms
update all the prototypes in tandem thus updating one prototype has a global
effect on the other prototypes. There are situations in which there is an error
due to some classes, but not all the respective prototypes should be updated.
Put another way, we might perform milder changes to the set of classifiers by
changing them together with the prototypes so as to achieve the same goal. As
a result we get better mistake bounds and empirically better algorithms.

2 Preliminaries

The focus of this paper is online algorithms for multiclass prediction problems.
We observe a sequence (x̄1, y1), . . . , (x̄t, yt), . . . of instance-label pairs. Each in-
stance x̄t is in R

n and each label belongs to a finite set Y of size k. We assume
without loss of generality that Y = {1, 2, . . . , k}. A multiclass classifier is a func-
tion H(x̄) that maps instances from R

n into one of the possible labels in Y. In
this paper we focus on classifiers of the form H(x̄) = argmaxkr=1{M̄r · x̄}, where
M is a k × n matrix over the reals and M̄r ∈ R

n denotes the rth row of M. We
call the inner product of M̄r with the instance x̄, the similarity-score for class
r. Thus, the classifiers we consider in this paper set the label of an instance to
be the index of the row of M which achieves the highest similarity-score. The
margin of H on x̄ is the difference between the similarity-score of the correct
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label y and the maximum among the similarity-scores of the rest of the rows of
M. Formally, the margin that M achieves on (x̄, y) is,

M̄y · x̄−max
r �=y
{M̄r · x̄} .

The lp norm of a vector ū = (u1, . . . , ul) in R
l is ‖ū‖p =

(∑l
i=1 |ui|p

) 1
p

. We
define the lp vector-norm of a matrix M to be the lp norm of the vector we get
by concatenating the rows of M, that is,

‖M‖p = ‖(M̄1, . . . , M̄k)‖p .

The framework that we use in this paper is the mistake bound model for
online learning. The algorithms we consider work in rounds. On round t an
online learning algorithm gets an instance x̄t. Given x̄t, the learning algorithm
outputs a prediction, ŷt = argmaxr{M̄r · x̄t}. It then receives the correct label yt

and updates its classification rule by modifying the matrix M. We say that the
algorithm made a (multiclass) prediction error if ŷt 
= yt. Our goal is to make as
few prediction errors as possible. When the algorithm makes a prediction error
there might be more than one row of M achieving a score higher than the score
of the row corresponding to the correct label. We define the error-set for (x̄, y)
using a matrix M to be the index of all the rows in M which achieve such high
scores. Formally, the error-set for a matrix M on an instance-label pair (x̄, y) is,

E = {r 
= y : M̄r · x̄ ≥ M̄y · x̄} .

Many online algorithms update their prediction rule only on rounds on which
they made a prediction error. Such algorithms are called conservative. We give
a definition that extends the notion of conservativeness to multiclass settings.

Definition 1 (Ultraconservative). An online multiclass algorithm of the
form H(x̄) = argmaxr{M̄r ·x̄} is ultraconservative if it modifiesM only when the
error-set E for (x̄, y) is not empty and the indices of the rows that are modified
are from E ∪ {y}.

Note that our definition implies that an ultraconservative algorithm is also
conservative. For binary problems the two definitions coincide.

3 From Binary to Multiclass

Roseneblatt’s perceptron algorithm [17] is a well known online algorithm for
binary classification problems. The algorithm maintains a weight vector w̄ ∈ R

n

that is used for prediction. To motivate our multiclass algorithms let us now
describe the perceptron algorithm using the notation employed in this paper. In
our setting the label of each instance belongs to the set {1, 2}. Given an input
instance x̄ the perceptron algorithm predicts that its label is ŷ = 1 iff w̄ · x̄ ≥ 0
and otherwise it predicts ŷ = 2. The algorithm modifies w̄ only on rounds with
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Fig. 1. A geometrical illustration of the update for a binary problem (left) and a four-
class problem (right) using the extended perceptron algorithm.

prediction errors and is thus conservative. On such rounds w̄ is changed to w̄+ x̄
if the correct label is y = 1 and to w̄ − x̄ if y = 2.

To implement the perceptron algorithm using a prototype matrixM with one
row (prototype) per class, we set the first row M̄1 to w̄ and the second row M̄2
to −w̄. We now modify M every time the algorithm misclassifies x̄ as follows. If
the correct label is 1 we replace M̄1 with M̄1+ x̄ and M̄2 with M̄2− x̄. Similarly,
we replace M̄1 with M̄1− x̄ and M̄2 with M̄2+ x̄ when the correct label is 2 and
x̄ is misclassified. Thus, the row M̄y is moved toward the misclassified instance
x̄ while the other row is moved away from x̄. Note that this update implies that
the total change to the two prototypes is zero. An illustration of this geometrical
interpretation is given on the left-hand side of Fig. 1. It is straightforward to
verify that the algorithm is equivalent to the perceptron algorithm.

We can now use this interpretation and generalize the perceptron algorithm
to multiclass problems as follows. For k classes maintain a matrix M of k rows,
one row per class. For each input instance x̄, the multiclass generalization of the
perceptron calculates the similarity-score between the instance and each of the
k prototypes. The predicted label, ŷ, is the index of the row (prototype) of M
which achieves the highest score, that is, ŷ = argmaxr{M̄r · x̄}. If ŷ 
= y the
algorithm moves M̄y toward x̄ by replacing M̄y with M̄y + x̄. In addition, the
algorithm moves each row M̄r (r 
= y) for which M̄r · x̄ ≥ M̄y · x̄ away from x̄.
The indices of these rows constitute the error set E. The algorithms presented in
this paper, and in particular the multiclass version of the perceptron algorithm,
modifyM such that the following property holds: The total change in units of x̄
in the rows of M that are moved away from x̄ is equal to the change of M̄y, (in
units of x̄). Specifically, for the multiclass perceptron we replace M̄y with M̄y+ x̄
and for each r in E we replace M̄r with M̄r − x̄/|E|. A geometric illustration of
this update is given in the right-hand side of Fig. 1. There are four classes in the
example appearing in the figure. The correct label of x̄ is y = 1 and since M̄1
is not the most similar vector to x̄, it is moved toward x̄. The rows M̄2 and M̄3
are also modified by subtracting x̄/2 from each one. The last row M̄4 is not in
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the error-set since M̄1 · x̄ > M̄4 · x̄ and therefore it is not modified. We defer the
analysis of the algorithm to the next section in which we describe and analyze
a family of online multiclass algorithms that also includes this algorithm.

4 A Family of Additive Multiclass Algorithms

We describe a family of ultraconservative algorithms by using the algorithm of
the previous section as our starting point. The algorithm is ultraconservative and
thus updates M only on rounds with predictions errors. The row M̄y is changed
to M̄y + x̄ while for each r ∈ E we modify M̄r to M̄r − x̄/|E|. Let us introduce
a vector of weights τ̄ = (τ1, . . . , τk) and rewrite the update of the rth row as
M̄r+ τrx̄. Thus, for r = y we have τr = 1, for r ∈ E we set τr = −1/|E|, and for
r 
∈ E ∪ {y}, τr is zero. The weights τ̄ were chosen such that the total change
of the rows of M whose indices are from E are equal to the change in M̄y, that
is, 1 = τy = −∑r∈E τr. If we do not impose the condition that for r ∈ E all the
τr’s attain the same value, then the constraints on τ̄ become

∑
r∈E∪{y} τr = 0.

This constraint enables us to move the prototypes from the error-set E away
from x̄ in different proportions as long as the total change is sum to one. The
result is a whole family of multiclass algorithms. A pseudo-code of the family of
algorithms is provided in Fig. 2. Note that the constraints on τ̄ are redundant
and we could have used less constraints. We make use of this more elaborate set
of constraints in the next section.

Before analyzing the family of algorithms we have just introduced, we give a
few examples of specific schemes to set τ̄ . We have already described one update
above which sets τ̄ to,

τr =



− 1
|E| r ∈ E

1 r = y
0 otherwise .

Since all the τ ’s for rows in the error-set are equal, we call this the uniform
multiclass update. We can also be further conservative and modify in addition
to M̄y only one other row in M. A reasonable choice is to modify the row that
achieves the highest similarity-score. That is, we set τ̄ to,

τr =



−1 r = argmaxs{M̄s · x̄}
1 r = y
0 otherwise .

We call this form of updating τ̄ the worst-margin multiclass update. The two
examples above set τr for r ∈ E to a fixed value, ignoring the actual values of
similarity-scores each row achieves. We can also set τ̄ in promotion to the excess
in the similarity-score of each row in the error set (with respect to M̄y). For
instance, we can set τ̄ to be,

τr =

{
− [M̄r·x̄−M̄y·x̄]+∑k

r=1
[M̄r·x̄−M̄ ·

yx̄]+
r 
= y

1 r = y ,
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Initialize: Set M = 0 (M ∈ R
k×n) .

Loop: For t = 1, 2, . . . , T

– Get a new instance x̄t ∈ R
n.

– Predict ŷt = arg
k

max
r=1
{M̄r · x̄t}.

– Get a new label yt.
– Set E = {r 
= yt : M̄r · x̄t ≥ M̄yt · x̄t}.
– If E 
= ∅ update M by choosing any τ t1, . . . , τ

t
k that satisfy:

1. τ tr ≤ δr,yt for r = 1, . . . , k.
2.
∑k
r=1 τ

t
r = 0.

3. τ tr = 0 for r /∈ E ∪ {yt}.
4. τ tyt = 1.

– For r = 1, 2, . . . , k update: M̄r ← M̄r + τ tr x̄
t .

Output : H(x̄) = argmaxr{M̄r · x̄}.

Fig. 2. A family of additive multiclass algorithms.

where [x]+ is equal to x if x ≥ 0 and zero otherwise. Note that the above update
implies that τr = 0 for r 
∈ E ∪ {y}. We now proceed to analyze the algorithms.

4.1 Analysis

In the analysis of the algorithms of Fig. 2 we use the following auxiliary lemma.

Lemma 1. For any set {τ1, . . . , τk} such that,
∑k
r=1 τr = 0 and τr ≤ δr,y for

r = 1, . . . , k, then
∑
r τ
2
r ≤ 2τy ≤ 2 .

We now give the main theorem of this section.
Theorem 1. Let (x̄1, y1), . . . , (x̄T , yT ) be an input sequence for any multi-
class algorithm from the family described in Fig. 2 where x̄t ∈ R

n and yt ∈
{1, 2, . . . , k}. Denote by R2 = maxt ‖x̄t‖2. Assume that there is a matrix M∗ of
a unit vector-norm, ‖M∗‖ = 1, that classifies the entire sequence correctly with
margin γ = mint{M̄∗yt · x̄t−maxr �=yt M̄∗r · x̄t} > 0. Then, the number of mistakes
that the algorithm makes is at most 2R2/γ2.

Proof. Assume that an error occurred when classifying the tth example (x̄t, yt)
using the matrixM. Denote byM

′
the updated matrix after round t. That is, for

r = 1, 2, . . . , k we have M̄
′
r = M̄r + τ tr x̄

t. To prove the theorem we bound ‖M‖22
from above and below. First, we derive a lower bound on ‖M‖2 by bounding the
term,

k∑
r=1

M̄∗r · M̄
′
r =

k∑
r=1

M̄∗r · (M̄r + τ tr x̄
t)

=
k∑
r=1

M̄∗r · M̄r +
∑
r

τ tr
(
M̄∗r · x̄t

)
. (1)
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We further develop the second term of Eq. (1) using the second constraint of the
algorithm

(∑k
r=1 τ

t
r = 0

)
. Substituting τyt = −∑r �=yt τ tr we get,

∑
r

τ tr
(
M̄∗r · x̄t

)
=
∑
r �=yt

τ tr
(
M̄∗r · x̄t

)
+ τyt

(
M̄∗yt · x̄t)

=
∑
r �=yt

τ tr
(
M̄∗r · x̄t

)−∑
r �=yt

τ tr
(
M̄∗yt · x̄t)

=
∑
r �=yt

(−τ tr) (M̄∗yt − M̄∗r
) · x̄t . (2)

Using the assumption that M∗ classifies each instance with a margin of at least
γ and that τy = 1 (fourth constraint) we obtain,∑

r

τ tr
(
M̄∗r · x̄t

) ≥ ∑
r �=yt

(−τ tr) γ = τ tytγ = γ . (3)

Combining Eq. (1) and Eq. (3) we get,
∑
r M̄

∗
r · M̄

′
r ≥

∑
r M̄

∗
r · M̄r + γ. Thus, if

the algorithm made m mistakes in T rounds then the matrix M satisfies,∑
r

M̄∗r · M̄r ≥ mγ (4)

Using the vector-norm definition and applying the Cauchy-Schwartz inequality
we get,

‖M‖2‖M∗‖2 =
(∑k

r=1 ‖M̄r‖2
)(∑k

r=1 ‖M̄∗r ‖2
)

≥ (M̄1 · M̄∗1 + . . . + M̄k · M̄∗k
)2 =

(∑k
r=1 M̄r · M̄∗r

)2
.

(5)

Plugging Eq. (4) into Eq. (5) and using the assumption that M∗ is of a unit
vector-norm we get the following lower bound,

‖M‖2 ≥ m2γ2 . (6)

Next, we bound the vector-norm of M from above. As before, assume that an
error occurred when classifying the example (x̄t, yt) using the matrix M and
denote by M

′
the matrix after the update. Then,

‖M′‖2 =
∑
r

‖M̄ ′
r‖2 =

∑
r

‖M̄r + τ tr x̄
t‖2

=
∑
r

‖M̄r‖2 + 2
∑
r

τ tr
(
M̄r · x̄t

)
+
∑
r

‖τ tr x̄t‖2

= ‖M‖2 + 2
∑
r

τ tr
(
M̄r · x̄t

)
+ ‖x̄t‖2

∑
r

(τ tr)
2 . (7)

We further develop the second term using the second constraint of the algorithm
and analogously to Eq. (2) we get,∑

r

τ tr
(
M̄r · x̄t

)
=
∑
r �=yt

(−τ tr)
(
M̄yt − M̄r

) · x̄t .
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Since x̄t was misclassified we need to consider the following two cases. The first
case is when the label r was not the source of the error, that is (M̄yt−M̄r)·x̄t > 0.
Then, using the third constraint (r /∈ E ∪ {yt} ⇒ τ tr = 0) we get that τ tr = 0 and
thus (−τ tr)

(
M̄yt − M̄r

) · x̄t = 0. The second case is when one of the sources of
error was the label r. In that case (M̄yt − M̄r) · x̄t ≤ 0. Using the first constraint
of the algorithm we know that τ tr ≤ 0 and thus (−τ tr)

(
M̄yt − M̄r

) · x̄t ≤ 0.
Finally, summing over all r we get,

∑
r

τ tr
(
M̄r · x̄t

) ≤ 0 . (8)

Plugging Eq. (8) into Eq. (7) we get, ‖M′‖2 ≤ ‖M‖2+‖x̄t‖2∑r(τ
t
r)
2. Using the

bound ‖x̄t‖2 ≤ R2 and Lemma 1 we obtain,

‖M′‖2 ≤ ‖M‖2 + 2‖R‖2 . (9)

Thus, if the algorithm made m mistakes in T rounds, the matrix M satisfies,

‖M‖2 ≤ 2m‖R‖2 . (10)

Combining Eq. (6) and Eq. (10), we have that, m2γ2 ≤ ‖M‖2 ≤ 2m‖R‖2 , and
therefore, m ≤ 2R2/γ2.

We would like to note that the bound of the above theorem reduces to the
perceptrons mistake bound in the binary case (k = 2). To conclude this section
we analyze the non-separable case by generalizing Thm. 2 of Freund and Schapire
[8] to a multiclass setting.

Theorem 2. Let (x̄1, y1), . . . , (x̄T , yT ) be an input sequence for any mul-
ticlass algorithm from the family described in Fig. 2, where x̄t ∈ R

n

and yt ∈ {1, 2, . . . , k}. Denote by R2 = maxt ‖x̄t‖2. Let M∗ be a pro-
totype matrix of a unit vector-norm, ‖M∗‖ = 1, and define, dt =
max

{
0, γ −

[
M̄∗yt · x̄t −maxr �=yt M̄∗r · x̄t

]}
. Denote by D2 =

∑T
t=1(d

t)2 and
fix some γ > 0. Then the number of mistakes the algorithm makes is at most
2(R + D)2/γ2.

Proof. The case D = 0 follows from Thm. 1 thus we can assume that D > 0.
The theorem is proved by transforming the non-separable setting to a separable
one. To do so, we extend each instance x̄t ∈ R

n to z̄t ∈ R
n+T as follows. The

first n coordinates of z̄t are set to x̄t. The n+ t coordinate of z̄t is set to ∆,
which is a positive real number whose value is determined later; the rest of
the coordinates of z̄t are set to zero. We similarly extend the matrix M∗ to
W∗ ∈ R

k×(n+T ) as follows. We set the first n columnsW∗ to be 1
ZM

∗. For each
row r we set W ∗r,n+t to dt

Z∆ if yt = r and zero otherwise. We choose the value

of Z so that ‖W∗‖2 = 1, hence, 1 = ‖W∗‖22 = 1
Z2

(
1 + D2

∆2

)
which gives that,

Z =
√

1 + D2

∆2 . We now show that W∗ achieves a margin of γ
Z on the extended
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data sequence. Note that for all r and t, W̄ ∗r · z̄t = 1
Z

(
M̄∗r · x̄t + δr,ytdt

)
. Now,

using the definition of dt we get,

W̄ ∗yt · z̄t −max
r �=yt

{
W̄ ∗r · z̄t

}
=

1
Z

(
M̄∗yt · x̄t + dt

)−max
r �=yt

{
1
Z

(
M̄∗r · x̄t

)}

=
1
Z
dt +

1
Z

[
M̄∗yt · x̄t −max

r �=yt

{
M̄∗r · x̄t

}]

≥ 1
Z

(
γ −

[
M̄∗yt · x̄t −max

r �=yt

{
M̄∗r · x̄t

}])

+
1
Z

[
M̄∗yt · x̄t −max

r �=yt

{
M̄∗r · x̄t

}]

=
γ

Z
. (11)

We also have that,
‖z̄t‖2 = ‖x̄t‖2 + ∆2 ≤ R2 + ∆2 . (12)

In summary, Eq. (11) and Eq. (12) imply that the sequence (z̄1, y1), . . . , (z̄T , yT )
is classified correctly with margin γ

Z and each instance z̄t is bounded above by
R2 + ∆2. Thus, we can use Thm. 1 and conclude that the number of mistakes
that the algorithm makes on (z̄1, y1), . . . , (z̄T , yT ) is bounded from above by,

2
R2 + ∆2(

γ
Z

)2 . (13)

Minimizing Eq. (13) over ∆ we get that the optimal value for ∆ is
√
DR and

the tightest mistake bound is, 2(D + R)2/γ2. To complete the proof we show
that the prediction of the algorithm in the extended space and in the original
space are equal. Namely, let Mt and Wt be the value of the parameter matrix
just before receiving x̄t and z̄t, respectively. We need to show that the following
conditions hold for t = 1, . . . , T :

1. The first n columns of Wt are equal to Mt.
2. The (n+t)th column of Wt is equal zero.
3. M̄ t

r · x̄t = W̄ t
r · z̄t for r = 1, . . . , k.

The proof of these conditions is straightforward by induction on t.

5 A Norm-Optimized Multiclass Algorithm

In the previous section we have described a family of algorithms where each
algorithm of the family achieves the same mistake bound given by Thm. 1 and
Thm. 2. This variety of equivalent algorithms suggests that there are some de-
grees of freedom that we might be able to exploit. In this section we describe an
online algorithm that chooses a feasible vector τ̄ t such that the vector-norm of
the matrix M will be as small as possible.
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Initialize: Set M 
= 0 M ∈ R
k×n.

Loop: For t = 1, 2, . . . , T

– Get a new instance x̄t.
– Predict ŷt = argmaxr{M̄r · x̄t}.
– Get a new label yt.
– Find τ̄ t that solves the following optimization problem:

minτ̄12
∑
r ‖M̄r + τr x̄

t‖22
subject to : (1) τr ≤ δr,yt for r = 1, . . . , k

(2)
∑k
r=1 τr = 0

– Update : M̄r ← M̄r + τ tr x̄
t for r = 1, 2, . . . , k .

Output : H(x̄) = argmaxr{M̄r · x̄}.

Fig. 3. The Margin Infused Relaxed Algorithm (MIRA).

To derive the new algorithm we omit the fourth constraint (τy = 1) and thus
allow more flexibility in choosing τ̄ t, or smaller changes in the prototype ma-
trix. Previous bounds provides motivation for the algorithms in this section. We
choose a vector τ̄ t which minimizes the vector-norm of the new matrixM subject
to the first two constraints only. As we show in the sequel, the solution of the
optimization problem automatically satisfies the third constraint. The algorithm
attempts to update the matrixM on each round regardless of whether there was
a prediction error or not. We show below that the algorithm is ultraconservative
and thus τ̄ t is the zero vector if x̄t is correctly classified (and no update takes
place). Following the trend set by Li and Long [13] and Gentile [10], we term
our algorithm MIRA for Margin Infused Relaxed Algorithm. The algorithm is
described in Fig. 3.

Before investigating the properties of the algorithm, we rewrite the opti-
mization problem that MIRA solves on each round in a more convenient form.
Omitting the example index t the objective function becomes,

1
2

∑
r

‖M̄r + τrx̄‖2 =
1
2

∑
r

‖M̄r‖2 +
∑
r

τr
(
M̄r · x̄

)
+

1
2

∑
r

τ2r ‖x̄‖2 .

Omitting 1
2

∑
r ‖M̄r‖2 which is constant, the quadratic optimization problem

becomes,

min
τ
Q(τ) =

1
2
A

k∑
r=1

τ2r +
k∑
r=1

Brτr (14)

subject to : ∀r τr ≤ δr,y and
∑
r τr = 0

where,
A = ‖x̄‖2 and Br = M̄r · x̄ . (15)
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Since Q is a quadratic function, and thus convex, and the constraints are linear,
the problem has a unique solution.

We now show that MIRA automatically satisfies the third constraint of the
family of algorithms from Sec. 4, which implies that it is ultraconservative. We
use the following auxiliary lemma.

Lemma 2. Let τ̄ be the optimal solution of the constrained optimization problem
given by Eq. (14) for an instance-label pair (x̄, y). For each r 
= y such that
Br ≤ By we have τr = 0.

The lemma implies that if a label r is not a source of error, then the rth pro-
totype, M̄r, is not updated after (x̄, y) has been observed. In other words, the
solution of Eq. (14) satisfies that τr = 0 for all r 
= y with

(
M̄r · x̄ ≤ M̄y · x̄

)
.

Corollary 1. MIRA is ultraconservative.

Proof. Let (x̄, y) be a new example fed to the algorithm. And let τ̄ be the
coefficients found by the algorithm. From Lemma 2 we get that for each label r
whose score (M̄r · x̄) is not larger than the score of the correct label (M̄y · x̄) its
corresponding value τr is set to zero. This implies that only the indices which
belong to the set E ∪ {y} = {r 
= y : M̄r · x̄ ≥ M̄y · x̄} ∪ {y} may be updated.
Furthermore, if the algorithm predicts correctly that the label is y, we get that
E = ∅ and τr = 0 for all r 
= y. In this case τy is set to zero due to the constraint∑
r τr = τy +

∑
r �=y τr = 0. Hence, τ̄ = 0 and the algorithm does not modify M

on (x̄, y). Thus, the conditions required for ultraconservativeness are satisfied.

In Sec. 5.2 we give a detailed analysis of MIRA that incorporates the margin
achieved on each example, and can be used to derive a mistake bound. Let us
first show that the cumulative l1-norm of the coefficients τ̄ t is bounded.

Theorem 3. Let (x̄1, y1), . . . , (x̄T , yT ) be an input sequence to MIRA where
x̄t ∈ R

n and yt ∈ {1, 2, . . . , k}. Let R = maxt ‖x̄t‖2 and assume that there is a
prototype matrixM∗ of a unit vector-norm, ‖M∗‖ = 1, which classifies the entire
sequence correctly with margin γ = mint{M̄∗yt · x̄t−maxr �=yt M̄∗r · x̄t} > 0. Let τ̄ t

be the coefficients that MIRA finds for (x̄t, yt). Then,
∑T
t=1 ‖τ̄ t‖1 ≤ 4R2/γ2.

The proof is omitted due to lack of space.

5.1 Characteristics of the Solution

Let us now further examine the characteristics of the solution obtained by MIRA.
In [5] we investigated a related setting that uses error correcting output codes
for multiclass problems. Using the results from [5] it is simple to show that the
optimal τ̄ in Eq. (14) is given by

τr = min{θ∗ − Br
A

, δy,r} (16)
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where A = ‖x̄‖2 and Br = M̄r · x̄ is the similarity-score of (x̄, y) for label r, as
defined by Eq. (15). The optimal value θ∗ is uniquely defined by the equality
constraint

∑
r τr = 0 of Eq. (14) and satisfies,

∑k
r=1min{θ∗− Br

A , δy,r} = 0. We
now can view MIRA in the following alternative light. Assume that the instance
(x̄, y) was misclassified by MIRA and set E = {r 
= y : M̄r · x̄ ≥ M̄y · x̄} 
= ∅.
The similarity-score for label r of the new matrix on the current instance x̄ is,(

M̄r + τ x̄
) · x̄ = Br + τrA . (17)

Plugging Eq. (16) into Eq. (17) we get that the similarity-score for class r on the
current instance is, min{Aθ∗, Br+Aδy,r}. Since τr ≤ δy,r, the maximal similarity
score the updated matrix can attain on x̄ is Br + Aδr,y. Thus, the similarity-
score for class r after the update is either a constant that is common to all
classes, Aθ∗, or the largest similarity-score the class r can attain, Br + Aδr,y.
The constant Aθ∗ places an upper bound on the similarity-score for all classes
after the update. This bound is tight, that is at least one similarity-score value
is equal to Aθ∗.

5.2 Margin Analysis of MIRA

In this section we further analyze MIRA by relating its mistake bound to the
instantaneous margin of the individual examples. The margin analysis we present
in this section sheds some more light on the source of difficulty in achieving a
mistake bound for MIRA. Our analysis here also leads to an alternative version
of MIRA that incorporates the margin into the quadratic optimization problem
that we need to solve on each round. Our starting point is Thm. 3. We first give
a lower bound on τy on each round. If MIRA made a mistake on (x̄, y), then we
know that maxr �=y Br −By > 0. Therefore, we can bound the minimal value of
τy by a function of the (negative) margin, By −maxr �=y Br.
Lemma 3. Let τ̄ be the optimal solution of the constrained optimization problem
given by Eq. (14) for an instance-label pair (x̄, y) with A ≤ R2. Assume that the
margin By−maxr �=y Br is bounded from above by −β, where 0 < β ≤ 2R2. Then
τy is at least β/(2R2).
We would like to note that for the above lemma if β ≥ 2R2 then τy = 1 regardless
of the margin achieved. We are now ready to prove the main result of this section.

Theorem 4. Let (x̄1, y1), . . . , (x̄T , yT ) be an input sequence to MIRA where
x̄t ∈ R

n and yt ∈ {1, 2, . . . , k}. Denote by R = maxt ‖x̄t‖ and assume that there
is a prototype matrixM∗ of a unit vector-norm, ‖M∗‖2 = 1, which classifies the
entire sequence correctly with margin γ = mint{M̄∗yt · x̄t−maxr �=yt M̄∗r · x̄t} > 0.
Denote by nβ the number of rounds for which Byt −maxr �=yt Br ≤ −β, for some
0 < β ≤ 2R2. Then the following bound holds, nβ ≤ 4R4/(βγ2).
Proof. The proof is a simple application of Thm. 3 and Lemma 3. Using the
second constraint of MIRA (

∑
r τr = 0) and Thm. 3 we get that,

T∑
t=1

τ tyt ≤ 2
R2

γ2
. (18)
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From Lemma 3 we know that whenever maxr �=yt Br −Byt ≥ β then 1 ≤ 2R2

β τ tyt

and therefore,

nβ ≤
T∑
t=1

2R2

β
τ tyt . (19)

Combining Eq. (18) and Eq. (19) we obtain the required bound,

nβ ≤ 2
R2

β

T∑
t=1

τ tyt ≤ 2
R2

β
2
R2

γ2
≤ 4

R4

βγ2
.

Note that Thm. 4 still does not provide a mistake bound for MIRA since in the
limit of β → 0 the bound diverges. Note also that for β = 2R2 the bound reduces
to the bounds of Thm. 1 and Thm. 3. The source of the difficulty in obtaining a
mistake bound is rounds on which MIRA achieves a small negative margin and
thus makes small changes to M. On such rounds τy can be arbitrarily small and
we cannot translate the bound on

∑
t τ

t
yt into a mistake bound. This implies

that MIRA is not robust to small changes in the input instances. We therefore
describe now a simple modification to MIRA for which we can prove a mistake
bound and, as we will see later, performs better empirically.

The modified MIRA aggressively updates M on every round for which the
margin is smaller than some predefined value denoted again by β. This technique
is by no means new, see for instance [13]. The result is a mixed algorithm which
is both aggressive and ultraconservative. On one hand, the algorithm updatesM
whenever a minimal margin is not achieved, including rounds on which (x̄, y) is
classified correctly but with a small margin. On the other hand, on each update
of M only the rows whose corresponding similarity-scores are mistakenly too
high are updated. We now describe how to modify MIRA along these lines.

To achieve a minimal margin of at least β ≤ 2R2 we modify the optimization
problem given by Eq. (14). A minimal margin of β is achieved if for all r we
require M̄y ·x̄−M̄r ·x̄ ≥ β or, alternatively, (M̄y ·x̄−β)−(M̄r ·x̄) ≥ 0. Thus, if we
replace By with By−β,M will be updated whenever the margin is smaller than
β. We thus let MIRA solve for each example (x̄, y) the following constrained
optimization problem,

min
τ
Q(τ) =

1
2
Ã

k∑
r=1

τ2r +
k∑
r=1

B̃rτr (20)

subject to : ∀r τr ≤ δr,y and
∑
r τr = 0

where : Ã = A = ‖x̄‖2 ; B̃r = Br − βδy,r = M̄r · x̄− βδy,r .

To get a mistake bound for this modified version of MIRA we apply Thm. 4
almost verbatim by replacing Br with B̃r in the theorem. Note that if B̃y −
maxr �=y B̃r ≤ −β then By−β−maxr �=y Br ≤ −β and hence By−maxr �=y Br ≤ 0.
Therefore, for any 0 ≤ β ≤ 2R2 we get that the number of mistakes of the
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modified algorithm is equal to nβ which is bounded by 4R4/βγ2. This gives the
following corollary.

Corollary 2. Let (x̄1, y1), . . . , (x̄T , yT ) be an input sequence to the aggressive
version of MIRA with margin β, where x̄t ∈ R

n and yt ∈ {1, 2, . . . , k}. Denote by
R = maxt ‖x̄t‖ and assume that there is a prototype matrix M∗ of a unit vector-
norm, ‖M∗‖2 = 1, which classifies the entire sequence correctly with margin
γ = mint{M̄∗yt · x̄t − maxr �=yt M̄∗r · x̄t} > 0. Then, the number of mistakes the
algorithm makes is bounded above by, 4R4/(βγ2) .

Note that the bound is a decreasing function of β. This means that the more
aggressive we are by requiring a minimal margin the smaller the bound on the
number of mistakes the aggressively modified MIRA makes. However, this also
implies that the algorithm will update M more often and the solution will be
less sparse.

6 Discussion and Current Research Directions

In this paper we described a general framework for deriving ultraconservative
algorithms for multiclass categorization problems and analyzed the proposed
algorithms in the mistake bound model. We investigated in detail an additive
family of online algorithms. The entire family reduces to the perceptron algo-
rithm in the binary case. In addition, we gave a method for choosing a unique
member of the family by imposing a quadratic objective function that minimizes
the norm of the prototype matrix after each update. Note that the similarity-
score of a new instance is a linear combination of inner-products between pairs
of instances. Therefore, all the algorithms we presented can be straightforwardly
combined with kernel methods [18].

An interesting direction we are currently working on is combining our frame-
work with other online learning algorithms for binary problems. Specifically,
we have been able to combine Winnow [14] and Li and Long’s ROMMA algo-
rithm [13] with our framework, and to construct a multiclass version for those
algorithms. A question that remains open is how to impose constraints similar
to the one MIRA employs in both cases.

An interesting question in this case is whether our framework can be com-
bined with the family of quasi-additive binary algorithms of Grove, Littlestone
and Schuurmans [11] and other p-norm algorithms [10]. Another interesting di-
rection that generalizes our framework is algorithms that maintain multiple pro-
totypes per class. It is not clear in this case what form the updates should take.

We have performed preliminary experiments on synthetic data that show the
advantages in using our proposed framework over previously studied online al-
gorithms for multiclass problems. A complete description of the results obtained
in the various experiments will appear in a forthcoming full version.

A current research direction we are pursuing is methods for reducing the
number of updates MIRA performs, and thus the number of instances that are
used in building the classifier. We are currently working on the design of o post
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processing stage of the algorithms. Combining the algorithms presented in this
paper with a post processing can be used in batch setting. Preliminary results
show that this direction may give a viable algorithmic alternative for building
support vector machines.

Acknowledgements. We would like to thank Elisheva Bonchek for carefully
reading a draft of the manuscript and to Noam Slonim for useful comments.
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Estimating a Boolean Perceptron from Its
Average Satisfying Assignment: A Bound on the

Precision Required

Paul W. Goldberg�
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Abstract. A boolean perceptron is a linear threshold function over the
discrete boolean domain {0, 1}n. That is, it maps any binary vector to 0
or 1 depending on whether the vector’s components satisfy some linear
inequality. In 1961, Chow [9] showed that any boolean perceptron is de-
termined by the average or “center of gravity” of its “true” vectors (those
that are mapped to 1). Moreover, this average distinguishes the function
from any other boolean function, not just other boolean perceptrons.
We address an associated statistical question of whether an empirical
estimate of this average is likely to provide a good approximation to
the perceptron. In this paper we show that an estimate that is accurate
to within additive error (ε/n)O(log(1/ε)) determines a boolean perceptron
that is accurate to within error ε (the fraction of misclassified vectors).
This provides a mildly super-polynomial bound on the sample complex-
ity of learning boolean perceptrons in the “restricted focus of attention”
setting. In the process we also find some interesting geometrical proper-
ties of the vertices of the unit hypercube.

1 Introduction

A boolean perceptron is a linear threshold function over the domain of 0/1-
vectors. (Subsequently we usually just say “perceptron”, and omit the adjective
“boolean”.) Thus it is specifed by a weight vector w = (w1, . . . , wn) of real num-
bers and a real-valued threshold t, and it maps a binary vector x to the output
value 1 provided that w.x ≥ t, otherwise it maps x to 0.

In this paper we consider the problem of estimating a perceptron from an ap-
proximate value of the mean, or “center of gravity” of its satisfying assignments.
Chow [9] originally showed that the exact value of the average of the satisfying
assignments of a boolean perceptron determines it, in that there are no other
boolean functions of any kind for which the average satisfying assignment is the
same. (Bruck [8] also gives a more general result.) The question of the extent
to which an approximation to the average determines the perceptron, is equiv-
alent to a problem of learning boolean perceptrons in the “restricted focus of
attention” setting, described below.
� Partially supported by the IST Programme of the EU under contract number IST-
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The Chow parameters of a boolean perceptron are the coordinates of the
vector sum of the satisfying vectors, together with the number of satisfying vec-
tors. Subject to a uniform distribution over boolean vectors, these are essentially
equivalent to the conditional probabilities of the output value 1, conditioned on
some input value being set to either 0 or 1. Letting y denote the output value and
x = (x1, . . . , xn), these are the probabilities Pr(y = 1 | xi = 1), for i = 1, . . . , n,
together with the value Pr(y = 1).1 These values determine the functional be-
havior on binary input vectors, obviously there may some amount of freedom to
vary the values of w and t while preserving the output for any binary input.

In this paper we show that additive approximations of the Chow param-
eters determine the approximate behavior of the function, to within a mildly
super-polynomial factor. That is in contrast to the situation for the weights-
based parameterization of a perceptron, for which a tiny perturbation of some
parameter may result in a large change to the set of points that are mapped
to output value 1. Thus in a sense the Chow parameters are a more robust
parameterization.

1.1 Learning-Theoretic Background and Results

The related literature can be divided into three parts: some earlier papers that
follow on from Chow’s paper, work on boolean perceptron learning in general,
and work on learning in the so-called “restricted focus of attention” setting.

Earlier work that followed on from [9] includes an algorithm by Kaszer-
man [14] for recovering a linear threshold function from its Chow parameters.
The algorithm is iterative and somewhat related to the perceptron algorithm [17];
it does not have a good bound on the number of iterations and assumes exact
values of the parameters are given. A paper of Winder [18] compares 7 functions
(4 of which were proposed in previous papers) for rescaling Chow parameters
to obtains weights for a linear-threshold function. None of these functions has
perfect performance, and it is uncertain that any function exists from individual
Chow parameters to good weights – it may be necessary to deal with them col-
lectively rather than individually. A further paper by Winder [19] investigates
the class of boolean functions that are uniquely defined by their Chow param-
eters, and shows among other things that it lies properly between the class of
linear threshold functions and the class of monotonic functions.

There is much known about learning boolean perceptrons in various settings,
for example irrelevant attributes [15], classification noise [6] and learning from
a source of “helpful” examples [2]. Special cases include monomials, decision
lists [16,12] and boolean threshold functions. Further knowledge on this topic
occurs in the more general context of perceptrons over the real as opposed to
the boolean domain. An example is that they may be PAC-learned in time
1 If the coordinates of the sum of all satisfying vectors are rescaled down by the

number of satisfying vectors, one obtains the average satisfying assignment, whose
coordinates are the probabilities Pr(y = 1 | xi = 1). The Chow parameters are
recovered by multiplying this average by 2n · Pr(y = 1).
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polynomial in the dimension n and the PAC parameters ε and δ, using the
VC dimension theory [7]. Chapter 24 of [1] and references therein is a good
introduction to results on learning boolean perceptrons.

Restricted focus of attention (RFA) learning was introduced and developed
in the papers [3,4,5]. The k-RFA setting (where k is a positive integer) allows
the learner to see only a subset of size k of the input attributes of any training
example. The usual assumption has been that the input distribution is known to
be a product distribution (with no other information given about it). In [13] we
studied in detail the problem of learning linear-threshold functions over the real
domain in the 1-RFA setting, so that each example of input/output behavior of
the target function, has only a single input component value, together with the
binary value of the output, revealed to the learner. We showed that the input
distribution (in [13], not necessarily a product distribution) needs to be at least
partly known, and that the sample-size required for learning depends sensitively
on the input distribution. We identified measures of “well-behavedness” of the
input distribution and gave sample size bounds in terms of these measures.

This paper addresses the topic of 1-RFA learning of perceptrons where the
input distribution is uniform over V , the vertices of the unit hypercube. This
learning-theoretic characterization is equivalent because from [5] we have that
a random sample of 1-RFA data is equivalent, in terms of the information it
conveys, to approximations of the conditional probabilities Pr(y = 1 | xi = b),
for b ∈ {0, 1}, together with the probability Pr(y = 1), and these approximations
have additive error inversely proportional to the sample size. “1-RFA data”
means observations of the input/output behavior of the target perceptron in
which only one out of the n input values (entry of input vector x) in any training
example is made available to the learner, and that entry is chosen by the learner
without any other information about that example (equivalently for polynomial
learnability, is chosen uniformly at random). The reason why this special case
(for which bounds of [13] are inapplicable) is of particular interest is that the
uniform distribution over V is the most interesting and widely studied input
distribution from the perspective of computational learning theory. The question
of whether this learning problem is solvable with polynomial time or sample
size is previously discussed in [10] and [13]. Birkendorf et al [5] suggest the
following rule: for 1 ≤ i ≤ n and b ∈ {0, 1}, let pib be the conditional probability
Pr(y = 1 | xi = b) and let p = Pr(y = 1). Then take x to be a positive instance
if 1n

∑n
i=1 p

i
xi

> p, otherwise label x as negative. It is left as an open problem
whether the rule is valid.

The computational learning-theoretic result that we obtain is a mildly super-
polynomial bound (of the order of log(δ−1)(n/ε)− log ε) on the sample complex-
ity of learning a perceptron from 1-RFA data. This is a purely “information-
theoretic” result; we do not have any algorithm whose guaranteed time com-
plexity improves substantially on a brute-force approach.
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1.2 Some Notation and Terminology

Let V be the input domain, i.e. the vertices of the unit hypercube, or 0/1-vectors.
Let F and G be two boolean perceptrons, where generally F will denote the

target function and G some alternative function, such as a hypothesis returned
by an algorithm. The positive (resp. negative) examples of a function are those
that are mapped to 1 (resp. 0). Let pos(F ), neg(F ), pos(G), neg(G) denote the
positive and negative examples of F and G. (So pos(F ) = F−1(1), etc.) F and
G divide V into 4 subsets defined as follows.

V00 = neg(F ) ∩ neg(G) V01 = neg(F ) ∩ pos(G)
V10 = pos(F ) ∩ neg(G) V11 = pos(F ) ∩ pos(G)

For R ⊆ Rn, let m(R) be the number of elements of V that lie in R. Let a(R) be
the vector sum of elements of V ∩R. Let µ(R) denote the (unweighted) average
of members of V that lie in the region R, so that µ(R) = a(R)/m(R), well-
defined provided that m(R) > 0. For any boolean function f , let µ(f) be the
(unweighted) average of its satisfying assignments. The region of disagreement
of F and G is V01 ∪ V10; thus the disagreement rate between F and G, over the
uniform distribution on V , is (m(V01) +m(V10))/2n.

2 Geometric Results

In this section we give various geometric results about the vertices of the unit
hypercube, which we use in section 3 to deduce the sample-complexity bound.
We summarize the results of this section:

1. Lemma 1 gives a simple upper bound on the number of elements of V con-
tained in a linear subspace, in terms of the dimension of that subspace.

2. Theorem 1 gives a bound on the bit complexity of the parameters of a hyper-
plane, in terms of the number of elements of V contained in that hyperplane
(the more elements of V contained, the less bit complexity is needed for the
parameters).

3. Theorem 2 uses theorem 1 to show that any hyperplane that “narrowly
misses” a large fraction of V can be perturbed slightly so that it actually
contains all those vertices. The resulting hyperplane does no longer “nar-
rowly miss” any other vertices. More precisely, if a hyperplane comes within
distance 2α/n2 of a fraction α of the 2n vertices, then all those α ·2n vertices
lie on the perturbed hyperplane. That result is then used to show limits on
the bit complexity of boolean perceptrons that satisfy certain conditions.

4. Theorem 3 derives a lower bound on the distance between µ(V01) and µ(V10)
(the means of the two regions of disagreement between a pair of perceptrons)
in terms of their disagreement rate m(V01 ∪ V10)/2n.
We generally assume that weight vectors of linear threshold functions are

normalized, i.e. weights and thresholds are rescaled so that the weight vector is
of length 1. By a vertex we mean a member of V , i.e. a 0/1-vector of length n.
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Throughout, when we refer to subspaces, or spanning, or dimension, we mean
in the affine sense, so that a “subspace” does not necessarily contain the origin,
and a spanning set of S is a set of points in S such that any other point in S is
expressible as the sum of one member of the spanning set plus a weighted sum
of differences between pairs of points in the spanning set.

Lemma 1. Any affine subspace S of Rn of affine dimension d contains at most
2d elements of V .

Proof. Proof by induction on d. It clearly holds for d = 0, when the subspace
consists of a single point.

For d > 0 we consider 2 cases. Suppose some subcube of V of dimension d
has all its 2d points in S. Then S cannot contain any other points in V , since
then S would have dimension > d.

Alternatively, we can divide V into 2 subcubes V0 and V1 such that each
subcube contains some elements of S and in addition each subcube contains some
non-elements of S. S restricted to the span of V0 (similarly V1) is a subspace of
dimension d− 1. The inductive hypothesis says that each of these intersections
has at most 2d−1 points. ♦

The following theorem tells us that when a large fraction of vertices of the
unit hypercube span a hyperplane, then the hyperplane must be defined by a
linear equation with “simple” coefficients (low bit complexity). The subsequent
corollary shows that when a large fraction of vertices span a lower-dimensional
subspace, then it can be expressed as the intersection of a set of hyperplanes
with simple coefficients. In what follows, logarithms are to the base 2.

Theorem 1. Let S be a hyperplane of Rn, and suppose that S contains a frac-
tion α of the vertices of the unit hypercube. Assume that the vertices contained
by S span S. Suppose that S is the set of points {x : w.x = t}, where
w = (w1, . . . , wn), w1 = 1 and 0 ≤ wi ≤ 1 for i = 2, . . . n. Then the bit
complexity of wi for i = 2, . . . , n is at most log(1/α)�. Hence all the wi are
integer multiples of some constant at least α/2.

Proof. We construct a linear system that must be satisfied by the weights
w2, . . . , wn, such that when we solve it (invert a matrix) the inverse does not
contain numbers of excessive bit complexity.

We have a set E of 2n · α distinct equations of the form w.x = t where x
is a 0/1 vector (a vertex of the hypercube). By our assumption that vertices
in S do in fact span S, we have that E is a linear system that specifies w.
Essentially, we want to make a careful choice of just n equations in E that specify
w and also define a linear system that does not result in numbers with high bit
complexity when it is solved. Observe that for two distinct vertices x and x′ we
have w.(x−x′) = 0, and if we let w− = (w2, . . . wn) then (since w1 = 1) we can
derive an equation of the form z.w− = k where z ∈ {0, 1,−1}n−1 and k is either
0 or 1. Let F be the set of all possible equations we can construct in this way.
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The linear system we construct will be satisfied by a vector w+ whose entries
(w+1 , . . . , w

+
n−1) are a permutation of the weights w2, . . . , wn, the entries of w−.

The re-ordering of the weights results from the following procedure.

Procedure for Constructing the Linear System:
The following procedure is iterative and we show below that it can continue

for at least n−�log(1/α)� iterations. We describe the first three iterations before
giving a general description of the k-th iteration.

– Iteration 1: Choose any two equations from E that differ in the coefficient
of some weight wi, 2 ≤ i ≤ n (which becomes w+1 , the first weight of w+),
take their difference as described above, and we get an equation (in F) for
which the coefficient of wi (i.e. w+1 ) is 1 or −1.

– Iteration 2: Choose any two equations in E with the same coefficients of w+1 ,
identify a weight where they differ, which becomes w+2 , and their difference
gives us a member of F whose coefficient of w+1 is 0 and whose coefficient of
w+2 is 1 or −1.

– Iteration 3: Choose any two equations in E with the same coefficients of w+1
and w+2 , identify a weight where they differ, which becomes w

+
3 , and their

difference gives us a member of F whose coefficients of w+1 and w+2 are 0
and whose coefficient of w+3 is 1 or −1.

– Iteration k: Choose any two members of E whose coefficients agree on w+1 , . . .
w+k−1, find a weight where they differ, which becomes w

+
k , deduce a member

of F whose first k−1 coefficients are 0 and whose k-th coefficient is 1 or −1.

By the pigeon-hole principle, we claim we can continue with this procedure
until k exceeds n− log(1/α). At the k-th iteration there are 2k−1 possible vectors
of coefficients of w+1 , . . . , w

+
k−1, and 2

n ·α equations in E to choose from. Provided
that 2n · α > 2k−1 we can find a pair of members of E that agree on these
coefficients. Since all members of E are distinct, they will differ on some other
coefficient. The condition 1/α < 2n+1−k indicates that for k less than n + 1 −
log(1/α) we can continue.

When we can continue no longer, we supplement our set of n − �log(1/α)�
members of F by any other members of F that are linearly independent of them.
We have constructed a linear system A.w+ = v where

1. A is an invertible (0/1/− 1)-matrix
2. the submatrix of A that excludes the last �log(1/α)� rows and columns, is
upper triangular

3. v ∈ {0, 1,−1}n, i.e. v is a (0/1/− 1)-vector.

Hence w+ = A−1v. We invert A by Gaussian elimination, identifying a set
of linear operations on the rows of A which convert it to the identity matrix I,
and then the application of the same operations to I gives A−1. The operations
will not create excessively large/small numbers when applied to I.



122 P.W. Goldberg

Procedure for Inverting the Matrix A

– We start by eliminating the non-zero entries of the upper triangle of the
upper triangular submatrix we noted earlier (that is, rows and columns
1, . . . , n − �log(1/α)� of A). This is done by adding or subtracting row
n − �log(1/α)� − 1 from rows above so as to eliminate non-zero entries in
column n− �log(1/α)� − 1, then doing the same for row n− �log(1/α)� − 2,
and so on.

– We then eliminate the region below this submatrix by adding or subtracting
copies of the first n− �log(1/α)� rows to/from the bottom rows.

– Then we diagonalize the bottom-right hand submatrix of size log(1/α)� ×
log(1/α)�, which may lead to entries of size 1/α being created in the diag-
onal. Re-scale the bottom rows to make the diagonal entries equal to 1.

– Finally we eliminate the region above this bottom-right hand submatrix by
adding or subtracting the bottom log(1/α)� rows to/from the rows above.

Applying these operations to the identity matrix leads to entries that differ
by a factor of at most 2�log(1/α)�, hence the bit complexity of entries of A−1 is
at most log(2/α). ♦

We use theorem 1 to prove the following result.

Theorem 2. Let α ∈ (0, 1), and let β ≤ 2α/n2. Given any affine subspace of
Rn whose β-neighborhood contains a fraction α of points on the unit hypercube,
there exists an affine subspace which itself contains all those 2n · α points.
Proof. Let VS ⊆ V be the set of vertices within a β-neighborhood of S, where
by our assumption, |VS | = 2n · α. We assume that S is a hyperplane – if it is of
lower dimension we can choose some arbitrary hyperplane that contains it.

Let S = {x : w.x = t}, where by rescaling we can choose ‖w‖ = 1. For
x ∈ VS , we have w.x ∈ [t− β, t+ β].

Define a new weight vectorw′ derived fromw by taking each weight inw and
rounding it off to the nearest integer multiple of β. Then products {w′.x : x ∈
VS} can take n possible values. To see this, observe that the value ofw′.xmust be
an integer multiple of β, and the rounding error (absolute difference |w′.x−w.x|
i.e. |w′.x− t|) is at most βn/2. Let T be the set of these n values.

Let t′ be the member of T which maximizes the number of vertices x satis-
fying w′.x = t′. Then there are at least 2n ·α/n vertices x of the unit hypercube
that satisfy w′.x = t′. We will use this observation to prove that in fact there
are no vertices x ∈ V for which w′.x “narrowly misses” t′, in particular this will
show that no other element t′′ ∈ T with t′′ �= t′ satisfies w′.x = t′′ for any vertex
x.

Let S′ be a hyperplane containing all points x that satisfy w′.x = t′. Sup-
pose that S′ ∩ V spans the hyperplane S′. (Below we show how to handle the
alternative.)
|S′ ∩ V | ≥ 2n · α/n. By theorem 1 we have that for all vertices v ∈ S′,

w′.v− t′ is an integer multiple of α/n. (Theorem 1 applies to weight vectors w
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whose maximum component is 1. They can be normalized by rescaling by a factor
of at most n.) Now consider members of VS that do not lie in S′. These points
v satisfy w′.v − t′ ∈ [−nβ/2, nβ/2]. We chose β ≤ 2α/n2, and consequently for
v ∈ VS to satisfy these two properties, w′.v − t′ = 0. Hence all elements of VS
lie in S.

Now suppose that S′ ∩ V spans a proper subspace of S′. In this case we
embed V in Rn+1: let V be the vertices of the unit hypercube of Rn+1 for which
xn+1 = 0 and let V ′ be those for which xn+1 = 1. S′ ∩ V spans a subspace of
Rn+1 of affine dimension d, where d < n− 1. Choose n− d vertices from V ′ in
general position, and these vertices together with S′ ∩ V span a hyperplane H
of Rn+1. Moreover any element of V is at least as close to H as it is to S′. The
argument for the first case (where S′ ∩ V spans S′) can now be applied. ♦

The following lemma is used in theorem 3 below.

Lemma 2. Given boolean perceptrons F and G with V01 and V10 as defined in
section 1.2, suppose we have subspaces S′ ⊂ S ⊆ Rn with dim(S′) = dim(S)− 1
where S′ ∩ (V01 ∪ V10) contains at least 2nα points, and µ(S′ ∩ V01) differs from
µ(S′ ∩ V10) by L2 distance d. Suppose also that S′ divides S into 2 connected
components such that on each side, F gives the same label to points on that side.
Then µ(S ∩ V01) differs from µ(S ∩ V10) by L2 distance d(α/2

√
n).

Proof. We have assumed a gap between the means of points in V01 and V10 that
also belong to S′, and we will upper-bound the extent to which points in V01
and V10 that also belong to S \ S′ can bring the overall averages together.

The general observation is that if the points in (S \ S′) ∩ (V01 ∪ V10) cause
the overall means to come closer together, they do in the process displace those
means away from S′, due to the fact that points in (S \ S′) ∩ (V01 ∪ V10) must
lie within distance

√
(n) of any point in V , but also are at least a distance α/2

from S′, due to theorem 1. (This also uses the assumption that one side of S \S′
contains only points from V01 but not V10 and the other contains points from
V10 but not V01.) ♦
Theorem 3. Let F and G be boolean perceptrons that disagree on a fraction ε
of the 2n members of V . Then the Euclidean distance between µ(V01) and µ(V10)
is at least (ε/n)O(log(1/ε)).

Proof. By a line we mean a 1-dimensional affine subspace. If l is a line and S is
a set of points, let l(S) denote the set of points obtained by projecting elements
of S onto their closest points on l.

Let l be a line normal to PF , a hyperplane defining F .
Observe that members of l(V01) are separated from members of l(V10) by the

point of intersection of l and PF (which itself is l(PF )).
Two cases:
Case 1: Suppose at least a fraction ε of the members of V01 ∪ V10 (i.e. at

least 2nε2 points altogether) have projections onto l that are more than ε/n2

distant from l(PF ). In this case we have

|µ(V01)− µ(V10)| ≥ ε2/n2.
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Case 2: in which more than a fraction (1−ε) of points in V01∪V10 lie within
distance ε/n2 of l(PF ).

In this case we apply theorem 2 to obtain a hyperplane P ′ that contains all
but a fraction ε of points in V01 ∪ V10.

Choose an affine subspace of P ′ that separates members of V01 lying in P ′

from members of V10 lying in P ′. Let l′ ⊆ P ′ be a line normal to that subspace.
Two cases (similar to before):
Case 2a: At least a fraction ε of the members of (V01 ∪ V10) ∩ P ′ have

projections onto l′ that are more than ε/n2 distant from the boundary l′(P ′).
Then the distance between the means of points in P ′ is at least ε2/n2. All points
in V01 ∪V10 not in P ′ lie at least ε from P ′ by theorem 1 (coefficients of P ′ have
a common factor approximately ε). We claim that the overall distance between
µ(V01) and µ(V10) is at least (ε2/n2)(ε(1 − ε)/2

√
n). This claim follows using

lemma 2.
Case 2b: Alternatively, all but a fraction ε of these points lie in some sub-

space of P ′′ ⊂ P ′. We look in that subspace for a similar difference between
means of members of V01 and members of V10 in P ′′. As before let l′′ ⊆ P ′′ be
a line constructed in a similar way to l′. Either we find a fraction ε of points x
with l′′(x) more than ε/n2 from the boundary between V01∩P ′′ and V10∩P ′′ or
we continue by looking in a subspace of P ′′ that now contains at least a fraction
(1−ε)2 of points in V01∩V10. By lemma 1 this process only continues for log(ε−1)
iterations before subspaces do not have sufficient dimension to hold a fraction ε
of elements of V . ♦

3 Computational Learning-Theoretic Consequences

Recall that 1-RFA data refers to the special case of RFA learning where each
training example has just a single input attribute revealed to the learner, together
with the (binary) output value. In the case of boolean functions, a training
example is essentially a member of {1, . . . n}×{0, 1}×{0, 1}, the identity of one
of the n attributes, together with its binary value, together with the binary value
of the output. The identity of the observed attribute is assumed to be chosen by
the learner, which as noted in [13] is equivalent (for the purpose of polynomial
bounds) to the assumption that it is chosen at random.

We continue by using the preceding results to obtain a bound on learning
boolean perceptrons in the 1-RFA setting. We first show how to determine (using
1-RFA data) which of any given pair of candidate hypotheses F and G that have
a disagreement rate of ε, is the target function, using time and sample complexity
log δ(n/ε)− log ε, where δ is the allowed probability that the learner’s choice is
incorrect. We then show how a computationally unbounded learner can select a
good hypothesis from the entire set of boolean perceptrons, using sample size
log δ(n/ε)− log ε, where δ is the probability that the hypothesis has error > ε.
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3.1 Distinguishing between Two Candidate Functions

Remark 1. Given any perceptron F we may estimate Pr(F (x) = 1) and
Pr(F (x) = 1 | xi = 1) within additive error ε and with uncertainty δ, in time
polynomial in ε−1 and δ−1.

Proof. This can be done by generating poly(n, ε−1, δ−1) elements x of V uni-
formly at random and taking empirical estimates of the relevant probabilities.
♦

It is worth noting that computing these quantities exactly is )P -hard as it is
the 0/1 knapsack problem [11]. The following fact is noted in [5], with regard to
the problem of PAC-learning boolean perceptrons:

Remark 2. Learning from 1-RFA data with respect to the uniform distribution
is equivalent to reconstructing a boolean function from empirical estimates of
the components of its average satisfying assignment.

These two facts together with the geometric results of the previous section
are used to solve the following learning problem: Given two perceptrons F and
G, one of which is the target function, and which have a disagreement rate of ε,
decide which of the two is the target function.

There are two cases that we consider: either the difference between Pr(V01)
and Pr(V10) exceeds ε2/n, or not. In the first case, assume that the difference
is more than ε2/n, and consequently Pr(pos(F )) and Pr(pos(G)) also differ by
ε2/n. A simple Chernoff bound analysis shows that a sample size of O(log(δ−1) ·
ε2/n) is sufficient to distinguish F from G using the relative frequency of positive
examples.

Now in the second case, we derive a lower bound on the distance between the
means µ(pos(F )) and µ(pos(G)) (using the lower bound on the distance between
µ(V01) and µ(V01) in conjunction with the upper bound of ε2/n on the difference
between Pr(V10) and Pr(V01).

We show that the distance between µ(V01) and µ(V10) is at least ε−1 ·
(ε/n)− log ε. This allows us to deduce the distance of (ε/n)− log ε between
µ(pos(F )) and µ(pos(G)) as follows.

µ(pos(F )) = λ · µ(V11) + (1− λ)µ(V10)

where λ ≥ ε/2. Similarly

µ(pos(G)) = λ′ · µ(V11) + (1− λ′)µ(V01)

where λ′ ≥ ε/2. Hence

µ(pos(F ))− µ(pos(G)) = λ(µ(V01)− µ(V01)) + (λ− λ′)(µ(V01)− µ(V11).

By the assumption (of this second case) that V01 and V10 differ in size by at
most a fraction ε2/n elements, we have that |λ− λ′| ≤ ε2. Hence

µ(pos(F ))− µ(pos(G)) ≥ ε(µ(V01)− µ(V01)).
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We now use theorem 3 to say that in this case, there is a difference between
the means of V01 and V10 at least (ε/n)O(log(1/ε)), and hence a difference between
the means of positive examples of the order of (ε/n)O(log(1/ε)), so that (in con-
junction with remark 2) a sample size of log(δ−1) · (n/ε)O(log(1/ε)) is sufficient to
identify (with probability 1−δ of correctness) which of the two candidate means
is the correct one.

3.2 Estimating a Target Function from the Set of All Possible
Perceptrons

We have shown how to identify which of two given perceptrons is correct, using
time and sample size of the order of log δ(n/ε)O(log(1/ε)). A computationally
unbounded learner may identify (for target perceptron F ) a hypothesis G as
follows.

Obtain empirical estimates of the Chow parameters of F using a sample
size of O(log δ(n/ε)log(1/ε)). Evaluate the Chow parameters of every boolean
perceptron, and output any perceptron G whose Chow parameters are all within
(n/ε)log(1/ε) of the observed parameters.

With probability 1−δ, the observed Chow parameters differ from the correct
Chow parameters of F by no more than the above margin of (n/ε)log(1/ε). We
have also shown that any G with a disagreement rate of ≥ ε with F , must have
Chow parameters that differ by more than this margin, so that any hypothesis
that is eligible to be chosen according to our rule, does in fact have error less
than ε.

3.3 Conclusions and Open Problems

The problem of PAC-learning a boolean perceptron from empirical estimates of
its Chow parameters has been raised in various papers in computational learning
theory. We have so far just shown a bound on sample complexity only (the
problem of how to best select the right hypothesis given sufficient data having
not been addressed), and that bound is still super-polynomial. The next step
would appear to be to find a bound on the sample complexity that is polynomial
in the parameters n, ε−1 and δ−1. The geometrical results we have found may
well assist with further progress.
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Abstract. We consider the problem of maximizing the average reward
in a controlled Markov environment, which also contains some arbitrarily
varying elements. This problem is captured by a two-person stochastic
game model involving the reward maximizing agent and a second player,
which is free to use an arbitrary (non-stationary and unpredictable) con-
trol strategy. While the minimax value of the associated zero-sum game
provides a guaranteed performance level, the fact that the second player’s
behavior is observed as the game unfolds opens up the opportunity to
improve upon this minimax value if the second player is not playing a
worst-case strategy. This basic idea has been formalized in the context
of repeated matrix games by the classical notions of regret minimization
with respect to the Bayes envelope, where an attainable performance goal
is defined in terms of the empirical frequencies of the opponent’s actions.
This paper presents an extension of these ideas to problems with Marko-
vian dynamics, under appropriate recurrence conditions. The Bayes en-
velope is first defined in a natural way in terms of the observed state
action frequencies. As this envelope may not be attained in general, we
define a proper convexification thereof as an attainable solution concept.
In the specific case of single-controller games, where the opponent alone
controls the state transitions, the Bayes envelope itself turns out to be
convex and attainable. Some concrete examples are shown to fit in this
framework.

1 Introduction

Stochastic games are a flexible model for conflict situations in which agents in-
teract in a dynamic environment (cf. [6]). Building upon an extensive theoretical
foundation and major application areas in economic analysis and operations re-
search, there has been much recent interest in stochastic game models in the
context of artificial intelligence and machine learning, see e.g. [3,12,16,18].

An average-reward stochastic game is used here to model the situation where
a reward-maximizing agent is facing a controlled Markovian environment which
also contains some arbitrarily varying elements. These elements, which are mod-
elled by a second player, may stand for the actions of other, non-cooperative
agents, or for non-stationary moves of nature. While these elements may be
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unpredictable, they need not be hostile. Thus, the security level offered by the
minimax value of the associated zero-sum game is in general too conservative.
One is therefore lead to look for adaptive strategies, which allow the reward-
maximizing agent to exceed the minimax value when the strategy of the second
player, as revealed in time, is not adversarial. At the same time, such a strategy
should ensure that the average reward never falls below the minimax value.

An elegant formulation of this goal is offered by the empirical Bayes envelope,
that was introduced in the context repeated games with average reward. The
Bayes envelope is the maximal reward rate a player could achieve had he known
in advance the relative frequencies of the other players. It was originally estab-
lished by Hannan ([9]) that the Bayes envelope may be asymptotically attained
in such games. This result was subsequently proved by Blackwell [5] using his
theory of approachability. Policies that attain the Bayes envelope are referred
to as regret-minimizing. These classical results rely on a complete observation
of the opponent’s action in each stage game. Recently, these results have been
extended to the case where complete observations of the opponents’ actions are
not available, but rather some related signals [2,7,19].

In this paper we seek to extend the regret minimization framework to stochas-
tic games. The empirical frequencies of the opponent are now replaced by the
state action frequencies, and the empirical Bayes envelope is defined in terms
of these frequencies. As the average reward presented by this envelope is not
attainable in general, we define a convexification of this envelope as our main
solution concept, and show that it is both attainable and provides appropriate
performance guarantees. Our basic tool of analysis in an extension of Blackwell’s
Approachability theory to stochastic games.

A specific case of interest is the single-controller game, where the second
player alone determines the state transitions. It is shown that in this case the
Bayes envelope itself is convex, hence attainable. Some applications of this model
will be briefly discussed, including prediction with expert advice and the k-th
order Bayes envelope.

The paper is organized as follows. Section 2 presents the stochastic game
model. Section 3 recalls the basic results from the theory of approachability that
are required in the ensuing analysis. In Section 4 we introduce the empirical
Bayes envelope for stochastic games, and establish its basic properties. Section
5 considers the single-controller case. Some concluding remarks are drawn in
Section 6. The appendix contains the technical proofs of the various results in
this paper.

2 The Game Model

We consider a two-person stochastic game with finite state and action spaces. We
refer to the players as P1 (the regret-minimizing player) and P2 (the opponent,
or arbitrary player). Let S denote the state space, and let A and B denote the
action spaces for P1 and P2, respectively. At each time instant n = 0, 1, . . ., both
players observe the current state sn ∈ S, and then simultaneously choose their
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actions an ∈ A and bn ∈ B. As a result P1 receives a reward rn = r(sn, an, bn),
where r is a given reward function, and the next state is chosen according to
the probability vector P (·|sn, an, bn) over S, where P is a the state transition
kernel. It is assumed that both players observe and recall all actions and states
as they occur. A strategy σ1 ∈ Σ1 for P1 is a mapping from all possible histories
to the mixed action ∆A, where ∆A is the set of all probability measures over
A. Similarly, a strategy σ2 ∈ Σ2 for P2 is a mapping from all possible histories
to the mixed action ∆B . A strategy of either player is stationary if the mixed
action it prescribes at any time n depends only on current state sn. The set
of stationary strategies of P1 (resp. P2) is denoted by F (resp. G). Let P sσ1,σ2

denote the probability measure induced on the sequence of states and actions
by the strategy pair σ1 and σ2 and initial state s0 = s, and let Esσ1,σ2

denote
the corresponding expectation operator. The n-stage average reward is given by
r̂n = 1

n

∑n−1
t=0 rt. P1’s general goal is to maximize the long-term average reward.

This will be made precise in Section 4.
We shall assume throughout that the following recurrence condition holds.

Recall that a state s is recurrent in a Markov process if a return to that state is
guaranteed with probability 1 in finite time (e.g. [6]).

Assumption 1 There exists a state s∗ ∈ S that is recurrent under any pair
(f, g) of stationary non-randomized strategies.

This assumption is usually straightforward to verify by inspecting the state tran-
sition structure. The results of this paper still hold if the assumption is consid-
erably relaxed, see [13] for details.

3 Approachability for Stochastic Games

We briefly recall here some results from approachability theory that will be
needed in the sequel. As these results are only used in the proof of Theorem 3,
this section may be skipped without loss of continuity.

A theory of approachability for repeated matrix games with vector-valued
payoffs was introduced by Blackwell in [4]. It has since found various uses in game
theory and related applications; see, e.g., [8,10,11,21] and the recent special issue
[1]. An extension to stochastic games was presented in [20], under Assumption
1. Further results that relax this recurrence requirement can be found in [13].

Consider the stochastic game model as above, except that the scalar reward
function r = r(s, a, b) is replaced by a vector-valued reward m = m(s, a, b) in
IRk. Let mn = m(sn, an, bn) and m̂n = 1

n

∑n−1
t=0 mt. In the following definition

of an approachable set, d(·, ·) denotes the Euclidean point-to-set distance in IRk.

Definition 1. A set B ⊆ IRk is approachable by P1 from state s if there exists
a B-approaching strategy σ∗1 of P1 such that

d(m̂n, B)→ 0 P sσ∗
1 ,σ2

-a.s., for every σ2 ∈ Σ2
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Furthermore, the convergence rate is required to be uniform over all policies
σ2 ∈ Σ2 of P2.

A strategy of P1 that satisfies this definition is termed B-approaching. Such
a strategy ensures that the average reward vector m̂n converges to the set B,
irrespective of P2’s strategy.

To present conditions for approachability, we consider some related games
with scalar rewards. Given a unit vector u ∈ IRk, the u-projected stochastic
game Γ (u) is defined similarly to the game model in interest, but with the
scalar reward function ru = m · u (· is inner product in IRk). We consider
this stochastic game as average-reward zero-sum game, with P1 the maximizer.
Recall that under Assumption 1 the (minimax) value of this game exists and is
independent of the initial state ([15]); denote this value by vΓ (u). Furthermore,
under that assumption both players posses optimal (saddle point) strategies
which are stationary.

The next theorem characterizes convex approachable sets, and constructs an
approaching strategy. We note that a similar condition is sufficient for general
sets, however this will not be required here.

Theorem 1 ([20]). Let Assumption 1 hold. Let B be a convex set in IRk.

(i) B is approachable if and only if vΓ (u) ≥ infy∈B(y · u) for every unit vector
u ∈ IRk.

(ii) If B is approachable, an approaching strategy for P1 is given as follows:
Whenever the reference state s∗ is hit, namely sn = s∗, inspect the average
reward vector m̂n. If m̂n 
∈ B, then play an optimal strategy in the game
Γ (un) until the next time s∗ is hit, where un is the unit vector that points
frommn in the direction of the shortest distance to B. Otherwise, if m̂n ∈ B,
play arbitrarily.

This result is based on the geometric idea of “steering” the average reward vector
towards the required set B. A dual characterization may be given (for convex
sets only), which can be considered a generalization of the minimax theorem to
vector-valued games ([4]). To state this condition, let

M(f, g) = lim
n→∞E

s
f,g(

1
n

n−1∑
t=0

mt) (1)

denote the long-term average reward vector under a pair of stationary policies
f ∈ F and g ∈ G. Note that under Assumption 1 this limit is well defined
and does not depend on the initial state. Finally, for any g ∈ G define the set
M(F, g)

�
= {M(f, g) : f ∈ F} ⊂ IRk, which is the (closed convex) set of average

reward vectors that are achievable by P1 against g.

Theorem 2 ([20]). Let Assumption 1 hold, and let B be a closed convex set in
IRk. Then B is approachable if and only if M(F, g)∩B 
= ∅ for every stationary
strategy g ∈ G.
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The necessity of this condition is evident, as P2 can prevent B from being ap-
proached simply by maintaining the stationary strategy g that violates this con-
dition.

4 The Empirical Bayes Envelope for Stochastic Games

In this section we define the empirical Bayes envelope for stochastic games and
analyze its properties. To motivate the proposed approach we first consider the
standard definitions for repeated matrix games.

A repeated matrix game may be viewed as a single-state stochastic game.
Note that stationary policies in this game coincide with mixed actions in the one-
shot matrix game. Omitting the state symbol but retaining all other notation,
let

gn(b) =
1
n

n−1∑
t=0

1{bt = b}

denote the n-step relative frequency of P2’s action b, and let gn ∈ ∆B be the
corresponding frequency vector. Now,

r∗(g) = max
f∈∆A

r(f, g)
�
= max
f∈∆A

∑
a,b

f(a)g(b)r(a, b)

is the expected reward that P1 could secure in the one-shot matrix game had he
known in advance that P2’s mixed action is g; r∗(·) defines the Bayes envelope
of the matrix game. Equivalently, r∗(gn) is the best n-stage average reward that
P1 could secure by playing a stationary policy f . A strategy σ1 of P1 is said to
be regret minimizing (or to attain the Bayes envelope) if it guarantees that, in
the long run, the average reward will be as high as the current Bayes envelope;
that is lim infn→∞(r̂n − r∗(gn)) ≥ 0 (a.s.) for any strategy of P2.

Obviously, if P2 is restricted to stationary strategies, then the Bayes envelope
is readily attainable: here gn is a consistent estimate of P2’s stationary strategy,
and P1 can simply choose the best reply to ĝn at each stage. However, when P2
is non-stationary this simple best-response strategy easily fails and even lead to
average reward that falls short of the minimax value of the game. The point is,
then, that the Bayes envelope may be achieved without any restriction on the
opponent’s strategy, save for causality.

Returning to the stochastic game problem, we will again use the observations
(which now include both states and actions) to form an estimated stationary
strategy gn of P2. Denote by πn(s, b) the empirical frequency of the state action
pair by time n, namely

πn(s, b) =
1
n

n−1∑
t=0

1{st = s, bt = b} ,

and by πn ∈ ∆SB the corresponding vector of state action frequencies.
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Given πn = π, and assuming for the moment that π(s)
�
=
∑
b π(s, b) 
= 0 for

all s, the relative frequency of P2’s action b at state s is defined by

g(π)(b|s) �= π(s, b)
π(s)

, (2)

intuitively, g(π) may be viewed as an estimate for a stationary strategy of P2. A
natural definition for the Bayes envelope r∗ in terms of the observed frequencies
vector π is then

r∗(π) = max
f∈F

r(f, g(π))

where r(f, g) is the expected average reward of the two stationary strategies f
and g. Note that r(f, g) is well defined under Assumption 1 and does not depend
on the reference state. Thus, r∗(π) is the best-response average reward for P1,
given the stationary strategy g(π) of P2.

When π(s) = 0 for some state s, there is no data available for estimating P2’s
strategy at this state. In that case we modify the last definitions by considering
the set of all possible strategies that are consistent with π, that is:

G(π) = {g ∈ G : π(s)g(b|s) = π(s, b) , ∀(s, b) ∈ S × B} . (3)

G(π) is a singleton and coincides with g(π) as defined above when every state
has been visited, and in any case is a convex and closed set. By considering the
worst-case over all possible strategies in G(π), the Bayes envelope (BE) can now
be defined in general as:

r∗(π) = max
f∈F

min
g∈G(π)

r(f, g) . (4)

It is obvious that r∗(π) is never below the minimax value of the game, since the
minimum in (4) is over a subset of G. It is strictly above the value if G(π) does
not contain an optimal strategy for P2. Note that r∗ reduces to its definition for
repeated matrix games when the state space is a singleton.

We can make a first attempt at defining a possible goal for regret minimiza-
tion.

Definition 2. The Bayes envelope r∗ is weakly attainable by P1 if there exists
a strategy σ1 of P1 such that

lim inf
n→∞ (r̂n − r∗(πn)) ≥ 0 (a.s.)

for every strategy σ2 ∈ Σ2 of P2 and every initial state s. r∗ is attainable if the
convergence rate is uniform in σ2 and s, namely that for any ε > 0,

sup
σ2, s

P

{
inf
t≥n

(r̂t − r∗(πt)) < −ε)
}
−→ 0 as n→∞ .
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Unfortunately the envelope BE just defined need not be attainable (or even
weakly attainable); counter-examples may be found in [13,14]. The problem may
be attributed to non-convexity of r∗ in its variable π. We shall therefore consider
a modified definition, which presents a less ambitious yet attainable goal.

The Convex Bayes Envelope (CBE), which we denote by rc(π), is defined as
the lower convex hull of r∗(π), where both are viewed as functions over π ∈ ∆SB .

Attainability of the CBE may be defined similarly to that of the BE. We
can now state our main result concerning this envelope.

Theorem 3. Suppose Assumption 1 holds. Then the CBE, rc, is attainable by
P1.

Before presenting the proof, we mention some continuity properties of the above
envelopes. The proof of these properties may be found in [13].

Proposition 1. rc is continuous on its entire domain.

Proof of Theorem 3: The proof relies on the approachability results quoted
above. In order to fit in this framework, we introduce the following vector-valued
reward function for the stochastic game. Define the (1+SB) dimensional reward
vector m = (r,mπ) ∈ IR × ∆SB , where r coincides with the actual (scalar)
reward of the game. mπ is a vector indexed by the state action pairs (s, b),
with mπ(s, a, b) a unit vector with 1 at the entry corresponding to (s, b) and
0 at all others. Thus, the average reward vector m̂n = 1

n

∑n−1
t=0 mt is given by

m̂n = (r̂n, πn), namely the average scalar reward followed by the vector of state
action frequencies. For a pair of stationary strategies f of P1 and g of P2 we
denote the average reward vector by m(f, g).

We now claim that attainability of the CBE, rc, is equivalent to approach-
ability of the following set BCBE with respect to the vector reward m:

BCBE = {(r, π) : r ≥ rc(π)} ⊂ R×∆SB . (5)

Indeed, approachability requires that the Euclidean distance of m̂m = (r̂n, πn)
from BCBE converges to zero, while attainability requires the difference r̂n −
rc(πn) in the scalar reward coordinate to become non-negative. It is easily seen
from these respective definitions that attainability implies approachability, while
the reverse implication follows by adding the continuity of rc, as per Proposition
1.

It remains to show that BCBE is approachable by P1. Since rc is convex, it
follows that BCBE (its epigraph) is a convex set. By Theorem 2, it suffices to
prove that M(F, g) ∩ CBE 
= ∅ for every g ∈ G. Fix g∗ ∈ G. In the original
scalar game P1 has a best-response stationary (deterministic) strategy f∗ ∈ F
against g∗. Consider the state action frequency π that is the invariant measure
corresponding to f∗ and g∗. We now show that the point m∗

�
= (r(f∗, g∗), π) ∈

M(F, g∗) is in BCBE . In fact we will show that r(f∗, g∗) ≥ r∗(π), and since
r∗ ≥ rc by definition of the latter, the required inclusion follows. By (3) and the
definition of π, g∗ ∈ G(π). The reward r∗(π) thus satisfies

r∗(π) = max
f∈F

min
g∈G(π)

r(f, g) ≤ max
f∈F

r(f, g∗) = r(f∗, g∗) (6)
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which concludes the argument. ��
We now turn to consider the performance guarantees that are provided to

P1 by attaining the CBE, rc. Since r∗(π) ≥ v (where v is the min-max value of
the game), the same it obviously true for rc as the lower convex hull of r∗. Thus,
the guaranteed average reward is never below the value. We would like to show
that the reward exceeds the value when the when the relative frequencies of P2’s
actions deviate from a worst-case policy. We shall establish that for the class
of irreducible stochastic games. Recall that a stochastic game is irreducible if
all states are recurrent under every pair of (deterministic) stationary strategies.
In particular, if Π0 is the set of feasible limiting state action frequencies, then
π(s) > 0 for every s and π ∈ Π0. It follows that each feasible π ∈ Π0 induces a
single stationary strategy g(π), according to (2).

Proposition 2. Suppose the game is irreducible. Let G∗ denote the set of sta-
tionary min-max optimal strategies for P2. Then

(i) rc(π) > v for any π ∈ Π0 such that g(π) 
∈ G∗.
(ii) Moreover, for any g 
∈ G∗, let Π(g) = {π ∈ Π0 : g(π) = g} de-

note the collection of state action frequency vectors that induce g. Then
r̃(g)

�
= infπ∈Π(g) rc(π) > v.

The proof of this claim is provided in the appendix.

5 Single Controller Games

In this section we consider the special case in which P1 does not affect the
state transitions, that is P (s′|s, a, b) = P (s′|s, b). The resulting model can be
considered as a sequence of matrix games where the next game to be played
is determined only by P2’s action. Such a model have been termed a “single
controller games” ([6]), since only one of the players controls the state transitions.
As it turns out, the Bayes envelope r∗ itself is convex, hence attainable by P1.
We first show how this follows from our general framework. We then establish
this result under weaker assumptions by partitioning the stochastic game into a
sequence of interleaved repeated matrix games. Finally, we briefly mention two
applications that fall into this framework - prediction with expert advice and
the k-th order Bayes envelope for repeated matrix games.

Proposition 3. Let Assumption 1 hold. Suppose that P1 does not effect the
state transitions, i.e. P (s′|s, a, b) = P (s′|s, b). Then BE is convex, hence attain-
able by P1.

Proof. Under the assumption that P (s′|s, a, b) = P (s′|s, b), the stochastic game
dynamics reduces to that of a Markov decision process with a single decision
maker. Let Π0 ⊂ ∆SB be the set of possible state action frequencies for P2.
It is well known (e.g. [17, Theorem 8.9.4]) that Π0 is a convex set. Since only
P2 affects the transition dynamics, then for a given π each g ∈ G(π) induces
the same state action frequency for every f ∈ F . Recall that the reward r(f, g)
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can be written as the sum: r(f, g) =
∑
s,a,b π(s, b)f(a|s)r(s, a, b), where f(a|s)

is the probability of playing action a at state s under the stationary strategy
f . It follows that the Bayes reward r∗(π) as defined in (4) reduces to: r∗(π) =
maxf∈F

∑
s,a,b π(s, b)f(a|s)r(s, a, b). This implies that BE is in fact a convex

since it is the maximum of linear functions. Since BE is convex it equals CBE
and we can use Theorem 3 to conclude that BE is attainable. ��

An alternative method to attain BE which does not rely on Assumption 1
can be devised. The idea is to take advantage of the fact that the single controller
game can be effectively partitioned into a set of repeated matrix games, each
corresponding to a single state. Let us re-define r∗(π) (and BE) so that it is well
defined without any assumptions on the game dynamics:

r∗(π)
�
= max

f∈F

∑
s,a,b

π(s, b)f(a|s)r(s, a, b) . (7)

If Assumption 1 holds, then for single controller games the original definition
of r∗ in (4) equals the one of (7), as shown in the proof of Proposition 3. The
algorithm used to attain BE is to play a regret minimizing strategy (such as
[7]) for every state separately (considering only the rewards that are received at
that state). The next theorem shows that this algorithm attains r∗.

Theorem 4. Assume that P1 does not affect the state transitions and that P1
plays a regret minimizing strategy in every state separately. Then BE is attained.

We note that results that are related to the convergence rate may be developed,
these results depend on the properties of the specific regret minimizing strategy
which is employed per state. For example, if the scheme of [7] is used, then it
can be shown that r∗(πt)− r̂t ≤ Ct−1/3 (a.s.).

We now provide two examples for applications of single controller games,
both examples are discussed in detail in [13].

a. Prediction with expert advice. In this problem (e.g. [22]) a single decision
maker is repeatedly predicting the next outcome of an unknown channel. The
decision maker is given advice from a finite number of experts before each pre-
diction. The decision maker’s goal is to have his long term average performance
as good as the best expert. This problem can be formulated as a single controller
stochastic game which satisfies our assumptions and therefore regret minimizing
strategies exist. No assumptions are made regarding the experts and the chan-
nel - they may collaborate and for convenience are unified as a single player. We
provide the details in the appendix for completion.

Proposition 4. There exists a strategy that guarantees that the reward rate is
not lower than the best expert, almost surely.

A noted feature of the proof method (see the appendix) is the ability to easily
generalize to other games with similar structure, in which only P2 (experts and
channel) determine a state of nature. For example, one may consider a case in
which if a certain letter appears in the channel then the stakes of the next stage
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game are doubled. Since in this case as well, the state action frequencies are
determined only by P2, BE is attainable by P1.

b. The k-order Bayes envelope for matrix games: The standard Bayes en-
velope for matrix games uses the relative frequencies of the opponent’s actions
to form the “best response” performance envelope. An immediate refinement
would be to define the required performance on the basis of the relative frequen-
cies of k-tuples of the opponent’s action. Obviously this would lead to a higher
improved performance goal, especially if there are significant correlations in the
opponent’s action sequence. For example, in a sequential prediction problem, the
k-th order Bayes envelope would be equivalent to the best k-th order Markovian
predictor for the sequence. Now, since subsequent action k-tuples only differ in
one symbol, they don’t fall in the standard repeated matrix game framework,
but rather in the single-controlled framework of this section. Application of our
results show that indeed the k-th order BE is attainable.

6 Concluding Remarks

The goal of this paper has been to present adaptive strategies that improve upon
the minimax value when the opponent deviates from a worst-case behavior. We
have presented an approach to this problem that relies on the state action fre-
quencies for formulating an achievable goal, namely the Convex Bayes Envelope.
Let us briefly outline a few issues that need further consideration in this regard.

Existence of strategies which attain the CBE has been established using
results from Approachability theory. While this approach is constructive, as it
stands, it involves some complex geometric calculations which have not been
explicated. In particular, this concerns the steering directions which are at the
heart of approaching strategies. It turns out that these geometric quantities can
be given an explicit analytical form for CBE. The details of this construction
will be presented elsewhere.

While CBE presents performance guarantees against general strategies of
the opponent, it may fail to obtain the best-response reward even when the
opponent in effect employs a stationary strategy. This best-response property
was essentially lost through the convexification of the basic Bayes envelope in the
empirical frequencies space, which was necessary since the latter is not attainable
in general. It thus seems that to retain the best-response property one must look
for other solution concepts that do not rely on state action frequencies alone.
Some feasible alternatives in this vein have been outlined in [13], based on ideas
from [7]. However, these initial schemes are extremely complex and slow as they
operate in the strategy space. Additional research is required.

Returning to the framework of this paper, the CBE need not be the least
conservative attainable envelope in the space of state action frequencies. The
construction of performance envelopes that are optimal in some sense is of ob-
vious interest. Additional topics for investigation include other applications of
the theory to specific problems, and the incorporation of these ideas in on-line
learning algorithms in the style of Reinforcement Learning.
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A Proof of Proposition 2

The proof relies on the structure of the set G∗ of maximin optimal strategies
for P2 under the irreducibility assumption. We first show that G∗ is a Cartesian
product of optimal (convex) sets of actions at each state. From [16, Proposition
5.1] we know that there is a unique (up to an additive constant) w∗ ∈ IRS such
that ∀s ∈ S

min
g∈G

max
f∈F

(
∑
a

∑
b

f(a|s)g(b|s)r(s, a, b) +

∑
a

∑
b

∑
s′

P (s′|s, a, b)w∗(s′)) = w∗(s) + v , (8)

where v is the value of the game. We now apply [6, Lemma 5.3.1] twice. First,
note that the assumptions of Lemma 5.3.1 holds since the game is irreducible.
We claim that g ∈ G∗ if and only if for every s the mixed action {g(s, ·)} is in
the set G∗(s) of optimal strategies in the matrix game with the following reward
for actions a, b:

rab(s) =
∑
a

∑
b

r(s, a, b) +
S∑

s′=1

p(s′|s, a, b)w∗(s′) . (9)

Suppose g is optimal in every such game. Then from part (iii) of Lemma 5.3.1,
for every f ∈ F we have that r(f, g) ≤ v, so that g is optimal. Suppose that g
is not optimal for a matrix game that is induced by some state s′. There is a
strategy for P1, f∗ that promises a higher reward than the value of the game
defined in (9) for P1. Using the other direction of part (iii) of Lemma 5.3.1
(for P1) we have that r(f∗, g) ≥ v, but from part (iv) of Lemma 5.3.1 we get
that r(f, g) > v since equality does not hold for all states. As a result the set
G∗ is a Cartesian product of the optimal strategy sets at each state, namely
G∗ =

⊗
sG
∗(s). Furthermore each set G∗(s) is convex, which follows from the

well known fact that for a zero sum matrix game the set of optimal strategies is
convex.

Suppose g 
∈ G∗ and let (r, π) ∈ BCBE (BCBE is defined in (5)) such that
g(π) = g. Since g 
∈ G∗, then r∗(π) > v. Since for any point in BE the reward is
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not less than the value we have that if (v, π) ∈ BCBE then there exist at most
k (k ≤ SB + 1) points in BE, {(v, πi)}ki=1 such that g(πi) ∈ G∗ and for some
0 < αi < 1 we have that π =

∑k
i=1 αiπi. It can be verified by trivial algebra

that if π =
∑k
i=1 αiπi then ∀s such that π(s) > 0 we have that there exists βi

such that 0 ≤ βi ≤ 1,
∑k
i=1 βi = 1 and ∀b:

g(π)(b|s) =
k∑
i=1

βig(πi)(b|s) ,

specifically βi = αiπi(s)∑k

i=1
αiπi(s)

. The result follows since G∗ is a Cartesian product

and if g(πi) belong toG∗ so does any strategy in the SB dimensional box between
them.

The second part of the Proposition follows immediately from the first part
and by noting that for an irreducible game G(π) contains a single element. ��

B Proof of Proposition 4

Let us define the stochastic game between the decision maker (P1) and the
experts and channel (P2). The game is played in two phases for each prediction.
Assume that the prediction is of letters from a finite alphabet A = {1, . . . , A}.
At the first phase the k experts state their predictions, and then, knowing their
predictions P1 makes his own prediction an ∈ A and simultaneously (i.e. not
knowing P1’s prediction), P2 chooses the actual letter bn ∈ A. The reward
obtained by P1 is r(an, bn) ∈ IR. Although usually in prediction problems of
finite alphabets, the reward is assumed a zero-one prediction error reward, we
do not restrict the model by this assumption.

We actually prove a somewhat stronger result, we prove that the reward rate
is not lower than the reward for any specific stationary strategy that relies on
the experts’ (mutual) advice. The prediction with expert advice is embedded in
the following stochastic game that is defined by:

1. S = {s∗, 1, . . . , Ak}. State s∗ is the first phase state and the other Ak states
are the second phase states - one for every possible assignment of the joined
experts advice.

2. The actions of P1 in state s∗ are A(s∗) = {0}, that is no choice state s∗. In
the second phase, P1 predicts that channel letter, so for 1 ≤ s ≤ Ak, P1’s
action are A(s) = {1, . . . , A} which corresponds to P1’s prediction.

3. The actions of P2 in state s∗ are all possible joint expert opinion, that is
B(s∗) = {1, 2, . . . , Ak}. The possible actions of P2 at states 1 ≤ s ≤ Ak, are
B(i) = {1, . . . , A} which corresponds to the actual letter that appears in the
channel.

4. The transition probabilities are in {0, 1}, when moving from state s∗ to each
1 ≤ i ≤ Ak, the transition is deterministic and determined by P2’s action.
When moving from 1 ≤ i ≤ Ak back to s∗ the state transition happens with
probability 1.
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5. The reward at the first phase is 0, i.e. r(s∗, ·, ·) = 0 and the reward at the
second stage is r(s, a, b) = 2r(a, b). That is twice as much as the prediction
cost.

This stochastic game obviously has a constant cycle time τ = 2 and state s∗ is
a recurrent reference state. As a result of Theorem 3 BE is attainable. That is:

lim inf
n→∞ (r̂t − r∗(πt)) ≥ 0 P-a.s. , (10)

where P is the probability measure that is induced by P1 play of a regret min-
imizing strategy and by P2 playing any strategy σ2 ∈ Σ2. The strategies that
participate in the maximum for r∗(πt), certainly include the k strategies that
always agree with expert i, 1 ≤ i ≤ k. ��

C Proof of Theorem 4

BE is attained if the average reward r̂t and the state action frequencies πt satisfy
that

lim inf
n→∞ (r̂t − r∗(πt)) ≥ 0 P-a.s. . (11)

Note that since this is a single controller game then π(f, g) = π(g), that is the
state action frequencies generated by the strategies f for P1 and g for P2 depend
only on P2’s strategy. Starting from equation (7), we have that:

r̂t − r∗(πt) = r̂t −
∑
s

max
f∈F

∑
b

∑
a

πt(s, b)f(a|s)r(s, a, b)

= r̂t −
∑
s

max
a

∑
b

πt(s, b)f(a|s)r(s, a, b) , (12)

where πt(s, b) is the relative frequency of state s and action b as measured at
time t. The last equality is justified since f affects the inner sum only through
the actions at state s. But r̂t =

∑
s

∑
b

∑
a πt(s, b)f(a|s)r(s, a, b) so

r̂t − r∗(πt) =
∑
s

πt(s)(
∑
b

∑
a

gt(b|s)f(a|s)r(s, a, b)−

max
a

∑
b

gt(b|s)f(a|s)r(s, a, b)) , (13)

where gt(b|s) �= πt(s,b)
πt(s)

and πt(s) =
∑
b πt(s, b). Suppose P1’s strategy is to play

a regret minimizing strategy for every state s separately for the game in which
P1’s actions are a ∈ A, P2’s actions are b ∈ B and the expected reward is
r(s, a, b). In that case, (13) becomes the sum of elements that tend to zero as
t→∞ (if the state is visited often enough). We have that

r̂t − r∗(πt) ≥
∑
s

πt(s)Rt(s) , (14)
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where Rt(s) is the regret of the s game by time t:

Rt(s)
�
=
∑
b

∑
a

gt(b|s)f(a|s)r(s, a, b)−max
a

∑
b

gt(b|s)f(a|s)r(s, a, b) .

Now, P1’s strategy ensures that Rt(s) → 0 almost surely for every state s that
is visited infinitely often, while πt(s) → 0 for the other states. It easily follows
from (14) that (11) holds. ��
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Abstract. A class C of recursive functions is called robustly learnable
in the sense I (where I is any success criterion of learning) if not only
C itself but even all transformed classes Θ(C) where Θ is any general
recursive operator, are learnable in the sense I. It was already shown be-
fore, see [14,19], that for I = Ex (learning in the limit) robust learning
is rich in that there are classes being both not contained in any recur-
sively enumerable class of recursive functions and, nevertheless, robustly
learnable. For several criteria I, the present paper makes much more
precise where we can hope for robustly learnable classes and where we
cannot. This is achieved in two ways. First, for I = Ex, it is shown that
only consistently learnable classes can be uniformly robustly learnable.
Second, some other learning types I are classified as to whether or not
they contain rich robustly learnable classes. Moreover, the first results on
separating robust learning from uniformly robust learning are derived.

1 Introduction

Robust learning has attracted much attention recently. Intuitively, a class of ob-
jects is robustly learnable if not only this class itself is learnable but all of its
effective transformations remain learnable as well. In this sense, being learnable
robustly seems to be a desirable property in all fields of learning. In inductive
inference, i.e., informally, learning of recursive functions in the limit, a large col-
lection of function classes was already known to be robustly learnable. Actually,
in [15] any recursively enumerable class of recursive functions was shown to be
learnable. This was achieved even by one and the same learning algorithm, the
so-called identification by enumeration, see [15]. Moreover, any reasonable model
of effective transformations maps any recursively enumerable class again to a re-
cursively enumerable and, hence, learnable class. Consequently, all these classes
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are robustly learnable. Clearly, the same is true for all subclasses of recursively
enumerable classes. Thus, the challenging remaining question was if robust learn-
ing is even possible outside the world of the recursively enumerable classes. This
question remained open for about 20 years, until it has been answered positively!
[14,19] showed that there are classes of recursive functions which are both “algo-
rithmically rich” and robustly learnable, where algorithmically rich means being
not contained in any recursively enumerable class of recursive functions. Earli-
est examples of (large) algorithmically rich classes featured direct self-referential
coding. Though ensuring the learnability of these classes themselves, these di-
rect codings could be destroyed already by simple effective transformations, thus
proving that these classes are not robustly learnable. An early motivation from
Bārzdiņš for studying robustness was just to examine what happens to learnabil-
ity when at least the then known direct codings are destroyed (by the effective
transformations). Later examples of algorithmically rich classes, including some
indeed robustly learnable examples, featured more indirect, “topological” cod-
ing. [14,19] mainly had focussed on the existence of rich and robustly learnable
classes; however, in the present paper we want to make much more precise where
we can hope for robustly learnable classes and where we cannot. In order to
reach this goal we will follow two lines.

The first line, outlined in Section 3, consists in exhibiting a “borderline” that
separates the region where robustly learnable classes do exist from the region
where robustly learnable classes provably cannot exist. More exactly, for the ba-
sic type Ex of learning in the limit, such a borderline is given just by the type
Cons of learning in the limit consistently (i.e., each hypothesis correctly and
completely reflects all the data seen so far). Actually, in Theorem 16 we show
that all the uniformly robustly Ex-learnable classes must be already contained
in Cons, and hence the complementary region Ex − Cons is free of any such
classes. Notice that Ex−Cons is far from being empty, since it was shown be-
fore that Cons is a proper subset of Ex, see [3,6,32]; the latter is also known as
inconsistency phenomenon, see [35,30,10] where it has been shown that this phe-
nomenon is present in polynomial-time learning as well. We were surprised to find
the “robustness phenomenon” and the inconsistency phenomenon so closely re-
lated this way. There is another interpretation suggested by Theorem 16 which in
a sense nicely contrasts the results on robust learning from [19]. All the robustly
learnable classes exhibited in that paper were of some non-trivial topological
complexity, see [19] for details. On the other hand, Theorem 16 intuitively says
that uniformly robustly learnable classes may not be “too complex”, as they all
are located in the “lower part” Cons of the type Ex. Finally, this location in
Cons in turn seems useful in that just consistent learning plays an important
role not only in inductive inference, see [13,20,24,36], but also in various other
fields of learning such as PAC learning, machine learning and statistical learning,
see the books [2,26,31], respectively.

In Section 4, we follow another line to solve the problem where rich robustly
learnable classes can be found and where they cannot. Therefore let us call any
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type I of learning such as I = Ex, Cons etc. robustly rich if I contains rich
classes being robustly learnable in the sense I (where “rich” is understood as
above, i.e., a class is rich if it is not contained in any recursively enumerable
class); otherwise, the type I is said to be robustly poor. Then, for a few types, it
was already known if they are robustly rich or robustly poor. The first results
in this direction are due to Zeugmann [37] where the types Ex0 (Ex-learning
without any mind change) and Reliable (see Definition 7) were proved to be
robustly poor. In [14,19] the type Ex was shown robustly rich. Below we classify
several other types as to whether they are robustly rich or poor, respectively.
We exhibit types of both categories, rich ones (hence the first rich ones after
Ex) and poor ones, thus making the whole picture noticeably more complete.
This might even serve as an appropriate starting point for solving the currently
open problem to derive conditions (necessary, sufficient, both) for when a type is
of which category. Notice that in proving types robustly rich below, in general,
we show some stronger results, namely, we robustly separate the corresponding
types from some other “close” types, thereby strengthening known separations in
a robust way. From these separations, the corresponding richness results follow
easily.

In Section 5, we deal with a problem which was competely open up to now,
namely, separating robust learning from uniformly robust learning. While in
robust learning any transformed class is required to be learnable in the mere sense
that there exists a learning machine for it, uniformly robust learning intuitively
requires to get such a learning machine for the transformed class effectively at
hand, see Definition 13. As it turns out by our results, this additional requirement
can really lead to a difference. Actually, for a number of learning types, we show
that uniformly robust learning is stronger than robust learning. Notice that
fixing this difference is also interesting for the following reason. As said above,
in Theorem 16 all the uniformly robustly Ex-learnable classes are shown to
be learnable consistently. However, at present, it is open if this result remains
valid when uniform robustness will be replaced by robustness only. Some results
of Section 5 can be considered as first steps to attack this apparently difficult
problem.

Recently, several papers were published that deal with robustness in inductive
inference, see [8,14,17,19,22,23,28,37]. Each of them has contributed interesting
points to a better understanding of the challenging phenomenon of robust learn-
ing. [14,19,37] are already quoted above. In addition, notice that in [19] the mind
change hierarchy for Ex-type learning is proved to stand robustly. This contrasts
the result from [14] that the anomaly hierarchy for Ex-type learning does not
hold robustly. In [22,23] the authors were dealing with so-called Bārzdiņš’ Con-
jecture which, intuitively, stated that the type Ex is robustly poor. In [8] robust
learning has been studied for another specific learning scenario, namely learning
aided by context. The intuition behind this model is to present the functions to
be learned not in a pure fashion to the learner, but together with some “con-
text” which is intended to help in learning. It is shown that within this scenario
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several results hold robustly as well. In [28] the notion of hyperrobust learning
is introduced. A class of recursive functions is called hyperrobustly learnable if
there is one and the same learner which learns not only this class itself but also
all of its images under all primitive recursive operators. Hence this learner must
be capable to learn the union of all these images. This definition is then justi-
fied by the following results. First, it is shown that the power of hyperrobust
learning does not change if the class of primitive recursive operators is replaced
by any larger, still recursively enumerable class of general recursive operators.
Second, based on this stronger definition, Bārzdiņš’ Conjecture is proved by
showing that a class of recursive functions is hyperrobustly Ex-learnable iff this
class is contained in a recursively enumerable class of recursive functions. From
[28] hyperrobustness destroys both direct and topological coding tricks. In [8]
it is noted that hyperrobustness destroys any advantage of context, but, since,
empirically, context does help, this provides evidence that the real world, in a
sense, has codes for some things buried inside others. In [17] another basic type
of inductive inference, namely Bc, has been robustly separated from Ex, thus
solving an open problem from [14]. While in the present paper general recursive
operators are taken in order to realize the transformations of the classes under
consideration (the reason for this choice is mainly a technical one, namely, that
these operators “automatically” map any class of recursive functions to a class of
recursive functions again), in some of the papers above other types of operators
are used such as effective, recursive, primitive recursive operators, respectively.
At this moment, we do not see any choice to this end that seems to be superior to
the others. Indeed, each approach appears justified if it yields interesting results.

For references surveying the theory of learning recursive functions, the reader is
referred to [1,6,9,11,18,21,27]. Due to lack of space we omit most of the proofs
in the present paper.

2 Notation and Preliminaries

Recursion-theoretic concepts not explained below are treated in [29]. N denotes
the set of natural numbers. ∗ denotes a non-member of N and is assumed to
satisfy (∀n)[n < ∗ <∞]. Let ∈,⊆,⊂,⊇,⊃, respectively denote the membership,
subset, proper subset, superset and proper superset relations for sets. The empty
set is denoted by ∅. We let card(S) denote the cardinality of the set S. So
“card(S) ≤ ∗” means that card(S) is finite. The minimum and maximum of
a set S are denoted by min(S) and max(S), respectively. We take max(∅) to
be 0 and min(∅) to be ∞. χA denotes the characteristic function of A, that is,
χA(x) = 1, if x ∈ A, and 0 otherwise.

〈·, ·〉 denotes a 1-1 computable mapping from pairs of natural numbers onto
natural numbers. π1, π2 are the corresponding projection functions. 〈·, ·〉 is ex-
tended to n-tuples of natural numbers in a natural way. Λ denotes the empty
function. η, with or without subscripts, superscripts, primes and the like, ranges
over partial functions. If η1 and η2 are both undefined on input x, then, we take
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η1(x) = η2(x). We say that η1 ⊆ η2 iff for all x in domain of η1, η1(x) = η2(x).
We let domain(η) and range(η) respectively denote the domain and range of the
partial function η. η(x)↓ denotes that η(x) is defined. η(x)↑ denotes that η(x) is
undefined.

We say that a partial function η is conforming with η′ iff for all x ∈ domain(η)
∩ domain(η′), η(x) = η(x′). η ∼ η′ denotes that η is conforming with η′. η is
non-conforming with η′ iff there exists an x such that η(x)↓ �= η′(x)↓. η �∼ η′

denotes that η is non-conforming with η′.
For r ∈ N , r-extension of η denotes the function f defined as follows:

f(x) =
{
η(x), if x ∈ domain(η);
r, otherwise.

f, g, h, F and H, with or without subscripts, superscripts, primes and the like,
range over total functions.R denotes the class of all recursive functions, i.e., total
computable functions with arguments and values from N . T denotes the class of
all total functions. R0,1 (T0,1) denotes the class of all recursive functions (total
functions) with range contained in {0, 1}. C and S, with or without subscripts,
superscripts, primes and the like, range over subsets of R. P denotes the class of
all partial recursive functions over N . ϕ denotes a fixed acceptable programming
system. ϕi denotes the partial recursive function computed by program i in the
ϕ-system. Note that in this paper all programs are interpreted with respect to
the ϕ-system. We let Φ be an arbitrary Blum complexity measure [7] associated
with the acceptable programming system ϕ; many such measures exist for any
acceptable programming system [7]. We assume without loss of generality that
Φi(x) ≥ x, for all i, x. ϕi,s is defined as follows:

ϕi,s(x) =
{
ϕi(x), if x < s and Φi(x) < s;
↑, otherwise.

For a given partial computable function η, we define MinProg(η) = min({i |
ϕi = η}).

A class C ⊆ R is said to be recursively enumerable iff there exists an r.e. set
X such that C = {ϕi | i ∈ X}. For any non-empty recursively enumerable class
C, there exists a recursive function f such that C = {ϕf(i) | i ∈ N}.

The following classes are commonly considered below. CONST = {f | (∀x)
[f(x) = f(0)]} denotes the class of the constant functions. FINSUP = {f |
(∀∞x)[f(x) = 0]} denotes the class of all recursive functions of finite support.

2.1 Function Identification

We first describe inductive inference machines. We assume, that the graph of a
function is fed to a machine in canonical order.

For f ∈ R and n ∈ N , we let f [n] denote f(0)f(1) . . . f(n−1), the finite initial
segment of f of length n. Clearly, f [0] denotes the empty segment. SEG denotes
the set of all finite initial segments, {f [n] | f ∈ R ∧ n ∈ N}. SEG0,1 = {f [n] |
f ∈ R0,1 ∧ n ∈ N}. We let σ, τ and γ, with or without subscripts, superscripts,
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primes and the like, range over SEG. Λ denotes the empty sequence. We assume
some computable ordering of elements of SEG. σ < τ , if σ appears before τ in
this ordering. Similarly one can talk about least element of a subset of SEG.

We let σ·τ denote the concatenation of σ and τ . We identify σ = a0a1 . . . an−1
with the partial function

σ(x) =
{
ai, if x < n;
↑, otherwise.

Similarly a total function g is identified with the infinite sequence g(0)g(1)g(2) . . .
of its values. Thus, for example, 0∞ is the function mapping all numbers to 0.

Let |σ| denote the length of σ. If |σ| ≥ n, then we let σ[n] denote the prefix
of σ of length n. σ ⊆ τ denotes that σ is a prefix of τ . An inductive inference
machine (IIM) [15] is an algorithmic device that computes a (possibly partial)
mapping from SEG into N . Since the set of all finite initial segments, SEG, can
be coded onto N , we can view these machines as taking natural numbers as
input and emitting natural numbers as output. We say that M(f) converges to
i (written: M(f)↓ = i) iff (∀∞n)[M(f [n]) = i]; M(f) is undefined if no such i
exists. M0,M1, . . . denotes a recursive enumeration of all the IIMs. The next
definitions describe several criteria of function identification. Note that — as a
variable for learners — M always ranges over partial computable machines.

Definition 1. [15] Let f ∈ R and S ⊆ R.

(a) MEx-identifies f (written: f ∈ Ex(M)) just in case there exists a program
i for f such that M(f)↓ = i.

(b) M Ex-identifies S iff M Ex-identifies each f ∈ S.
(c) Ex = {S ⊆ R | (∃M) [S ⊆ Ex(M)]}.

By the definition of convergence, only finitely many data points from a function
f have been observed by an IIM M at the (unknown) point of convergence.
Hence, some form of learning must take place in order for M to learn f . For this
reason, hereafter the terms identify, learn and infer are used interchangeably.

Definition 2. [3] M is said to be consistent on f iff, for all n, M(f [n])↓ and
f [n] ⊆ ϕM(f [n]).

Definition 3. [33] M is said to be conforming on f iff, for all n, M(f [n])↓ and
f [n] ∼ ϕM(f [n]).

Definition 4. (a) [3] M Cons-identifies f iff M is consistent on f , and M
Ex-identifies f .

(b.1) [3] M Cons-identifies C iff M Cons-identifies each f ∈ C.
(b.2) Cons = {C | (∃M)[M Cons-identifies C]}.
(c.1) [20] M RCons-identifies C iff M is total, and M Cons-identifies C.
(c.2) RCons = {C | (∃M)[M RCons-identifies C]}.
(d.1) [34] M T Cons-identifies C iff M is consistent on each f ∈ T , and M

Cons-identifies C.
(d.2) T Cons = {C | (∃M)[M T Cons-identifies C]}.
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Note that for M to Cons-identify a function f , it must be defined on each initial
segment of f . Similarly for Conf -identification below.

Definition 5. (a) [33] M Conf -identifies f iff M is conforming on f , and M
Ex-identifies f .

(b.1) [33] M Conf -identifies C iff M Conf -identifies each f ∈ C.
(b.2) Conf = {C | (∃M)[M Conf -identifies C]}.
(c.1) M RConf -identifies C iff M is total, and M Conf -identifies C.
(c.2) RConf = {C | (∃M)[M RConf -identifies C]}.
(d.1) [13] M T Conf -identifies C iff M is conforming on each f ∈ T , and M

Conf -identifies C.
(d.2) T Conf = {C | (∃M)[M T Conf -identifies C]}.

Definition 6. [27] M is confident iff for all total f , M(f)↓.
M Confident-identifies C iff M is confident and M Ex-identifies C.
Confident = {C | (∃M)[M Confident-identifies C]}.

Definition 7. [6,25] M is reliable iff M is total and for all total f , M(f)↓ ⇒
M Ex-identifies f .

M Reliable-identifies C iff M is reliable and M Ex-identifies C.
Reliable = {C | (∃M)[M Reliable-identifies C]}.

Definition 8. NUM = {C | (∃C′ | C ⊆ C′ ⊆ R)[C′ is recursively enumerable]}.
For references on inductive inference within NUM, the set of all recursively
enumerable classes and their subclasses, the reader is referred to [5,12,15]. The
next theorem summarizes the main relations between the notions discussed in
this paper. A major question of our research is, how these inclusions and non-
inclusions change, if robustness is required on the left side of an inclusion or
non-inclusion, for example we show for case (d), that there is also a class in
RobustCons which is not in RConf , see Theorem 20 below.

Theorem 9. [3,4,6,13,16,32,33,34,36]

(a) NUM ⊂ T Cons = T Conf ⊂ RCons ⊂ RConf ⊂ Conf ⊂ Ex.
(b) RCons ⊂ Cons ⊂ Conf .
(c) RConf �⊆ Cons.
(d) Cons �⊆ RConf .
(e) T Cons ⊂ Reliable ⊂ Ex.
(f) Reliable �⊆ Conf .
(g) RCons �⊆ Reliable.
(h) NUM �⊆ Confident.
(i) Confident �⊆ Conf .
(j) Confident �⊆ Reliable.
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2.2 Operators

The basic idea of robust learning is that not only a given class S but also every
image of S under a given operator should be learnable. At the beginning of
the study of robust learning it was not clear which operators to use; but later
the discussion stabilized on using general recursive operators. Although this
choice has some disadvantage, there was a feeling in the community that this
disadvantage could not be overcome by choosing a larger class of operators.

Definition 10. [29] A recursive operator is an effective total mapping, Θ, from
(possibly partial) functions to (possibly partial) functions, which satisfies the
following properties:

(a) Monotonicity: For all functions η, η′, if η ⊆ η′ then Θ(η) ⊆ Θ(η′).
(b) Compactness: For all η, if (x, y) ∈ Θ(η), then there exists a finite function

α ⊆ η such that (x, y) ∈ Θ(α).
(c) Recursiveness: For all finite functions α, one can effectively enumerate (in α)

all (x, y) ∈ Θ(α).

Definition 11. [29] A recursive operator Θ is called general recursive iff Θ maps
all total functions to total functions.

For each recursive operator Θ, we can effectively (from Θ) find a recursive op-
erator Θ′ satisfying two further constraints (d) and (e).

(d) for each finite function α, Θ′(α) is finite, and its canonical index can be
effectively determined from α; furthermore if α ∈ SEG then Θ′(α) ∈ SEG.

(e) for all total functions f , Θ′(f) = Θ(f).

This allows us to get a nice effective sequence of recursive operators.

Proposition 12. [19] There exists an effective enumeration, Θ0, Θ1, . . ., of re-
cursive operators satisfying condition (d) above such that, for all recursive oper-
ators Θ, there exists an i ∈ N satisfying:

for all total functions f , Θ(f) = Θi(f).

Since we will be mainly concerned with the properties of operators on total
functions, for diagonalization purposes, one can restrict attention to operators
in the above enumeration Θ0, Θ1, . . ..

Definition 13. [14,19]
RobustEx = {C | (∀ general recursive operators Θ)[Θ(C) ∈ Ex]}.
UniformRobustEx = {C | (∃g ∈ R)(∀e | Θe is general recursive)[Θe(C) ⊆
Ex(Mg(e))]}.
One can similarly define RobustI and UniformRobustI, for other criteria I
of learning considered in this paper.

Proposition 14. [19,37] NUM = RobustNUM.

Corollary 15. (a) NUM ⊆ RobustT Cons ⊆ RobustReliable.
(b) NUM ⊆ UniformRobustT Cons.
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3 Robust Learning and Consistency

The main result of this section is UniformRobustEx ⊆ Cons, see Theorem 16.
Hence, all the uniformly robustlyEx-learnable classes are contained in the “lower
part” Cons of Ex; recall that Cons is a proper subset of Ex, see [3,6,32].
This nicely relates two surprising phenomena of learning, namely the robustness
phenomenon and the inconsistency phenomenon. On the other hand, despite the
fact that every uniformly robustly Ex-learnable class is located in that lower part
of Ex, UniformRobustEx contains “algorithmically rich” classes, since, by
Corollary 19, UniformRobustEx ⊃ NUM. Note that the non-robust version
of Theorem 16 still is open, that is, it is unknown whether RobustEx ⊆ Cons.

Theorem 16. UniformRobustEx ⊆ Cons.

The (omitted) proof even shows that given any recursive g, one can effectively
construct an M such that, for any C, if

for all e such that Θe is general recursive, Θe(C) ⊆ Ex(Mg(e))

then M Cons-identifies C. Thus we have that

UniformRobustEx ⊆ UniformRobustCons.

Since the reverse inclusion holds by definition, it follows that,

Corollary 17. UniformRobustEx = UniformRobustCons.

Now we investigate the links between boundedness and uniform robust learnabil-
ity of classes of functions. We say that a class S is bounded iff there is a recursive
function g such that g dominates all f ∈ S: (∀f ∈ S) (∀∞x) [f(x) ≤ g(x)].
For example, every class in NUM is bounded. The next theorem states, that
although every class in UniformRobustEx is bounded by a non-recursive func-
tion, there are classes S ∈ UniformRobustEx which are not bounded by a re-
cursive function. As a consequence, we derive that UniformRobustEx contains
algorithmically rich classes, see Corollary 19 below.

Theorem 18. If S ∈ UniformRobustEx−NUM then gS(x) = max({f(x) |
f ∈ S}) is a total function and satisfies that gS(x) <∞ for all x.
There is S ∈ UniformRobustEx such that S is unbounded; in particular, the
above defined gS is not recursive and S /∈ NUM.

Corollary 19. UniformRobustEx ⊃ NUM.

4 Robustly Rich and Robustly Poor Learning

In this section, we show for several learning types that they are “robustly rich”;
that is, these types contain classes being both robustly learnable and not con-
tained in any recursively enumerable class. Notice that in proving these types ro-
bustly rich below, in general, we show some stronger results, namely, we robustly
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separate (or even uniformly robustly separate) the corresponding types from
some other types, thereby strengthening known separations in a (uniformly) ro-
bust way. From these separations, the corresponding richness results follow easily
by applying Theorem 9. On the other hand, there are also “robustly poor” learn-
ing types; that is, every robustly learnable class of these types is contained in a
recursively enumerable class. Some further robustly poor types will be exhibited
in Section 5.

Theorem 20. UniformRobustCons �⊆ RConf .

Theorem 21. RobustRCons �⊆ T Cons.

Theorem 22. RobustRConf �⊆ RCons.

It should be noted that in the three preceding theorems, the separating class can
always be taken from R0,1, that is, it consists of {0, 1}-valued functions. Fur-
thermore, one gets that the learning criteria RCons and RConf are robustly
rich. As a consequence also the criteria Cons and Conf are robustly rich. Zeug-
mann [37] proved that RobustReliable = NUM which directly implies the
corresponding result for RobustT Cons.

Theorem 23. [37] RobustReliable = NUM.
RobustT Cons = NUM.

This gives then that the following hierarchy corresponding to Theorem 9 (a) and
(b) holds. The equality of T Cons and T Conf inherits from the non-robust case
and so T Cons and T Conf are robustly poor.

Corollary 24. NUM = RobustT Cons = RobustT Conf .
NUM ⊂ RobustRCons ⊂ RobustCons.
NUM ⊂ RobustRCons ⊂ RobustRConf ⊂ RobustConf .

Furthermore, one can also separate the notions NUM and Confident robustly
and conclude, that confidence is a robustly rich learning criteria.

Proposition 25. UniformRobustConfident �⊆ RConf .

Corollary 26. UniformRobustConfident �⊆ NUM.

Note that by Theorem 9(h), NUM �⊆ Confident. Thus using Corollary 26,
NUM and Confident are incomparable. The following proposition strengthens
Corollary 19.

Proposition 27. UniformRobustEx �⊆ Confident ∪NUM.
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5 Robust Learning versus Uniformly Robust Learning

While in robust learning any transformed class is required to be learnable in the
mere sense that there exists a learning machine for it, uniformly learning requires
to get such a machine for the transformed class effectively at hand. For a number
of learning types, we now show that uniformly robust learning is indeed stronger
than robust learning.

Theorem 28. UniformRobustConfident ⊂ RobustConfident.

For identification with mind changes, we assume M to be a mapping from SEG
to N ∪ {?}. This is to avoid biasing the number of mind changes made by the
machine [9].

Definition 29. [6,9,15] Let b ∈ N ∪ {∗}. Let f ∈ R.

M Exb-identifies f (written: f ∈ Exb(M)) just in case M Ex-identifies f , and
card({n |? �= M(f [n]) �= M(f [n + 1])}) ≤ b (i.e., M makes no more than b
mind changes on f).

M Exb-identifies S iff M Exb-identifies each f ∈ S.
Exb = {S ⊆ R | (∃M)[S ⊆ Exb(M)]}.

Zeugmann [37] showed that a class of functions is robustly learnable without
mind changes iff it is finite.

Proposition 30. [19,37] For any C ⊆ R, C ∈ RobustEx0 iff C is finite.
Thus, the type Ex0 of learning without any mind change is robustly poor, since
every finite class is recursively enumerable. Somehow, uniformly robust learning
with up to n mind changes even turns out to be more restrictive than robust
learning with 0 mind changes: the cardinality of such classes is strictly less than
2n+1. This forms a contrast to the fact that RobustEx1 contains infinite classes
[19]. On the other hand, there is a nice connection between RobustEx0 and the
classes in UniformRobustExn.

Theorem 31. For any n ∈ N and C ⊆ R, C ∈ UniformRobustExn iff
card(C) < 2n+1.
In particular, RobustEx0 =

⋃
n∈N UniformRobustExn.

The following Propositions 32 and 33 are needed in proving one of the main
results, namely Theorem 36 below. From this theorem, we then derive that
uniformly robust learning is stronger than robust learning for each of the types
Cons,Ex and Bc (the latter defined below).

Proposition 32. There exists a K-recursive sequence of initial segments, σ0,
σ1, . . . ∈ SEG0,1, such that for all e ∈ N , the following are satisfied.

(a) 0e1 ⊆ σe.
(b) For all e′ ≤ e, if Θe′ is general recursive, then either Θe′(σe) �∼ Θe′(0|σe|)
or for all f ∈ T0,1 extending σe, Θe′(f) = Θe′(0∞).



154 J. Case et al.

Proof. We define σe (using oracle for K) as follows. Initially, let σ0
e = 0e1. For

e′ ≤ e, define σe
′+1
e as follows: if there exists an extension τ ∈ SEG0,1 of σe

′
e ,

such that Θe′(τ) �∼ Θe′(0|τ |), then let σe
′+1
e = τ ; otherwise, let σe

′+1
e = σe

′
e .

Now let σe = σe+1
e as defined above. It is easy to verify that the proposition

is satisfied.

Proposition 33. There exists an infinite increasing sequence a0, a1, . . . of natu-
ral numbers such that for A = {ai | i ∈ N}, the following properties are satisfied
for all k ∈ N .

(a) The complement of A is recursively enumerable relative to K.
(b) ϕak

is total.
(c) For all e ≤ ak such that ϕe is total, ϕe(x) ≤ ϕak+1(x) for all x ∈ N .
(d) For σe as defined in Proposition 32, |σak

| ≤ ak+1.

Proof. The construction of ai’s is done using movable markers (using oracle for
K). Let asi denote the value of ai at the beginning of stage s in the construction.
It will be the case that, for all s and i, either asi = as+1

i , or as+1
i > s. This

allows us to ensure property (a). The construction itself directly implements
properties (b) to (d). Let pad be a 1–1 padding function [29] such that for all
i, j, ϕpad(i,j) = ϕi, and pad(i, j) ≥ i + j.

We assume without loss of generality that ϕ0 is total. Initially, let a0
0 = 0,

and a0
i+1 = pad(0, |σa0

i
|) (this ensures a0

i+1 ≥ |σa0
i
| > a0

i ). Go to stage 0.

Stage s
1. If there exist a k, 0 < k ≤ s, and x ≤ s such that:

(i) ϕas
k
(x)↑ or

(ii) for some e ≤ ask−1, [(∀y ≤ s)[ϕe(y)↓] and ϕe(x) > ϕas
k
(x)]

2. Then pick least such k and go to step 3. If there is no such k, then for all i,
let as+1

i = asi , and go to stage s + 1.
3 For i < k, let as+1

i = asi .
4. Let j be the least number such that

(i) (∀y ≤ s)[ϕj(y)↓] and
(ii) for all e ≤ ask−1, if for all y ≤ s, ϕe(y)↓, then for all y ≤ s, ϕj(y) ≥

ϕe(y).
Let as+1

k = pad(j, |σas
k−1

|+ s + 1).
5. For i > k, let as+1

i = pad(0, |σas+1
i−1
|+ s + 1).

6. Go to stage s + 1.
End stage s

We claim (by induction on k) that lims→∞ ask↓ for each k. To see this, note that
once all the ai, i < k, have stabilized, step 4 would eventually pick a j such that
ϕj is total, and for all e ≤ ak−1, if ϕe is total then ϕe ≤ ϕj . Thereafter ak would
not be changed.

We now show the various properties claimed in the proposition. One can
enumerate A (using oracle for K) using the following property: x ∈ A iff there
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exists a stage s > x such that, for all i ≤ x, asi �= x. Thus (a) holds. (b) and
(c) hold due to the check in step 1. (d) trivially holds due to padding used for
definition of asi for all s.

Definition 34. Suppose h ∈ R. Let Bh = {ϕe | ϕe ∈ R ∧ (∀∞x)[Φe(x) ≤
h(x)]}.
Intuitively, Bh denotes the class of recursive functions whose complexity is almost
everywhere bounded by h. We assume without loss of generality that FINSUP ⊆
Bϕ0 . Thus for ai as in Proposition 33, FINSUP ⊆ Bϕai

, for all i.
The notion of behaviourally correct learning does not require syntactical

convergence as explanatory learning but only that almost all hypotheses compute
the function to be learned.

Definition 35. [4,9] MBc-identifies a function f ∈ R (written: f ∈ Bc(M))
iff, for all but finitely many n ∈ N , M(f [n]) is defined and is a program for f .

M Bc-identifies S iff M Bc-identifies each f ∈ S.
Bc = {S ⊆ R | (∃M) [S ⊆ Bc(M)]}.

By the way, whenever S ∈ Bc then there is also a total machine M such that
S ∈ Bc(M). Thus one can require without loss of generality, that Bc-learners
are total.

Theorem 36. RobustCons �⊆ UniformRobustBc.

Proof. Fix σ0, σ1, . . . as in Proposition 32, and a0, a1, . . . as in Proposition 33.
Let Gk = Bϕak

∩ {f | σak
⊆ f}.

The main idea of the construction is to construct the diagonalizing class by
taking at most finitely many functions from each Gk.

Let Θbk
be defined as

Θbk
(f [n]) =




Λ, if n < |σak
|;

f(|σak
|)f(|σak

|+ 1) . . . f(n− 1), if σak
⊆ f [n];

f [n], otherwise.

Note that Θbk
is general recursive.

Claim.
⋃
i≥k Θbk

(Gi) �∈ Bc.

Proof. Suppose by way of contradiction that M Bc-identifies
⋃
i≥k Θbk

(Gi).
Then, clearly M must Bc-identify FINSUP (since FINSUP ⊆ Θbk

(Gk)). Thus,
for all τ ∈ SEG0,1, there exists an n such that, for all m ≥ n, ϕM(τ0m)(|τ |+m) =
0. Thus, there exists a recursive function g such that, for all τ ∈ SEG0,1 sat-
isfying |τ | ≤ n, ϕM(τ0g(n))(|τ | + g(n)) = 0. Now for each τ , define fτ induc-
tively by letting η0 = τ , ηn+1 = ηn0g(|ηn|)1 and fτ =

⋃
n ηn. Note that M

does not Bc-identify any fτ . Also, fτ is uniformly (in τ) computable and thus
{fτ | τ ∈ SEG0,1} ⊆ Bh, for some recursive h. Thus, for sufficiently large j,
{fτ | τ ∈ SEG0,1} ⊆ Bϕaj

. Thus, for almost all j > k, fσaj
∈ Gj = Θbk

(Gj).
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Since M does not Bc-identify fσaj
, claim follows.

Let g′ be a function dominating all K ′-recursive functions. For each k ∈ N
and e ≤ g′(k), let fk,e denote a function in

⋃
i≥kGi, such that Me does not

Bc-identify Θbk
(fk,e).

Let S = {fk,e | k ∈ N, e ≤ g′(k)}. Let Fk = S ∩Gk. It is easy to verify that
Fk is finite (since fk,e �∈

⋃
i<kGi).

Claim. S �∈ UniformRobustBc.

Proof. Suppose by way of contradiction that h is a recursive function such that
Mh(e) Bc-identifies Θe(S). Note that bk can be recursively computed using oracle
for K. Thus, h(bk) can be recursively computed using oracle for K. Hence, for all
but finitely many k, h(bk) ≤ g′(k). Consequently, Mh(bk) does not Bc-identify
Θbk

(fk,h(bk)) ∈ Θbk
(S). A contradiction.

Claim. S ∈ RobustCons.

Proof. Suppose Θ = Θk is general recursive. We need to show that Θk(S) ∈
Cons. Let A = {ai | i ∈ N}. Since A is r.e. in K, there exists a recursive
sequence c0, c1, . . ., such that each a ∈ A, a > ak, appears infinitely often in
the sequence, and each a �∈ A or a ≤ ak, appears only finitely often in the
sequence. Let σe,t ∈ SEG0,1 be such that σe,t ⊇ 0e1, and σe,t can be obtained
effectively from e, t, and limt→∞ σe,t = σe. Note that there exist such σe,t due
to K-recursiveness of the sequence σ0, σ1, . . ..

Note that there exists a recursive h such that, if ϕe is recursive then, Mh(e)
Cons-identifies Θ(Bϕe). Fix such recursive h.

Let F = {0∞}∪F0∪F1∪. . .∪Fk. F and Θ(F ) are finite sets of total recursive
functions.

Define M as follows.

M(f [n])
1. If for some g ∈ Θ(F ), g[n] = f [n], then output a canonical program for one

such g.
2. Else, let t ≤ n be the largest number such that Θ(σct,n) ∼ f [n], and

Θ(σct,n) �∼ Θ(0∞).
Dovetail the following steps until one of them succeeds. If steps 2.1 or 2.2

succeed, then go to step 3. If step 2.3 succeeds, then go to step 4.
2.1 There exists an s > n, such that cs �= ct, and Θ(σcs,s) ∼ f [n], and

Θ(σcs,s) �∼ Θ(0∞).
2.2 There exists an s > n, such that σct,s �= σct,n.
2.3 Mh(ct)(f [n])↓, and f [n] ⊆ ϕMh(ct)(f [n]).

3. Output a program for f [n]0∞.
4. Output Mh(ct)(f [n]).
End
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It is easy to verify that whenever M(f [n]) is defined, f [n] ⊆ ϕM(f [n]). Also, if
f ∈ Θ(F ), then M Cons-identifies f .

Now, consider any f ∈ Θ(S) − Θ(F ). Note that there exists a unique i > k
such that f ∼ Θ(σai) and Θ(σai) �∼ Θ(0∞) (due to definition of σaj ’s). Fix such
i. Also, since f �= Θ(0∞), there exist only finitely many e such that f ∼ Θ(0e1).

We first claim that M(f [n]) is defined for all n. To see this, note that if ct �= ai
or σct,n �= σai , then step 2.1 or step 2.2 would eventually succeed. Otherwise,
since f ∈ Θ(Fi) ⊆ Θ(Bϕai

), step 2.3 would eventually succeed (since Mh(ai)
Cons-identifies Θ(Bϕai

)).
Thus, it suffices to show that MEx-identifies f . Let r be such that f �∼ Θ(0r).

Let m and n > m be large enough such that (i) to (iv) hold.

(i) f [n] �∼ Θ(0r).
(ii) cm = ai, and for all s ≥ m, σai,s = σai,m.
(iii) For all e < r and t > m, if e �∈ A or e ≤ ak, then ct �= e.
(iv) For all e < r and t > m, if e ∈ A − {ai} and e > ak, then Θ(σe,t) �∼ f [n]

or Θ(σe,t) ∼ Θ(0∞).

Note that there exist such m,n. Thus, for all n′ ≥ n, in computation of M(f [n′]),
ct would be ai, and step 2.1 and step 2.2 would not succeed. Thus step 2.3
would succeed, and M would output Mh(ai)(f [n′]). Thus M Ex-identifies f ,
since Mh(ai) Ex-identifies f .

Theorem follows from above claims.

Corollary 37. UniformRobustCons ⊂ RobustCons.
UniformRobustEx ⊂ RobustEx.
UniformRobustBc ⊂ RobustBc.

References

1. D. Angluin and C. Smith. Inductive inference: Theory and methods. Computing
Surveys, 15:237–289, 1983.

2. M. Anthony and N. Biggs. Computational Learning Theory. Cambridge University
Press, 1992.
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Abstract. A classical learning problem in Inductive Inference consists
of identifying each function of a given class of recursive functions from
a finite number of its output values. Uniform learning is concerned with
the design of single programs solving infinitely many classical learning
problems. For that purpose the program reads a description of an iden-
tification problem and is supposed to construct a technique for solving
the particular problem.
As can be proved, uniform solvability of collections of solvable identifi-
cation problems is rather influenced by the description of the problems
than by the particular problems themselves. When prescribing a specific
inference criterion (for example learning in the limit), a clever choice of
descriptions allows uniform solvability of all solvable problems, whereas
even the most simple classes of recursive functions are not uniformly
learnable without restricting the set of possible descriptions. Further-
more the influence of the hypothesis spaces on uniform learnability is
analysed.

1 Introduction

Inductive Inference is concerned with methods of identifying objects in a target
class from incomplete information. The learning model is based on a recursion-
theoretic background, i.e. target objects as well as learners are represented by
computable functions. From an input sequence consisting of finite subgraphs of
the graph of a target function the learner produces a sequence of hypotheses
interpreted as indices of functions enumerated by a partial-recursive numbering.
In the initial approach of identification in the limit introduced by Gold in [6]
that sequence of hypotheses is supposed to converge to a correct index of the
target function. Several further identification criteria have been introduced and
analysed in [2], [3] and [5]. In general, a learning problem is given by

– a class U of recursive functions,
– a hypothesis space ψ and
– an identification criterion I.
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The aim is to find a learner identifying each function in the class U with respect
to ψ within the scope of the criterion I.

Now imagine a collection of infinitely many learning problems solvable ac-
cording to a given criterion. Uniform Inductive Inference is concerned with the
question, whether there exists a single program which – given a description of
a special learning problem of our collection – synthesizes an appropriate learner
solving the actual problem. Such a program may be interpreted as a very “in-
telligent” learner able to simulate infinitely many learners of the classical type.
Instead of tackling each problem in a specific way we want to use a kind of
uniform strategy coping with the whole accumulation of problems.

Jantke’s work [7] is concerned with the uniform identification of classes of
recursive functions in the limit, particularly for the case that in each learning
step the intermediate hypothesis generated by the learner is consistent with
the information received up to the actual time of the learning process. Jantke
proved that his model of uniform identification does not allow the synthesis of
a program learning a class consisting of just a single recursive function, as long
as the synthesizer is supposed to cope with any possible description of such a
class. His negative result indicates that the concept of uniform learning might
be rather fruitless. But this suggestion is mitigated by the results on uniform
identification of classes of languages – a concept which is studied for example in
[10], [9] and [4]. Especially [4] contains lots of positive results allowing a more
optimistic point of view concerning the fruitfulness of the uniform identification
model. The work of Osherson, Stob and Weinstein additionally deals with several
possibilities for the description of learning problems.

The present paper provides its own definition of uniform identifiability with
the special feature that any of the learning problems described may be solved
with respect to any appropriate hypothesis space without requiring the synthe-
sis of the particular hypothesis spaces. The first result in Section 4 shows the
existence of a special set of descriptions accumulating all learning problems solv-
able according to a given criterion I, such that synthesizing learners successful
with respect to I is possible. The trick is to encode programs for the learners
within the descriptions. Of course in general such tricks should be avoided, for
example by fixing the set of descriptions in advance. But then it is still possible
to use tricks by a clever choice of the hypothesis spaces. The results in Section 5
show that such tricks provide a uniform strategy for behaviourally correct iden-
tification1 of any class learnable according to that criterion, even coping with
any description of such a class. Nevertheless the free choice of the hypothesis
spaces does not trivialize uniform learning in the limit. For example the collec-
tion of all descriptions of classes consisting of just two recursive functions is not
suitable in that sense, i.e. there is no uniform strategy constructing a successful
program for learning in the limit from such a description. Unfortunately, those
results are rather negative: either uniform learnability is achieved by tricks and
thus becomes trivial or it cannot be achieved at all. When fixing the hypothesis
spaces in advance, our situation gets even worse. Jantke’s result is strengthened

1 For the definitions of inference criteria mentioned here see Section 2.
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by proving that there is no uniform learner for behaviourally correct identifi-
cation with respect to an acceptable numbering coping with all descriptions of
sets of just one recursive function. The same collection of learning problems be-
comes unsolvable even for behaviourally correct identification with anomalies, if
we further tighten our demands concerning the hypothesis spaces.

On the other hand we also present some quite positive results, which at least
seem to justify some further research on uniform learning. For example, if the
descriptions of the learning problems fulfill some special topological conditions,
one can uniformly construct strategies learning the corresponding classes in the
limit – even with total and consistent intermediate hypotheses2. Results of this
kind strongly substantiate the suggestion that uniform identification is indeed a
model of rich learning power. The negative results mentioned above just have to
be interpreted carefully. The reason for the failure of uniform learners is most
often not a substantial lack of power, but lies in the choice of unsuitable descrip-
tions. So our model really seems worthy of investigation. In general, Section 2
provides preliminaries and Section 3 deals with the notion of uniform identifica-
tion as well as basic results. General results are presented in Section 4, followed
by results on particular description sets in Section 5. Finally Section 6 is con-
cerned with the influence of the choice of the hypothesis spaces. We also transfer
Wiehagen’s characterizations of classes identifiable in the limit (see [13]) to the
case of uniform learning.

2 Preliminaries

First we fix some notions that will be used in this paper. All conceptions in the
context of recursion theory not explicitly introduced here can be found in [12].

We denote the set of (nonnegative) integers by N and write N
∗ for the set of

all finite tuples of elements of N. If n is any integer, we refer to the set of all n-
tuples of integers by N

n. By means of a bijective and computable mapping from
N
n onto N we identify n-tuples of integers with elements in N. Between N

∗ and N

we also choose a bijective, computable mapping and denote it by cod : N
∗ → N.

Thus we may use α to refer to cod(α), where α ∈ N
∗. The quantifiers ∀ and

∃ are used in the common way. Quantifying an expression with ∀∞n indicates
that the expression is true for all but finitely many n ∈ N.

Inclusion of sets is expressed by the symbol ⊆, proper inclusion by ⊂. card X
serves as a notation for the cardinality of a set X, and we write card X = ∞,
whenever X is an infinite set. The set of all subsets of X is referred to by ℘X.
Pn denotes the class of all partial-recursive functions of n variables. Its sub-

class of total functions (called recursive functions) is denoted by Rn. Whenever
the number of arguments is of no special interest, we omit the superscripts. For
any function f ∈ P and any integer n the notation f [n] refers to the coding
cod(f(0), . . . , f(n)) of the initial segment of length n + 1 of f , as long as the
values f(0), . . . , f(n) are all defined. For f ∈ P and x ∈ N we write f(x)↓, if f
is defined for the argument x; f(x)↑, if f is not defined for the argument x.
2 See Section 6 for definitions.
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For piecewise comparison of two functions f, g ∈ P we agree on the notation
f =n g, if {(x, f(x)) | x ≤ n and f(x) ↓} = {(x, g(x)) | x ≤ n and g(x) ↓};
otherwise f �=n g. If the set of arguments on which the functions f, g ∈ P
disagree is finite, i.e. if [[f(n)↑ ∧g(n)↑] or [f(n)↓ ∧g(n)↓ ∧f(n) = g(n)]] for all
but finitely many n ∈ N, we write f =∗ g.

A function f may be identified with the sequence (f(n))n∈N of its values,
which yields notations like e.g. f = 0k↑∞ or g = 0k12∞. A finite tuple α ∈ N

∗ is
often regarded as the function α↑∞ implicitly. For two functions f, g the notation
f � g means that {(x, f(x)) | x ∈ N, f(x)↓} ⊆ {(x, g(x)) | x ∈ N, g(x)↓}.

Any ψ ∈ Pn+1 (n ∈ N) is used as a numbering for the set Pψ := {ψi | i ∈ N}
by means of the definition ψi(x) := ψ(i, x) for all i ∈ N, x ∈ N

n. The index
i ∈ N is called ψ-number of the function ψi.

Given ψ ∈ Pn+2 (n ∈ N), every integer b ∈ N “describes” a partial-recursive
numbering, which we will denote by ψb. We set ψb(i, x) := ψ(b, i, x) for all
i ∈ N, x ∈ N

n and thus write by analogy with the notations above: ψbi (x) :=
ψb(i, x) for all i ∈ N, x ∈ N

n.
For any ψ ∈ Pn+1, n ∈ N we will often refer to the entirety of total functions

in Pψ, which will be called the “recursive core” or “R-core” of Pψ (abbreviated
by Rψ). Hence Rψ = R∩ Pψ.

Identification in the limit3 provides the fundamentals for learning models
examined in Inductive Inference and has first been analysed by Gold in [6].

Definition 1. Let U ⊆ R, ψ ∈ P2. The class U is an element of EXψ and
called identifiable in the limit with respect to ψ iff there is a function S ∈ P
(called strategy) such that for any f ∈ U :

1. ∀n ∈ N [S(f [n])↓] (S(f [n]) is called hypothesis on f [n]),
2. ∃j ∈ N [ψj = f and ∀∞n [S(f [n]) = j]].

If S is given, we also write U ∈ EXψ(S). We set EX :=
⋃
ψ∈P2 EXψ.

On every function f ∈ U the strategy S generates a sequence of indices
converging to a ψ-number of f . [13] supplies the following characterization of
the classes learnable in the limit, which will be useful for us later on.

Theorem 1. Let U ⊆ R. U ∈ EX iff there exist ψ ∈ P2 and d ∈ R2 such that

1. U ⊆ Pψ,
2. ∀i, j ∈ N [i �= j ⇒ ψi �=d(i,j) ψj ].

If we omit the demand for convergence to a single hypothesis, we talk of
“behaviourally correct” identification, defined for example in [2].

Definition 2. Let U ⊆ R, ψ ∈ P2. U is called BC-identifiable wrt ψ iff there
exists an S ∈ P, such that for all f ∈ U the following conditions are fulfilled:

1. ∀n ∈ N [S(f [n])↓],
3 We also use the term “explanatory identification”, abbreviated by EX-identification.
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2. ∀∞n [ψS(f [n]) = f ].

We also write U ∈ BCψ(S) and define BCψ and BC as usual.

BC-identifiability has also been characterized in [13]. But for our purpose the
following characterization proved in [11] is more useful.

Theorem 2. Let U ⊆ R. U ∈ BC iff there exist ψ ∈ P2 and d ∈ R2 satisfying

1. U ⊆ Pψ,
2. ∀i, j ∈ N [ψi = ψj ⇐⇒ ψi =d(i,j) ψj ].

Though BC-identification provides more learning power than EX-identifica-
tion – a proof can be found in [2] – there are still classes of recursive functions
which are not in BC. In [5] we find a variation of BC-identification, which allows
learnability of the whole class R.
Definition 3. Let U ⊆ R, ψ ∈ P2. U is called BC-identifiable with finitely
many anomalies wrt ψ iff there exists an S ∈ P, such that for all f ∈ U the
following conditions are fulfilled:

1. ∀n ∈ N [S(f [n])↓],
2. ∀∞n [ψS(f [n]) =∗ f ].

We write U ∈ BC ∗ψ(S) and use the notations BC ∗ψ and BC ∗ in the usual way.

From now on let I := {EX,BC,BC∗} denote the set of all previously declared
inference criteria. The following results have been proved (see [2] and [5]):

Theorem 3. EX ⊂ BC ⊂ BC ∗ = ℘R.

3 Uniform Learning – Model and Basic Results

Throughout this paper let ϕ ∈ P3 be a fixed acceptable numbering of P2. If
we choose a number b ∈ N, we may interpret it as an index for the partial-
recursive numbering ϕb ∈ P2, which assigns the value ϕ(b, x, y) to each pair
(x, y) of integers. Thus we can regard b as a description of a class of recursive
functions, namely the recursive core of Pϕb . We will denote this class by Rb,
i.e. Rb := Rϕb = R ∩ Pϕb for b ∈ N. Similarly each set B ⊆ N describes a set
RB := {Rb | b ∈ B} of classes of recursive functions.

If V and W are sets of sets, we will write V �W if and only if for all X ∈ V
there exists a set Y ∈W such that X ⊆ Y .

Definition 4. Let I, I ′ be elements of I satisfying I ⊆ I ′. A set J ⊆ ℘R of
classes of recursive functions is said to be uniformly learnable with respect to I
and I ′ iff there exists a set B ⊆ N such that the following conditions are fulfilled:

1. J � RB,
2. RB ⊆ I,
3. ∃S ∈ P2 ∀b ∈ B ∃ψ ∈ P2 [Rb ∈ I ′ψ(λx.S(b, x))].
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We refer to this definition by J ∈ uni(I, I ′).

So J ∈ uni(I, I ′) iff there is a set B of indices of numberings such that

– every class in J is contained in some recursive core Rb corresponding to an
index b ∈ B;

– every recursive core Rb described by some b ∈ B is learnable under the
criterion I;

– there is a uniform strategy S which, given b ∈ B, learns Rb under the
criterion I ′ with respect to some appropriate hypothesis space ψ.

The set B is called description set for J, I, I ′. We also write J ∈ uniB(I, I ′),
J ∈ uni(I, I ′)(S) or J ∈ uniB(I, I ′)(S), whenever the description set B, the
uniform strategy S or both of them are fixed.

In order to prove the uniform learnability of a subset J ⊆ ℘R wrt I, I ′ ∈ I we
first have to specify the set B ⊆ N describing the classes to be learned, secondly
the (possibly distinct) numberings ψ ∈ P2 serving as hypothesis spaces for the
particular classes Rb (b ∈ B) and finally the strategy S ∈ P2 designed to do the
actual “learning job”. Starting from this point of view two main questions arise:

1. Which classes J ⊆ ℘R are uniformly learnable wrt given criteria I, I ′ at all?
2. Which classes J ⊆ ℘R remain learnable in the sense of uni(I, I ′), if we

specify in advance one of the parameters mentioned above?

Of course these questions are much too general to be answered exhaustively
in this paper. Nevertheless some characterizations and interesting special cases
are considered.

On condition that J ∈ uniB(I, I ′) we obviously obtain RB ∈ uniB(I, I ′). As
all classes in I are closed under inclusion, we also verify that RB ∈ uniB(I, I ′)
implies J ∈ uniB(I, I ′) for all J � RB . Therefore the sets J ∈ uni(I, I ′) are
characterized by those description sets B ⊆ N which are suitable for uniform
learning of some set J ′ ⊆ ℘R:
Lemma 1. Assume I, I ′ ∈ I, J ⊆ ℘R. Then J ∈ uni(I, I ′) if and only if there
exists a set B ⊆ N satisfying RB ∈ uniB(I, I ′) and J � RB.

For that reason the appropriate description sets for uniform learning are of
particular interest for our further research. Now consider a set RB of recursive
cores described by a set B ⊆ N. The mere statement that RB ∈ uni(I, I ′) for
some I, I ′ ∈ I does not imply the uniform learnability of RB wrt I, I ′ from B. It
is quite conceivable that RB might be uniformly learnable from a description set
B′ ⊆ N, but not from the description set B. This would as well involve that no
set J ⊆ ℘R was uniformly learnable wrt I, I ′ from description set B at all; thus
we might consider the description set B to be unsuitable for uniform learning
with respect to I and I ′.

Definition 5. Let I, I ′ ∈ I, B ⊆ N. The description set B is said to be suitable
for uniform learning with respect to I and I ′ if RB ∈ uniB(I, I ′). The class of
all description sets suitable in that sense will be denoted by suit(I, I ′).
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These considerations raise the question whether there are certain specific
properties characterizing our appropriate description sets B ∈ suit(I, I ′).

Definition 6. Fix I, I ′ ∈ I, h : N → N. A set J ⊆ ℘R is called uniformly
learnable wrt I and I ′ by the interpretation function h, iff there exist B ⊆ N and
S ∈ P2 such that:

1. J ∈ uniB(I, I ′)(S),
2. ∀b ∈ B [Rb ∈ I ′ϕh(b)(λx.S(b, x))].

We abbreviate this formulation by J ∈ uni[h](I, I ′). If additionally there is a
numbering τ ∈ P2 satisfying ϕh(b) = τ for all b ∈ N, we write J ∈ uniτ (I, I ′)
instead.

Note that the interpretation function h in our definition is not necessarily
computable or total. Of course we might wish to fix both our hypothesis spaces
by means of an interpretation function h and our description set B in advance.
In that case we use the notions uniB,[h](I, I ′) as well as uniB,τ (I, I ′) by analogy.
In the usual way we may also refer to fixed uniform strategies in our notations.
Via the function h each description b ∈ B obtains an associated hypothesis
space ϕh(b), by means of which we can interpret the hypotheses produced by the
strategy λx.S(b, x). Regarding practical aspects we are interested especially in
computable interpretation functions, such as for example the identity function
id : N→ N defined by id(x) = (x) for all x ∈ N.

We are now able to formulate some basic results on uniform learning. Al-
though the corresponding proofs are quite simple, these results will be useful
for our further examinations. First we state a necessary condition for uniform
learnability of a subset of ℘R. For the proof of Proposition 1 note that all classes
I ∈ I are closed with respect to the inclusion of sets.

Proposition 1. Let I, I ′ ∈ I, I ⊆ I ′, J ⊆ ℘R. If J ∈ uni(I, I ′), then J ⊆ I.

Proof. Let J ∈ uni(I, I ′). Then there is a set B ⊆ N which fulfills J ∈ uniB(I, I ′).
This implies RB ⊆ I and J � RB . Thus for all U ∈ J there exists b ∈ B such
that U ⊆ Rb ∈ I. So J ⊆ I, because I is closed under inclusion. ✷

From Proposition 1 and the definition of uniform learning we conclude:

Corollary 1. Let I, I ′ ∈ I, I ⊆ I ′. Then uni(I, I ) ⊆ uni(I, I ′) ⊆ ℘I.

Any strategy identifying a class U ⊆ R with respect to some criterion I ∈ I
can be replaced by a total recursive strategy without loss of learning power.
This new strategy is defined by computing the values of the old strategy for
a bounded number of steps and a bounded number of input examples with
increasing bounds. As long as there is no hypothesis found, some temporary
hypothesis is produced. Afterwards the hypotheses of the former strategy are
put out “with delay”. Now we transfer these observations to the level of uniform
learning and get:
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Proposition 2. Let I, I ′ ∈ I, B ⊆ N and let h : N → N be any function.
Assume RB ∈ uniB,[h](I, I ′). Then there exists a total recursive function S sat-
isfying RB ∈ uniB,[h](I, I ′)(S).

We will use this result implicitly in the forthcoming proofs.

Proposition 3. Let I ∈ I, h : N→ N. If B ⊆ N is a finite set with Rb ∈ Iϕh(b)

for all b ∈ B, then RB ∈ uniB,[h](I, I).

The proof is obvious: a finite number of strategies – each learning one of the
given R-cores wrt I – can be merged to a single computable uniform strategy.

4 Uniform Learning without Specification of the Model
Parameters

First we deal with uniform learning according to Definition 4 without specifying
the description set B or the hypothesis spaces ψ in advance. We choose two
inference criteria I, I ′ ∈ I satisfying I ⊆ I ′ and try to characterize the subsets
J ⊆ ℘R contained in uni(I, I ′). From Corollary 1 we already know that these
sets must be subsets of I. Now we will even prove the sufficiency of that simple
condition.

Theorem 4. If I, I ′ ∈ I, I ⊆ I ′, then uni(I, I) = uni(I, I ′) = ℘I.

Proof. Assume I, I ′ ∈ I, I ⊆ I ′. Applying Corollary 1 we only have to show
℘I ⊆ uni(I, I). Assume J ∈ ℘I. For each U ∈ J there is a numbering ψ ∈ P2
such that U ⊆ Pψ and Rψ ∈ I (a proof can be derived from R ∈ BC∗ and the
characterizations in Theorems 1 and 2 quite easily). Let C ⊆ N be the set of
ϕ-indices of all these numberings. Fix an acceptable numbering τ ∈ P2.

For each c ∈ C there is a τ -index kc of a strategy Sc ∈ P, which identifies
Rc in the limit with respect to τ according to the criterion I.

These τ -indices can now be coded within our hypothesis spaces ϕc by simply
integrating the function kc↑∞ into the numberings. Thus we achieve that our new
numberings obtain two very useful properties. Firstly, their recursive cores are
learnable with respect to the criterion I, because we do not change the recursive
cores by integrating functions of the shape kc↑∞. Secondly, they contain τ -indices
for strategies identifying their recursive cores according to I.

Our suitable description set is the set of all indices of numberings achieved
by modification of the numberings described by C. A uniform I-learner for the
target class J just has to read the indices of the particular strategies and then
simulate their jobs with the help of the functions associated by τ . We obtain
J ∈ uni(I, I) as claimed. ✷

Note that we even obtain uniτ (I, I ′)=uni(I, I ′)= ℘I for any acceptable num-
bering τ . Now we can easily compare the power of uniform learning criteria
resulting in the choice of particular criteria I, I ′ ∈ I:
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Corollary 2. Let I, I ′ ∈ I, I ⊂ I ′. Then uni(I, I ) = uni(I, I ′) ⊂ uni(I ′, I ′).

Proof. By Theorem 4 we know uni(I, I ) = uni(I, I ′). As uni(I, I ′) ⊆ uni(I ′, I ′),
it remains to prove that uni(I ′, I ′) is not a subset of uni(I, I ′). For this purpose
we simply choose any class U ∈ I ′\I and obtain a class J ∈ uni(I ′, I ′)\uni(I, I ′)
by defining J := {U}. ✷

Intuitively, our uniform strategy defined in the proof of Theorem 4 does not
really learn anything, because the programs for learning the described classes
are coded within the described numberings in advance. In the following sections
we will see some more examples for such easy “tricks” simplifying the work
of uniform strategies. But as we will see later, there are also non-trivial sets of
classes of recursive functions uniformly learnable by really “labouring” strategies.

5 Uniform Learning from Special Description Sets

Now we investigate the suitability of given description sets B, i.e. the uniform
learnability of RB from B wrt some criteria I, I ′ ∈ I. We start with a simple
but useful observation.

Proposition 4. Let I, I ′ ∈ I and B ⊆ N such that Rb ∈ I for all b ∈ B. If⋃
b∈BRb ∈ I ′, then B ∈ suit(I, I ′).

The proof of Proposition 4 is straightforward from the definitions. As a direct
consequence we obtain a simple characterization of the description sets suitable
for uniform learning with BC∗-strategies:

Theorem 5. suit(I,BC ∗) = {B ⊆ N | RB ⊆ I } for I ∈ I. In particular
suit(BC ∗,BC ∗)=℘N.

Since BC is not closed under union of sets, the proof of a corresponding
characterization for suit(I,BC) cannot be based on Proposition 4. Instead –
as in the proof of Theorem 4 – we make use of special “tricks”, such that the
resulting strategy does not really have to do any work.

Theorem 6. Set B := {b ∈ N | Rb ∈ BC}. Then B ∈ suit(BC,BC ) and thus
suit(I,BC ) = {B ⊆ N | RB ⊆ I} for all I ∈ {EX,BC}.
Proof. Fix an acceptable numbering τ ∈ P2. Each class learnable in the sense
of BC can be identified wrt τ by a total strategy, i.e. for all b ∈ B there is an
Sb ∈ R such that Rb ∈ BCτ (Sb).

Given any element b ∈ B we can now list all hypotheses produced by Sb on
all initial segments of recursive functions in a computable way. If we interpret
these hypotheses as τ -indices, we obtain a numbering of all candidate functions
suggested by Sb.

More formally: for each b ∈ B we define ψ[b] ∈ P2 by ψ
[b]
i (x) := τSb(i)(x) for

any i, x ∈ N. If f ∈ R, n ∈ N, then the index f [n] via ψ[b] represents exactly
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the function “suggested” by Sb on input f [n]. This property can be used by a
uniform BC-strategy: for b, n ∈ N and f ∈ R we set S(b, f [n]) := f [n] and obtain

ψ
[b]
S(b,f [n]) = ψ

[b]
f [n] = τSb(f [n]) for any b ∈ B, f ∈ Rb, n ∈ N .

Let b ∈ B. Since Rb ∈ BCτ (Sb), we conclude Rb ∈ BCψ[b](λx.S(b, x)). This
implies B ∈ suit(BC,BC). The second claim follows immediately. ✷

As we have seen, the trick of encoding much information within the descrip-
tion sets or within the hypothesis spaces often supplies quite simple uniform
strategies with a huge learning power. But nevertheless, our following results
will make sure that uniform learning procedures cannot always be simplified to
such a trivial level. On the one hand we can easily find a trick to design a uniform
EX-strategy identifying any recursive core consisting of just a single element from
its description, but on the other hand there is no uniform EX-strategy identify-
ing all recursive cores consisting of two elements from their descriptions. In view
of classical learning problems any classes consisting of just two elements are not
more complex than classes consisting of one element, whereas their complexity
is very different regarding uniform learning problems.

Proposition 5. {b ∈ N | card Rb = 1} ∈ suit(EX,EX).

Proof. Let B := {b ∈ N | card Rb = 1}. Then of course Rb ∈ EX for all b ∈ B,
i.e. RB ⊆ EX. Since for all f ∈ R there exists a numbering ψ ∈ P2 with ψ0 = f ,
the function constantly zero learns RB uniformly from B wrt EX and EX. ✷

Now, in contrast to Proposition 5 we can prove that no kind of trick can help a
strategy to uniformly identify all recursive cores consisting of up to two elements
from their descriptions. In particular we observe that there are collections of
quite simple identification problems, which even cannot be solved uniformly by
encoding information within the hypothesis spaces.

Theorem 7. {b ∈ N | card {i ∈ N|ϕbi ∈ R} ≤ 2} /∈ suit(EX,EX ).

We omit the proof which can be found in [14]. The idea is to proceed indirectly.
Let B := {b ∈ N | card {i ∈ N|ϕbi ∈ R} ≤ 2}. Assuming B ∈ suit(EX,EX)
implies the existence of an S ∈ R2 satisfying Rb ∈ EX(λx.S(b, x)) for all
b ∈ B. But it is possible to construct b0 ∈ B describing an R-core which cannot
be identified in the limit by λx.S(b0, x). This strategy fails for at least one
function f ∈ Rb0 by either converging to an incorrect hypothesis or by diverging.

The following corollaries are direct consequences of Theorem 7.

Corollary 3. {b ∈ N | Rb is finite} /∈ suit(EX,EX ).

Corollary 4. suit(EX,EX) ⊂ suit(EX,BC ).
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Proof. Obviously suit(EX,EX) ⊆ suit(EX,BC). From Theorem 6 and Corollary
3 we conclude {b ∈ N | Rb is finite} ∈ suit(EX,BC)\suit(EX,EX). ✷

Theorem 8 is a summary of our main results in this section.

Theorem 8. Fix a criterion I ∈ I. The following conditions are equivalent:

1. suit(I, I ) = {B ⊆ N | RB ⊆ I },
2. suit(EX, I ) = {B ⊆ N | RB ⊆ EX},
3. I ∈ {BC,BC ∗}.

In order to characterize the sets in suit(EX,EX) we use Theorem 1 with
arguments like those presented in [13], which can be transferred to the case of
uniform learning quite easily (the proof is left out, but can be found in [14]). Note
the similarity of our properties to the conditions for identification of languages
in the limit from text, introduced in [1].

Theorem 9. A set B ⊆ N belongs to suit(EX,EX ) iff ∃d ∈ R2 ∀b ∈ B ∃ψ ∈ P2
1. Rb ⊆ Pψ,
2. ∀i ∈ N [d(b, i) � ψi],
3. ∀i, j ∈ N [d(b, i) � d(b, j) � ψi ⇒ i = j].

6 Uniform Learning with Special Hypothesis Spaces

The trick of encoding information within the hypothesis spaces supplies a strat-
egy uniformly identifying all BC-identifiable recursive cores from their corre-
sponding descriptions. This is a consequence of the freedom of choosing the hy-
pothesis spaces in the definition of uniform learnability. The question arises, to
what extent the learning power of uniform strategies is influenced by fixing spe-
cial hypothesis spaces – for example acceptable numberings – in advance. From
Jantke’s work [7] we already know that the set of descriptions of R-cores consist-
ing of just a single function is not suitable for uniform EX-identification, if we
demand the hypotheses to be correct with respect to an acceptable numbering.
Here we tighten Jantke’s result by proving that for the same set of descriptions
even BC-identification is not strong enough.

Theorem 10. Assume B := {b ∈ N | card {i ∈ N|ϕbi ∈ R} = 1} and let τ ∈ P2
be an acceptable numbering. Then RB /∈ uniB,τ (BC,BC ).

An indirect proof is contained in [14]. The assumption RB ∈ uniB,τ (BC,BC)
implies the existence of S ∈ R2 satisfying Rb ∈ BCτ (λx.S(b, x)) for all b ∈ B.
A contradiction is obtained by construction of an index b0 ∈ B, such that
λx.S(b0, x) produces infinitely many hypotheses incorrect wrt τ for the only
function in Rb0 .

Let B be the description set defined in Theorem 10. Since R ∈ BC∗τ for any
acceptable numbering τ , we obtain RB ∈ uniB,τ (EX,BC∗)\uniB,τ (EX,BC), but
we can prove that our set B is not suitable for uniform BC∗-identification with
respect to the hypothesis spaces ϕb, b ∈ B given a priori:
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Corollary 5. Let B := {b ∈ N | card {i ∈ N|ϕbi ∈ R} = 1}. Then RB /∈
uniB,[id](EX,BC ∗).

Proof. Assume RB ∈ uniB,[id](EX,BC
∗). Then there exists S ∈ R2 which pro-

vides Rb ∈ BC∗ϕb(λx.S(b, x)) for all b ∈ B. Let τ ∈ P2 be acceptable. We will
define a strategy T ∈ P2 satisfying Rb ∈ EXτ (λx.T (b, x)) for all b ∈ B. For that
purpose we choose g ∈ R, such that

ϕ
g(b)
i (j) :=

{
ϕbi (j) ∀x ≤ j [ϕbi (x)↓]
↑ otherwise

for all b, i, j ∈ N .

Fix c ∈ R2 such that τc(b,i) = ϕ
g(b)
i for all b, i ∈ N. Provided b ∈ B we observe

g(b) ∈ B and

∃nb ∈ N ∀i ∈ N\{nb} [ϕg(b)i initial] .

Let fb denote the function in Rg(b), b ∈ B. Since Rg(b) ∈ BC∗ϕg(b)(λx.S(g(b), x)),
we conclude S(g(b), fb[n]) = nb for all but finitely many n ∈ N. This can be ex-
plained by the fact that ϕg(b)i is initial and thus ϕg(b)i �=∗ fb for all i �= nb. There-
fore Rg(b) ∈ EXϕg(b)(λx.S(g(b), x)). If we define T (b, fn) := c(b, S(g(b), fn))
for all b, n ∈ N, f ∈ R, we obtain RB ∈ uniB,τ (EX,EX) in contradiction
to Theorem 10. Thus the assumptionRB ∈ uniB,[id](EX,BC

∗) has been wrong.✷

One might reason that uniform learning from the description set B and with
respect to the hypothesis spaces ϕb given above is so hard, because in each
numbering ϕb the element of the recursive core possesses only one index. But
even if we allow infinitely many ϕb-numbers for the functions to be learned, our
situation does not improve:

Corollary 6. If C := {b | card Rb = 1 ∧ card {i|ϕbi ∈ R} = ∞}, then RC /∈
uniC,[id](EX,BC ∗).

Proof. We use Corollary 5. For this purpose assume RC ∈ uniC,[id](EX,BC
∗)(S)

for some appropriate strategy S ∈ R2. We will construct a uniform BC∗-strategy
for our class RB , where B denotes the description set defined in Corollary 5.
There is a function g ∈ R satisfying

ϕ
g(b)
0 = ϕb0,

ϕ
g(b)
1 = ϕb0, ϕ

g(b)
2 = ϕb1,

ϕ
g(b)
3 = ϕb0, ϕ

g(b)
4 = ϕb1, ϕ

g(b)
5 = ϕb2, . . .

for all b ∈ N. The following properties can be verified easily:

1. ∀b ∈ N [Rg(b) = Rb].
2. ∀b ∈ N ∀f ∈ Pϕg(b) [card {i ∈ N | ϕg(b)i = f} = ∞], i.e. each function in
Pϕg(b) possesses infinitely many ϕg(b)-indices.
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3. ∃e ∈ R ∀b ∈ N ∀i ∈ N [ϕg(b)i = ϕbe(i)], i.e. ϕ
g(b)-indices can be translated

effectively into ϕb-indices with a uniform method.

Considering our problem we observe that g(b) ∈ C whenever b ∈ B. Therefore
T (b, x) := e(S(g(b), x)) (for b, x ∈ N) yields a computable strategy satisfying
RB ∈ uniB,[id](EX,BC

∗)(T ). That contradiction to Corollary 5 now forces us
to reject our assumption. This implies RC /∈ uniC,[id](EX,BC

∗). ✷

To characterize uniform learning with respect to acceptable numberings, we
use Theorems 1 and 2. We omit the proofs which can be easily transferred from
the non-uniform case.

Theorem 11. Let B ⊆ N fulfill Rb ∈ EX for all b ∈ B. Furthermore, let τ ∈ P2
be acceptable. Then RB ∈ uniB,τ (EX,EX ) ⇐⇒ ∃ψ ∈ P3 ∃d ∈ R3 ∀b ∈ B
1. Rb ⊆ Pψb ,
2. ∀i, j ∈ N [i �= j ⇒ ψbi �=d(b,i,j) ψbj ].

Theorem 12. Fix I ∈ {EX,BC}. Let B ⊆ N fulfill Rb ∈ I for all b ∈ B.
Furthermore, let τ ∈ P2 be an acceptable numbering. Then RB ∈ uniB,τ (I,BC )
⇐⇒ ∃ψ ∈ P3 ∃d ∈ R2 ∀b ∈ B
1. Rb ⊆ Pψb ,
2. ∀i, j ∈ N [ψbi =max{d(b,i),d(b,j)} ψ

b
j ⇐⇒ ψbi = ψbj ].

Since R ∈ BC∗τ for any acceptable numbering τ , we can use the same rea-
soning as in Proposition 4 to prove our characterization in Theorem 13.

Theorem 13. Fix I ∈ I and B ⊆ N. Furthermore, let τ ∈ P2 be an acceptable
numbering. Then RB ∈ uniB,τ (I,BC ∗) ⇐⇒ [Rb ∈ I for all b ∈ B].

A very natural learning behaviour is to construct only consistent intermediate
hypotheses, i.e. hypotheses agreeing with the information received so far (cf. [3]).

Definition 7. Assume U ∈ R, ψ ∈ P2. U is called identifiable consistently wrt
ψ iff there is an S ∈ P satisfying U ∈ EXψ(S), such that ψS(f [n]) =n f for
all f ∈ U, n ∈ N. We use the notions CONS, CONSψ, CONSψ(S) for that
criterion in the common way.

Furthermore it is reasonable to demand just total functions to be described
by the intermediate hypotheses (see [8]).

Definition 8. Assume U ∈ R, ψ ∈ P2. U is called identifiable with consistent
and total hypotheses wrt ψ iff there is an S ∈ P satisfying U ∈ CONSψ(S), such
that ψS(f [n]) ∈ R for all f ∈ U, n ∈ N. The notions CT, CTψ, CTψ(S) are
used for that criterion in the usual manner.

Definitions 4, 5 and 6 can be reformulated for the inference criteria CONS
and CT. A quite simple result, based on Identification by Enumeration as has
been introduced in [6], is presented in [10]:
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Theorem 14. If B ⊆ N, ϕb ∈ R2 for all b ∈ B, then RB ∈ uniB,[id](CT,CT).

For uniform learning with respect to “meaningful” hypothesis spaces, i.e. in
such a way, that all hypotheses produced by the strategy can be “interpreted” by
the user, most of our results have been negative. Even very “simple” classes yield
bad results. To show that there still remains a sense in the definition of uniform
learning, we present some intuitively more complex description sets suitable
for uniform learning in the limit – even with consistent and total intermediate
hypotheses – with respect to any acceptable numbering.

Definition 9. A set D ⊆ P is called discrete iff for any f ∈ D there is an
n ∈ N, such that f �=n g for all functions g ∈ D\{f}. This n ∈ N is then called
discreteness point for f wrt D.

Theorem 15. Let τ ∈ P2 be an acceptable numbering, B ⊆ N. Assume that
Pϕb is discrete for all b ∈ B. Then RB ∈ uniB,τ (CT,CT).

Proof. Provided that B fulfills the conditions requested above we first construct
appropriate hypothesis spaces uniformly in b ∈ B. Of course their indices may
then be transformed to equivalent programs in τ effectively. For that purpose we
will fix b ∈ B and collect all initial segments of functions in Pϕb in order to use
them as initial segments for the functions in our new hypothesis space. We will
try to extend these initial segments to computable functions, such that finally
all functions of the recursive core Rb have indices in our constructed numbering.
The uniform strategy defined afterwards works iteratively. It always starts with
a consistent hypothesis and in each following inference step it tests whether
its previous hypothesis is still consistent with the new information received or
not. In the first case the previous hypothesis is maintained, otherwise a new
consistent hypothesis is constructed.

For the definition of our new hypothesis spaces ψb, b ∈ B we need a func-
tion extend ∈ P, which indicates suitable extensions of initial segments. For
b, n, x, k ∈ N and f ∈ R define

extend(b, f [n], x, k) :=

{
1 ϕbk(0)↓, . . . , ϕbk(x)↓ and ϕbk[n] = f [n]
↑ otherwise

Thus extend(b, f [n], x, k) is defined if and only if ϕbk[x] is an “extension” of f [n].

Definition of ψ ∈ P3 with Rb ∈ CTψb for all b ∈ B:
Let b, n, x ∈ N, f ∈ R. We define

ψ(b, f [n], x) :=




f(x) x ≤ n

ϕbk(x) x > n and k ∈ N may be found,
such that extend(b, f [n], x, k) = 1

↑ otherwise

Obviously ψ is computable. For any b ∈ B we observe the following properties:
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Claim 1. If f ∈ Rb and n ∈ N is any integer, then ψbf [n] ∈ R.
Claim 2. If f ∈ Rb and nf is a discreteness point of f wrt Pϕb , then ψbf [nf ]

= f .
Claim 3. Rb ⊆ Pψb .

Proof of Claim 1. Since f ∈ Pϕb , we know that for all x ∈ N there is an
“extension” of f [n], i.e. ∀x ∈ N ∃k ∈ N [extend(b, f [n], x, k) = 1]. As there is an
extension, it may also be found within a finite amount of time. The definition of
ψ then implies that for all n ∈ N the function ψbf [n] is total and thus recursive.

Proof of Claim 2. For all arguments less than or equal to nf the values of ψbf [nf ]
and f must agree, because those arguments match the first case in the definition
of ψb. For all arguments greater than nf the existence of an “extension” of
f [nf ] is checked. As f ∈ R, we observe that this check will always stop with a
positive answer. Since nf is a discreteness point for f wrt Pϕb , the only function
in Pϕb extending f [nf ] is f . Hence ψbf [nf ]

= f .

Proof of Claim 3. Let f ∈ Rb and let nf be a discreteness point of f wrt Pϕb .
As Pϕb is discrete, nf exists. Claim 2 then implies ψbf [nf ]

= f , hence f ∈ Pψb .

Now let c ∈ R2 be a recursive function satisfying τc(b,y) = ψby for all b, y ∈ N.

Definition of a strategy S ∈ P2 with Rb ∈ CTτ (λx.S(b, x)) for all b ∈ B:
Let f ∈ R, b, n ∈ N. We define S(b, f [0]) := c(b, f [0]) and

S(b, f [n+ 1]) :=



↑ ∃x ≤ n+ 1 [τS(b,f [n])(x)↑]
S(b, f [n]) τS(b,f [n]) =n+1 f
c(b, f [n+ 1]) otherwise

Now we prove that for all b ∈ B and all initial segments of functions in Rb
our strategy returns consistent indices of total functions. Furthermore we will
show that for any function in Rb the sequence of hypotheses converges. From
consistency we thus obtain convergence to a correct index. We have to verify:

(i) ∀b ∈ B ∀f ∈ Rb ∀n ∈ N [S(b, f [n])↓] .
(ii) ∀b ∈ B ∀f ∈ Rb ∀n ∈ N [τ(b,S(b,f [n])) =n f ] .
(iii) ∀b ∈ B ∀f ∈ Rb ∀n ∈ N [τ(b,S(b,f [n])) ∈ R] .
(iv) ∀b ∈ B ∀f ∈ Rb ∃n0 ∈ N ∀n ≥ n0 [S(b, f [n]) = S(b, f [n0])] .

Proof of (i),(ii) and (iii). Let b ∈ B, f ∈ Rb. We use induction on n.
First assume n = 0. Obviously S(b, f [0]) = c(b, f [0]) is defined. Furthermore,

from the definitions of S, extend, ψ and c we observe that

τS(b,f [0]) = τc(b,f [0]) = ψbf [0] =0 f .

This proves the consistency of the hypothesis S(b, f [0]). Since f ∈ Rb, we observe
from Claim 1 with n = 0, that τS(b,f [0]) = τc(b,f [0]) = ψbf [0] ∈ R.
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Assume for a fixed n ∈ N, that S(b, f [n]) is defined, consistent for f [n] and
a τ -index of a total function. From this situation we want to deduce that also
S(b, f [n+1]) is defined, consistent for f [n+1] and a τ -index of a total function.
Since τS(b,f [n]) is total, we can test effectively whether τS(b,f [n]) =n+1 f or not.
If the first case occurs, the hypothesis is maintained. Then the new hypothesis is
still defined, consistent and an index of a total function. Otherwise, if the second
case occurs, our previous hypothesis must have been wrong. We obtain

τS(b,f [n+1]) = τc(b,f [n+1]) = ψbf [n+1] =n+1 f .

So S(b, f [n+ 1]) is consistent for f [n+ 1]. Claim 1 now yields τS(b,f [n+1]) ∈ R.
Anyway the hypothesis produced by S fulfills the conditions (i), (ii) and (iii).

Proof of (iv). Again assume b ∈ B, f ∈ Rb. If there exists an n0 ∈ N, such that
for all n ≥ n0 the first case in the definition of S(b, f [n]) occurs, the hypothesis
S(b, f [n0]) will never be changed and the sequence of hypotheses converges.
Provided such an n0 does not exist, we may deduce a contradiction as follows:

As Pϕb is discrete, there is an nf ∈ N satisfying [ϕbi =nf
f ⇐⇒ ϕbi = f ]

for all i ∈ N. From (ii) we already know τS(b,f [nf ]) =nf
f . Since according to

our assumption there exists a number n > nf , such that the second case in the
definition of S(b, f [n]) occurs, the hypothesis put out by S on input (b, f [n])
equals c(b, f [n]). Since n > nf , the number n is a discreteness point of f wrt
Pϕb . Claim 2 now implies f = ψbf [n] = τc(b,f [n]) = τS(b,f [n]). Thus S has found
a correct hypothesis. But correct hypotheses must be consistent for all further
inputs; therefore the first case in the definition of S will occur for all following
input segments. Hence we reach the desired contradiction. This implies (iv).

From conditions (i),(ii) and (iv) we conclude, that the output of our uniform
strategy converges to a correct hypothesis for all “interesting” input sequences.
Together with condition (iii) we finally obtain Rb ∈ CTψb(λx.S(b, x)) for all
b ∈ B. This completes the proof. ✷

By comparison of Theorem 15 with our previous results we conclude that
the way the recursive cores are described has much more influence upon their
uniform learnability than the R-cores themselves. We know from the proof of
Theorem 4 that from appropriate descriptions even for the entirety of all classes
in EX uniform learning with respect to acceptable numberings is possible. Be-
cause of Theorem 15 the set Bdiscrete := {b ∈ N | Pϕb is discrete} is suitable
for uniform CT-identification with respect to any acceptable numbering. On the
other hand, there are sets describing finite – and thus very “simple” – recursive
cores which are not suitable for uniform learning with respect to EX at all, even if
we allow free choice of the hypothesis spaces. The reason for the failure of all uni-
form strategies might be the inappropriate topological features of the described
numberings. Now if a set B even describes functions ϕb enumerating discrete
sets without repetitions, we observe that B is suitable for uniform learning with
respect to the hypothesis spaces ϕb given a priori. Unfortunately, to prove that
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result we will abandon our demand for total intermediate hypotheses. Theorems
15 and 16 give rise to a more optimistic view regarding the learning power of
uniform identification models. Indeed, our concept is not as poor or trivial as
our previous results might have suggested.

Definition 10. A numbering ψ ∈ P2 is called absolutely discrete iff Pψ is dis-
crete and each function in Pψ has exactly one ψ-number.

Theorem 16. Fix B ⊆ N. Assume that ϕb is an absolutely discrete numbering
for all b ∈ B. Then RB ∈ uniB,[id](CT,CONS ).

Proof. From Theorem 15 we know that Rb ∈ CT for all b ∈ B. For any
f ∈ R, n, b ∈ N a uniform strategy S ∈ P2 may look for a number i ∈ N with
ϕbi =n f and then return i. As this strategy S works consistently and B describes
absolutely discrete numberings only, we obtainRB ∈ uniB,[id](CT,CONS)(S). ✷
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Abstract. Intrinsic complexity is used to measure complexity of learn-
ing areas limited by broken-straight lines (called open semi-hulls)1 and
intersections of such areas. Any strategy learning such geometrical con-
cept can be viewed as a sequence of primitive basic strategies. Thus,
the length of such a sequence together with complexities of primitive
strategies used can be regarded as complexity of learning the concept in
question. We obtained best possible lower and upper bounds on learning
open semi-hulls, as well as matching upper and lower bounds on com-
plexity of learning intersections of such areas. Surprisingly, upper bounds
in both cases turn out to be much lower than those provided by natural
learning strategies. Another surprising result is that learning intersec-
tions of open semi-hulls (and their complements) turns out to be easier
than learning open semi-hulls themselves.

1 Introduction

Learning geometrical concepts from examples is a popular topic in Computa-
tional Learning Theory (see for example, [2,8,7,16,20,15,17,19,10,12,3,18]). The
goal of this paper is to quantify complexity of algorithmic learning infinite geo-
metrical concepts from growing finite segments. Note that, ideas and techinques
used to study learning finite geometrical concepts in the papers cited just above
are not applicable to infinite concepts. Consider, for example, an open semi-hull
representing the space consisting of all points (x, y) with integer components
x, y in the first quadrant of the plane bounded by the y-axis and the “broken”
line passing through some points (a0, c0), (a1, c1), . . . , (an, cn), ai, ci ∈ N, ai <
ai+1, 0 ≤ i < n. The line is straight between any points (ai, ci), (ai+1, ci+1)) and
begins at (a0, c0) = (0, 0); further we assume that the slope of the broken line is
monotonically non-decreasing — that is (ci+1− ci)/(ai+1−ai) is non-decreasing
in i (we need this for learnability of the semi-hull). For technical ease we further
assume that the first line segment (0, 0), (a1, c1) is adjacent to the x-axis, that
is, c1 = 0. (See example semi-hull figure in Figure 1.)
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Fig. 1. Open Semi Hull

Any such open semi-hull can be easily learned in the limit by the following
strategy: given growing finite sets of points in the open semi-hull (potentially
getting all points), learn the first “break” point (a1, c1), then the first slope
(c2− c1)/(a2−a1), then the second “break” point (a2, c2), then the second slope
(c3−c2)/(a3−a2), etc. Is this strategy optimal? Do there exist “easier” strategies
of learning such geometrical concepts? How to measure complexity of learning
such concepts? The theory of inductive inference (learning from growing finite
segments) suggests several ways to quantify complexity of learning. Among them
are:

a) counting the number of mind changes [1,6,27] the learner makes before
arriving to the correct hypothesis;

b) measuring the amount of so-called long-term memory the learner uses [25,
26];

c) reductions between different learning problems (classes of languages) and
respective degrees of so-called intrinsic complexity [13,23,24].

There have been other notions of complexity of learning in the limit consid-
ered in literature (for example see [14,9,31]).

The first two approaches, however, cannot capture the complexity of learning
open semi-hulls with different numbers of “angles”: the number of mind changes
cannot be bounded by any constant, and the long-term memory is maximum (lin-
ear) even for one “angle”. Thus, we have chosen reductions as the way to measure
(relative) complexity of geometrical concepts like open semi-hulls. An important
issue here is which classes of languages can be used as a scale for quantifying com-
plexity of open semi-hulls. One such scale, that turned out to be appropriate for
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our goal, had been suggested in [22]. This scale is a hierarchy of degrees of intrin-
sic complexity composed of simple natural “ground” degrees. Every such natural
“ground” degree represents a natural type of learning strategy. For example, the
degree INIT represents a strategy that tries to use a sequence of hypotheses
“equivalent” to a sequence of monotonically growing finite sets. Another such
ground degree, COINIT, tries to use a sequence of hypotheses “equivalent” to
a sequence of monotonically growing sets Na = {x|x ∈ N, x ≥ a}. Intuitively,
capabilities of INIT and COINIT-strategies must be different, and it has been
formally established in [23]. It has been also demonstrated in [23] that many
important “simple” learning problems (in particular, pattern languages) can be
handled by strategies of these basic types. Now, the corresponding degrees of
complexity INIT and COINIT can be used to form a complex hierarchy of de-
grees/strategies as follows. Imagine a “three-dimensional” language L. Suppose
an INIT-type strategy M1 can be used to learn its first “dimension”, L1. Once
this “dimension” has been learned, a strategy of a different (or even same) type,
say, COINIT can pick the grammar learned by M1 and use this information
to learn the second “dimension” L2. Consequently, the grammar learned by the
COINIT-strategy M2 can be used to learn the third “dimension” L3 by a strategy
M3 of type, say, INIT. Thus, we get a strategy of the type (INIT,COINIT, INIT),
where information learned by the learner Mi is relayed to the learner Mi+1 mak-
ing it possible to learn the next “dimension”. This idea can be naturally extended
to any (finite) number of “dimensions” and to any sequences Q = (q1, q1, ..., qk)
of strategies qi ∈ {INIT,COINIT}. It has been shown in [22] that the degrees of
complexity (classes of languages) corresponding to such Q-strategies form a rich
hierarchy. For example, some classes learnable by (INIT,COINIT, INIT)-type
strategies cannot be learned by any (INIT,COINIT)-strategy. Placing a learning
problem SEMI HULL (representing the above open semi-hulls) into this hierar-
chy, that is, finding a Q such that SEMI HULL ≡ Q, or finding Q1, Q2 such that
SEMI HULL is “between” Q1, Q2 (where Q1, Q2 would be as “close” as pos-
sible), would determine what is the most “efficient” learning strategy for open
semi-hulls of the above type, and which strategies cannot learn them. The reader
may have noticed that learning every “break” point and every slope requires a
“simple” strategy of certain type, and they can be learned only in certain order,
with information learned on any step being used by the next learning strategy.
Thus, we hope it will not be surprising that open semi-hulls will fit well into the
above Q-hierarchy. What will be surprising, though, is the fact that the natural
learning strategy for open semi-hulls, as described in the second paragraph, is
not “optimal”. For example, we show (Theorem 2) that open semi-hulls with two
“angles” are in the class (INIT,COINIT, INIT,COINIT). That is, there exists
a learning strategy for these figures that first works as INIT-like, then “changes
its mind” to an COINIT-like strategy, then back to an INIT-like strategy, and
then again to INIT. It turns out that this strategy is somewhat more “effi-
cient” than the one suggested in the first paragraph. On the other hand, say,
no (COINIT, INIT,COINIT, INIT)-strategy, can possibly learn two-angle open
semi-hulls (Theorem 3).
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The paper has the following structure. Section 2 introduces notations and
preliminaries. In Section 3 we give formal definition of Q-classes and degrees.
This definition extends the definition of Q-classes in [22]: in addition to classes
INIT and COINIT, we use in vectors Q a new class of strategies/languages
HALF that turns out to be different from INIT and COINIT and useful for
classifying geometrical concepts. In Section 3 we also show that Q-hierarchy
can be appropriately extended to class of learning strategies/languages HALF.
In Section 4 we define our main concept, the classes of the type SEMI HULL
that formalize intuitive geometrical concept described above. We also establish
upper and lower bounds for the SEMI HULL degrees in terms of Q-hierarchy.
We also show that although the bounds do not match, no better lower or upper
bounds can be achieved (in terms of Q-hierarchy). In Section 5 we introduce the
classes coSEMI HULL that consist of complements of languages in SEMI HULL.
We also establish lower and upper bounds for coSEMI HULLs in terms of Q-
hierarchy. Upper and lower bounds for SEMI HULLs and coSEMI HULLs come
close, but do not match (though, upper bounds are much “lower” than the ones
suggested by “intuitive” strategies learning classes in question). In Section 6 we
define classes of open hulls formed by intersections of languages in SEMI HULLs
adjacent to x and y-axis; Figure 2 shows an example of open hull; for these
classes we have established matching upper and lower bounds on complexity of
their learning in terms of Q-hierarchy. In Section 6 we also define the classes of
languages formed by complements of open hulls and establish matching upper
and lower bounds for the corresponding degrees of intrinsic complexity. All the
abovementioned upper bounds are much “lower” that the ones suggested by
intuitive learning strategies.

Due to space restrictions, most proofs are omitted. Readers interested in
proofs may see the Technical Report [21].

2 Notation and Preliminaries

Any unexplained recursion theoretic notation is from [30]. The symbol N denotes
the set of natural numbers, {0, 1, 2, 3, . . .}. Z denotes the set of integers. Z−

denotes the set of negative integers. i .− j is defined as follows: if i ≥ j, then
i .− j = i− j; i .− j = 0 otherwise.

We let 〈·, ·〉 stand for an arbitrary, computable, bijective mapping from N×N
onto N [30]. We assume without loss of generality that 〈·, ·〉 is monotonically in-
creasing in both its arguments. 〈·, ·〉 can be extended to n-tuples in a natural way
(including n = 1, where 〈x〉 may be taken to be x). Due to above isomorphism
between Nk and N , we often identify (x1, · · · , xn) with 〈x1, · · · , xn〉. Thus we
can say L1 × L2 = {〈x, y〉 | x ∈ L1, y ∈ L2}.

By ϕ we denote a fixed acceptable programming system for the partial com-
putable functions: N → N [30,28]. By ϕi we denote the partial computable
function computed by the program with number i in the ϕ-system. By Wi we
denote domain(ϕi). We also say that i is a grammar for Wi. Symbol E will de-
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Fig. 2. Open Hull

note the set of all r.e. languages. Symbol L ranges over E . By L, we denote the
complement of L, that is N − L. Symbol L ranges over subsets of E .

We now present concepts from language learning theory. A finite sequence σ
is a mapping from an initial segment of N into (N ∪ {#}). The empty sequence
is denoted by Λ. The content of a finite sequence σ, denoted content(σ), is the
set of natural numbers in the range of σ. The length of σ, denoted by |σ|, is the
number of elements in σ. So, |Λ| = 0. For n ≤ |σ|, the initial sequence of σ of
length n is denoted by σ[n]. So, σ[0] is Λ. Intuitively, #’s represent pauses in
the presentation of data. We let σ, τ , and γ range over finite sequences. SEQ
denotes the set of all finite sequences.

A text T for a language L is a mapping from N into (N ∪ {#}) such that
L is the set of natural numbers in the range of T ([14]). The content of a text
T , denoted content(T ), is the set of natural numbers in the range of T . T [n]
denotes the finite initial sequence of T with length n. We let T range over texts.
We let T range over sets of texts.

A language learning machine [14] is an algorithmic device which computes
a mapping from SEQ into N . We let M range over learning machines. M(T [n])
is interpreted as the grammar (index for an accepting program) conjectured by
the learning machine M on the initial sequence T [n]. We say that M converges

on T to i, (written M(T )↓ = i) iff (
∞
∀ n)[M(T [n]) = i].

There are several criteria for a learning machine to be successful on a lan-
guage. Below we define identification in the limit introduced by Gold [14].

Definition 1. [14,6]
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(a) M TxtEx-identifies a text T just in case (∃i | Wi = content(T )) (
∞
∀

n)[M(T [n]) = i].
(b) M TxtEx-identifies an r.e. language L (written: L ∈ TxtEx(M)) just

in case M TxtEx-identifies each text for L.
(c) M TxtEx-identifies a class L of r.e. languages (written: L ⊆ TxtEx(M))

iff M TxtEx-identifies each L ∈ L.
(d) TxtEx = {L ⊆ E | (∃M)[L ⊆ TxtEx(M)]}.
Other criteria of success are finite identification [14], behaviorally correct

identification [11,29,5], and vacillatory identification [29,4]. In the present paper,
we only discuss results about TxtEx-identification.

We write σ ⊆ τ if σ is an initial segment of τ , and σ ⊂ τ if σ is a proper
initial segment of τ . Likewise, we write σ ⊂ T if σ is an initial finite sequence
of text T . Let finite sequences σ0, σ1, . . . be given such that σ0 ⊆ σ1 ⊆ · · ·
and limi→∞ |σi| = ∞. Then there is a unique text T such that for all n ∈ N ,
σn = T [|σn|]. This text is denoted by

⋃
n σn. Let T denote the set of all texts,

that is, the set of all infinite sequences over N ∪ {#}.
We define an enumeration operator (or just operator), Θ, to be an algorithmic

mapping from SEQ into SEQ such that for all σ, τ ∈ SEQ, if σ ⊆ τ , then
Θ(σ) ⊆ Θ(τ). We further assume that for all texts T , limn→∞ |Θ(T [n])| = ∞.
By extension, we think of Θ as also defining a mapping from T into T such that
Θ(T ) =

⋃
nΘ(T [n]). A final notation about the operator Θ. If for a language L,

there exists an L′ such that for each text T for L, Θ(T ) is a text for L′, then
we write Θ(L) = L′, else we say that Θ(L) is undefined. The reader should note
the overloading of this notation because the type of the argument to Θ could be
a sequence, a text, or a language; it will be clear from the context which usage
is intended. We let Θ(T ) = {Θ(T ) | T ∈ T }, and Θ(L) = {Θ(L) | L ∈ L}.

We also need the notion of an infinite sequence of grammars. We let α range
over infinite sequences of grammars. From the discussion in the previous sec-
tion it is clear that infinite sequences of grammars are essentially infinite se-
quences over N . Hence, we adopt the machinery defined for sequences and texts
over to finite sequences of grammars and infinite sequences of grammars. So,
if α = i0, i1, i2, i3, . . ., then α[3] denotes the sequence i0, i1, i2, and α(3) is i3.
Furthermore, we say that α converges to i if there exists an n such that, for all
n′ ≥ n, in′ = i.

Let I be any criterion for language identification from texts, for example
I = TxtEx. We say that an infinite sequence α of grammars is I-admissible for
text T just in case α witnesses I-identification of text T . So, if α = i0, i1, i2, . . .
is a TxtEx-admissible sequence for T , then α converges to some i such that
Wi = content(T ); that is, the limit i of the sequence α is a grammar for the
language content(T ).

We now formally introduce our reductions. Although in this paper we will
only be concerned with TxtEx-identification, we present the general case of the
definition.

Definition 2. [23] Let L1 ⊆ E and L2 ⊆ E be given. Let identification cri-
terion I be given. Let T1 = {T | T is a text for L ∈ L1}. Let T2 = {T |
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T is a text for L ∈ L2}. We say that L1 ≤I L2 just in case there exist oper-
ators Θ and Ψ such that for all T, T ′ ∈ T1 and for all infinite sequences α of
grammars the following hold:

(a) Θ(T ) ∈ T2 and
(b) if α is an I-admissible sequence for Θ(T ), then Ψ(α) is an I-admissible

sequence for T .
(c) if content(T ) = content(T ′) then content(Θ(T )) = content(Θ(T ′)).

We say that L1 ≡I L2 iff L1 ≤I L2 and L2 ≤I L1.
Intuitively, L1 ≤I L2 just in case there exists an operator Θ that transforms

texts for languages in L1 into texts for languages in L2 and there exists another
operator Ψ that behaves as follows: if Θ transforms text T (for a language in L1)
to text T ′ (for a language in L2), then Ψ transforms I-admissible sequences for T ′

into I-admissible sequences for T . Additionally different texts for some language
L ∈ L1, are transformed into (possibly different) texts for same language L′ ∈ L2.

Intuitively, for many identification criteria I such as TxtEx, if L1 ≤I L2
then the problem of identifying L2 in the sense of I is at least as hard as the
problem of identifying L1 in the sense of I, since the solvability of the former
problem implies the solvability of the latter one. That is given any machine M2
which I-identifies L2, one can construct a machine M1 which I-identifies L1.
To see this, for I = TxtEx, suppose Θ and Ψ witness L1 ≤I L2. M1(T ), for
a text T is defined as follows. Let pn = M2(Θ(T )[n]), and α = p0, p1, . . .. Let
α′ = Ψ(α) = p′0, p

′
1, . . .. Then let M1(T ) = limn→∞ p′n.

It is easy to verify that ≤TxtEx is reflexive and transitive.

3 Q-Classes

In this section we introduce classes of languages and corresponding degrees of
intrinsic complexity that form the “scale” being used for estimating complexity
of learning open semi-hulls and open hulls. First we define “ground” natural
classes that are being used as “bricks” to build our hierarchy of degrees.

Definition 3. INIT = {L ⊆ N | (∃i ∈ N)[L = {x ∈ N | x ≤ i}]}.
COINIT = {L ⊆ N | (∃i ∈ N)[L = {x ∈ N | x ≥ i}]}.
HALF = {L ⊆ Z | (∃i ∈ Z)[L = {x ∈ Z | x ≥ i}]}.

Note that officially our definition for languages and r.e. sets as in the Section 2,
only allows subsets of N . Since, one can easily code Z onto N , by slight abuse
of convention, we can consider subsets of Z also as languages. We thus assume
an implicit coding of Z onto N whenever we deal with languages and language
classes involving HALF, without explicitly stating so.

While both classes INIT and COINIT are monotonically learnable, the types
of conjectures being used to learn INIT and, respectively, COINIT are obviously
different. For INIT the maximum element in the input gives a “code” for the
language, whereas in COINIT the minimum element gives the code. Note that the
maximum element used in INIT strategy is unbounded, whereas the minimum
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element for COINIT is bounded by 0. So, not surprisingly, the degrees of INIT
and COINIT were proven in [23] to be different.

Classes HALF and COINIT are learnable by similar strategies, however, the
minimum element in HALF is “unbounded”. We will show below that HALF is
different from both INIT and COINIT. Furthermore, we have shown that HALF
can be viewed as a cross product of INIT and COINIT (that is HALF ≡TxtEx

INIT× COINIT).
There are several other natural classes considered in the literature such as

FINITE (which is equivalent to INIT), SINGLE, COSINGLE, etc. but we will
not be concerned with them here since they will not be relevant to our results.

Now, following [22], we are going to combine classes INIT,COINIT, and
HALF to form classes of “multidimensional” languages, where, to learn the
“dimension” Lk+1 of a language L, the learner must first learn the “param-
eters” i1, . . . , ik of the “dimensions” L1, . . . , Lk; then Lk+1 is the projection
{xk+1|〈i1, . . . , ik, xk+1, xk+2, . . . , xn〉 ∈ L} with a simple sublanguage whose de-
scription is specified yet by i1, . . . , ik. Once it has been determined which pro-
jection must be learned, the learner can use a predefined INIT,COINIT, or
HALF-type strategy to learn the projection in question. For example, one can
consider a class of “two-dimensional” languages (INIT,COINIT), where the first
“dimension” L1 = {x|〈x, y〉 ∈ L} of any language L belongs to INIT, and if i is
the “parameter” describing L1 (that can be learned by an INIT-type strategy)
then the projection {y|〈i, y〉 ∈ L} is in COINIT.

Below for any tuples X and Y , let X · Y denote the concatenation of X
and Y . That is if X = 〈x1, x2, . . . , xn〉 and Y = 〈y1, y2, . . . , ym〉 then X · Y =
〈x1 . . . , xn, y1, . . . ym〉. Let BASIC = {INIT,COINIT,HALF}.

In part (c) of the following definition and in later situations in languages
involving HALF we sometimes abuse notation slightly and allow elements of Z
as components of the pairing function 〈· · ·〉. This is for ease of notation, and one
could easily replace these by using some coding of Z onto N .

Definition 4. [22] Suppose k ≥ 1. Let Q ∈ BASICk. Let I ∈ Nk. Then induc-
tively on k, we define the languages LQI and T (LQI ) and P (LQI ) as follows.
If k = 1, then
(a) if Q = (INIT) and I = (i), i ∈ N , then

T (LQI ) = {〈x〉 | x ∈ N,x < i}, P (LQI ) = {〈i〉}, and LQI = T (LQI )
⋃

P (LQI ).
(b) if Q = (COINIT) and I = (i), i ∈ N , then

T (LQI ) = {〈x〉 | x ∈ N,x > i}, P (LQI ) = {〈i〉}, and LQI = T (LQi )
⋃

P (LQi ).
(c) if Q = (HALF) and I = (i), i ∈ Z, then

T (LQI ) = {〈x〉 | x ∈ Z, x > i}, P (LQI ) = {〈i〉}, and LQI = T (LQi )
⋃

P (LQi ).
Now suppose we have already defined LQI for k ≤ n. We then define LQI for

k = n + 1 as follows. Suppose Q = (q1, . . . , qn+1) and I = (i1, . . . , in+1). Let
Q1 = (q1) and Q2 = (q2, . . . , qn+1). Let I1 = (i1) and I2 = (i2, . . . , in+1). Then,

T (LQI ) = {X · Y | X ∈ T (LQ1
I1

), or [X ∈ P (LQ1
I1

) and Y ∈ T (LQ2
I2

)]},
P (LQI ) = {X · Y | X ∈ P (LQ1

I1
) and Y ∈ P (LQ2

I2
)}, and

LQI = T (LQI )
⋃

P (LQI ).
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Intuitively, in the above definition T (LQI ) denotes the “terminating” part
of the language that is specified yet by i1, . . . , in (and, thus, can be learned
trivially), and P (LQI ) denotes the “propagating” part of the language LQI that
could be used for adding a language in dimension “n + 1.” (See [22] for more
details and motivation on the terminology of terminating and propagating.)

For ease of notation we often write LQ(i1,i2,...,ik) as LQi1,i2,...,ik .

Definition 5. [22] Let k ≥ 1. Let Q = (q1, . . . , qk) ∈ BASICk. Then the class
LQ is defined as
LQ = {LQi1,i2,...,ik | if qj ∈ {INIT,COINIT} then ij ∈ N and if qj = HALF,

then ij ∈ Z}.

For technical convenience, for Q = (), I = (), we also define T (LQI ) = ∅,
P (LIQ) = {〈〉}, and LQI = T (LQI )

⋃
P (LQI ), and LQ = {LQI }.

Note that we have used a slightly different notation for defining the classes
LQ (for example instead of INIT, we now use L(INIT)). This is for clarity of
notation.

The immediate question is which classes Q represent different strong degrees.

Definition 6. Q is said to be a pseudo-subsequence of Q′, iff there exists a
subsequence Q′′ of Q′, such that Q′′ is obtainable from Q by

(i) replacing some INIT with HALF,
(ii) replacing some COINIT with HALF,
(iii) replacing some HALF with (COINIT, INIT), or
(iv) replacing some HALF with (INIT,COINIT).

Theorem 1. Suppose Q ∈ BASICk and Q′ ∈ BASICl. Then, LQ ≤TxtEx LQ′

iff Q is a pseudo-subsequence of Q′.

4 Open Semi-hull

rat denotes the set of non-negative rationals. rat+ = rat−{0}, denotes the set
of positive rationals.

Any language SEMI HULLn... defined below is a geometrical figure “semi-
hull,” a collection of points in the first quadrant of the plane bounded by the
y-axis and a “broken-line” that consists of a straight fragment l0 of the x-axis
(starting from origin) followed by a straight fragment l1 that makes an angle
δ1 < 90◦ with the x-axis, followed by a fragment l2 that makes an angle δ2 > δ1
with the x-axis, etc. (In above the angle is being measured anti-clockwise from
the positive x-axis).

Definition 7. Suppose a1, . . . , an ∈ N and b1, . . . , bn ∈ rat+, where 0 < a1 <
a2 < . . . < an.

SEMI HULLna1,b1,a2,b2,...,an,bn
= {(x, y) ∈ N2 | y ≥∑1≤i≤n bi ∗ (x .− ai)}.
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Note that SEMI HULL0 = N2. Also, note that though SEMI HULLn above are
subsets of N2, one can easily consider them as languages ⊆ N , by using pairing
function. We assume such implicit coding whenever we are dealing with sets
⊆ N2.

Parameters ai in the above definition specify x-coordinates of “break” points
of the border line,while the bi specify the “slopes” that are being added to the
“slope” of the border line after every “break” point.

To make our classes of languages learnable, we have to impose certain re-
strictions on the parameters ai, bi. First, we want both coordinates a and c of
“break” points (a, c) to be integers. Secondly, for all languages in our classes,
we fix a subset S from which “slopes” bi may come from. (In the following def-
inition S may be an arbitrary subset of rat+; however, later we will impose
additional restrictions on S). The definition of valid sequences of parameters
ai, bi accomplishes this goal.

Definition 8. Suppose a1, . . . , an ∈ N and b1, . . . , bn ∈ rat+, where 0 < a1 <
a2 < . . . < an. Suppose S ⊆ rat+.

We say that (a1, b1, . . . , an, bn) is valid iff for 1 ≤ j ≤ n, [
∑
1≤i≤n bi ∗ (aj .−

ai)] ∈ N . Additionally, if each bi ∈ S, then we say that (a1, b1, . . . , an, bn) is
S-valid.

Let VALID = {(a1, b1, . . . , an, bn) | (a1, b1, . . . , an, bn) is valid}.
Let VALIDS = {(a1, b1, . . . , an, bn) | (a1, b1, . . . , an, bn) is S-valid}.

Empty sequence () is considered both valid and S-valid. Also we require a1 > 0.
This is for technical convenience, and crucial for some of our results. Now we
define the class of languages we are going to explore.

Definition 9. Suppose S ⊆ rat+. Then SEMI HULLn,S =
{SEMI HULLna1,b1,...,an,bn

| (a1, b1, . . . , an, bn) ∈ VALIDS}.
Now we are at the point when our results require additional constraint on

the set S (of “slopes”). Intuitively, the set S satisfying the constraints “cover”
the positive rational numbers, and can be algorithmically listed in a monotonic
order on a two-sided-infinite tape. A natural example of set S satisfying the
constraint below is the set N

⋃{1/x|x ∈ N}. Although our results below hold
for any fixed set S of rationals satisfying the constraint in question, we suggest
the reader to keep in mind the above set when reading the proofs.

Definition 10. A set S ⊆ rat+ is said to be rat+-covering iff there exists a
recursive bijection f from Z to S such that,

(i) for i, j ∈ Z, i < j iff f(i) < f(j).
(ii) for every x ∈ rat+, there exist y, y′ ∈ S such that y < x < y′.

(A natural choice for a set S (which doesn’t satisfy the above constraint) seems
to be the set rat+. However, in this case, a complete class of languages {Ly =
{x|x ∈ rat+, x ≥ y} | y ∈ rat+} (see [22]) would be trivially reducible to any
class of languages-figures considered in our paper, thus making all of them of
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the same complexity. The use of rat+-covering sets S gives us opportunity to
capture differences in learnability of different geometrical concepts observed in
our paper).

Our results below hold for any rat+-covering set S. However it is open at
present whether SEMI HULLn,S ≡TxtEx SEMI HULLn,S

′
, for arbitrary rat+-

covering sets S and S′.
Our goal now is to establish an upper bound on the SEMI HULLn,S degrees

in terms of Q-hierarchy. To find such a bound, we actually have to design a learn-
ing strategy for languages in SEMI HULLn,S that consists of qi-type strategies
for some Q = (q1, q1, . . . , qk), and a grammar learned by every qi is used by qi+1.
A natural strategy of this type would be the following (q1, q2, . . . , q2n−1, q2n)-
strategy, where q2i+1 = INIT and q2i+2 = HALF for i < n: learn the first
“break” point a1 using an INIT-type strategy; once a1 has been learned, learn
the first “slope” b1 at the point (a1, 0) using a HALF -type strategy; then learn
the second “break” point (a2, b1 ∗ (a2 − a1)) using an INIT-type strategy, etc.
However, a much more “efficient” learning strategy is suggested by the theorem
below. Informally one can visualize this strategy as follows. Assume that slope
values come from the set N

⋃{1/n | n ∈ N}. It may happen that in the begin-
ning the learner receives points (x, y) indicating that the slope to be learned is
greater or equal 1. Then the learner uses an INIT-like strategy to learn a “break”
and a COINIT-like strategy (not a HALF-strategy as above!) to learn the slope:
the slopes “tend” to 1 from above, and the learner uses this assumption. If the
slope gets smaller than 1, the learner then uses a “combined” INIT-like strategy
to learn the break point and the slope together: both of them change now in
INIT-fashion.

There is a slight problem though in the above strategy. It may be possible
that slope at some point seems less than 1, but later on when lots of new points
(i, 0) come from the input, slope again seems larger than 1. To prevent this from
harming the learning process, the learner uses the “combined” INIT-strategy
in a safe fashion. The actual proof of the theorem technically looks somewhat
different, and the above method is a bit hidden. To make it easier for the reader
to see the hidden strategy in the proof, we give the proof for n = 1 below. The
general n case proof can be found in [21].

Theorem 2. Suppose S is rat+-covering. Suppose Q = (q1, q2, . . . , q2n−1, q2n),
where q2i+1 = INIT and q2i+2 = COINIT, for i < n. Then
SEMI HULLn,S ≤TxtEx LQ.
Proof. We give a proof sketch for n = 1. The general case uses similar ideas as
below but is a bit more complicated.

Suppose h is a 1–1 isomorphism from Z to S such that h(i) < h(i + 1), for
all i ∈ Z. For each S-valid (a, b), we first select a special point (xa,b, ya,b) ∈
SEMI HULL1a,b, which satisfy the following property:

(P1) if (a, b) and (a′, b′) are S-valid, and {(a, 0), (xa,b, ya,b)} ⊆
SEMI HULL1a′,b′ , then a < a′ or [a = a′ and b′ ≤ b].

It is easy to verify that such (xa,b, ya,b) can be easily selected. Note that we
must have xa,b > a (otherwise (P1) cannot hold).



188 S. Jain and E. Kinber

Define a directed graph G = (V,E) as follows. V = {(a, b) | (a, b) is
S-valid and b ≤ h(0)}, and E = {((a, b), (a′, b′)) | (a, b), (a′, b′) ∈ V and
{(a, 0), (xa,b, ya,b)} ⊆ SEMI HULL1a′,b′}.

It can be shown that G is directed acyclic graph, and any vertex in G has
only finitely many predecessors. This allows us to order vertices of G using a 1–1
function, code, such that for distinct (a, b), (a′, b′) ∈ V , if {(a, 0), (xa,b, ya,b)} ⊆
SEMI HULL1a′,b′ , then code(a, b) < code(a′, b′).

Now, we extend code to all S-valid (a, b) as follows: code(a, b) = code(a, h(0)),
for b > h(0).

Claim. Suppose (a, b) and (a′, b′) are distinct and S-valid. Suppose
{(a, 0), (xa,b, ya,b)} ⊆ SEMI HULL1a′,b′ .

Then, code(a, b) ≤ code(a′, b′), and if code(a, b) = code(a′, b′), then a = a′

and h(0) ≤ b′ < b.

Proof. We consider the following cases.
Case 1: b, b′ ≤ h(0).
Then by definition of code we have code(a, b) < code(a′, b′).
Case 2: b ≤ h(0) < b′.
Then, by (P1) we must have a < a′. Also, since {(a, 0), (xa,b, ya,b)} ⊆

SEMI HULL1a′,b′ ⊆ SEMI HULL1a′,h(0), we have that code(a, b) <
code(a′, h(0)) = code(a′, b′).

Case 3: b′ ≤ h(0) < b.
In this case, {(a, 0), (xa,b, ya,b)} ⊆ SEMI HULL1a,b ⊆ SEMI HULL1a,h(0) ⊆

SEMI HULL1a′,b′ .
Thus, code(a, b) = code(a, h(0)) ≤ code(a′, b′) (second inequality by defi-

nition of code). If code(a, h(0)) = code(a′, b′), then we must have a = a′ and
b′ = h(0) < b.

Case 4: h(0) < b, b′.
Note that, by (P1) we must have a ≤ a′. Thus, we have code(a, b) =

code(a, h(0)) ≤ code(a′, h(0)) = code(a′, b′). If code(a, b) = code(a′, b′), then
clearly, a = a′, and thus, we must have b > b′.

From the above cases, claim follows. ��
For b ∈ S, define g(b) as follows: g(b) = 0, if b ≤ h(0). Otherwise let g(b) = i,

where b = h(i).
Now our aim is to define Θ such that Θ(SEMI HULL1a,b) = L

(INIT,COINIT)
code(a,b),g(b) .

Note that such a Θ can be constructed by letting
Θ(L) =

⋃{L(INIT,COINIT)code(a,b),g(b) | {(a, 0), (xa,b, ya,b)} ⊆ L}.
It is easy to verify using Claim 4 that Θ(SEMI HULL1a,b) = L

(INIT,COINIT)
code(a,b),g(b) . It

is also easy to construct Ψ so that if α converges to a grammar for L
(INIT,COINIT)
code(a,b),g(b) ,

then Ψ(α) converges to a grammar for SEMI HULL1a,b. Theorem follows (for
n = 1).

Now we will show that the above theorem is in some sense optimal. That is,
for Q = (q1, q2, . . . , q2n−1, q2n), where q2i+1 = INIT, and q2i+2 = COINIT, for
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i < n, and any Q′ ∈ BASIC∗, if LQ �≤TxtEx LQ′
, then SEMI HULLn,S �≤TxtEx

LQ′
. Thus, Q in above theorem cannot be improved if we use components only

from BASIC (whether we can improve it by using some other basic components
is open).

Theorem 3. Suppose S is rat+-covering. Let Q = (q1, . . . , q2n), where q2i+1 =
INIT and q2i+2 = COINIT, for i < n. Suppose Q′ ∈ BASIC∗ is such that
LQ �≤ LQ′

. Then, SEMI HULLn,S �≤TxtEx LQ′
.

We now establish the best possible lower bound on the complexity of
SEMI HULLn,S in terms of Q-classes. One can ask the question: using a learner
powerful enough to learn n-angle open semi-hulls, can a learner learn languages
from the hierarchy based on BASIC? The next result shows that, using a
learner able to learn n-angle open semi-hulls, one can learn all languages in
(HALF, INIT, . . . , INIT), where INIT is taken n− 1 times.

Theorem 4. Suppose S is rat+-covering. Let n ∈ N+, and Q = (q1, q2, . . . , qn),
where q1 = HALF, and for 2 ≤ i ≤ n, qi = INIT. Then, LQ ≤TxtEx

SEMI HULLn,S.

We now show that the above result is in some sense best possible with respect
to Q-classes considered in this paper. For example, as Theorems 7 and 8 show,
being able to learn classes SEMI HULLn,S cannot help to learn languages even
in classes (COINIT,COINIT) and (INIT,COINIT).

Theorem 5. Suppose n ∈ N and Q = (q1, q2, . . . , qn+1), where qi = INIT, for
1 ≤ i ≤ n + 1. Suppose S is rat+-covering. Then, LQ �≤TxtEx SEMI HULLn,S.

Theorem 6. Suppose n ∈ N and Q = (q1, q2, . . . , qn+1), where q1 = COINIT,
and qi = INIT, for 2 ≤ i ≤ n+1. Suppose S is rat+-covering. Then, LQ �≤TxtEx

SEMI HULLn,S.

Theorem 7. Suppose n ∈ N and S is rat+-covering. Let Q =
(COINIT,COINIT). Then LQ �≤TxtEx SEMI HULLn,S.

Theorem 8. Suppose n ∈ N and S is rat+-covering. Let Q = (INIT,COINIT).
Then LQ �≤TxtEx SEMI HULLn,S.

5 Complements of Open Semi Hull

We now define the classes of complements of SEMI HULLs.

Definition 11. Suppose a1, . . . , an ∈ N and b1, . . . , bn ∈ rat+, where 0 < a1 <
a2 < . . . < an.

coSEMI HULLna1,b1,a2,b2,...,an,bn
= {(x, y) ∈ N2 | y <

∑
1≤i≤n bi∗(x .− ai)} =

N2 − SEMI HULLna1,b1,a2,b2,...,an,bn
.
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Definition 12. Suppose S ⊆ rat+ is rat+-covering. coSEMI HULLn,S =
{coSEMI HULLna1,b1,...,an,bn

| (a1, b1, . . . , an, bn) ∈ VALIDS}.
We now obtain nearly the best possible upper bound on complexity of

coSEMI HULLs in terms of Q-degrees. Intuitive upper bound LQ for Q =
(q1, q2, . . . , q2n−1, q2n) with q2i+1 = COINIT and q2i+2 = HALF can be eas-
ily established using the following learning strategy for coSEMI HULLn,S : ap-
ply a COINIT-type strategy to learn the first “break” point a1, then apply a
HALF-type strategy to learn the first slope b1, etc. However, the upper bound
established below contains only n + 1 components!

Theorem 9. Suppose S is rat+-covering. Suppose Q = (q1, q2, . . . , qn+1), where
q1 = INIT and qi = COINIT, for 2 ≤ i ≤ n+1. Then coSEMI HULLn,S ≤TxtEx

LQ.

Theorem 10. Suppose S is rat+-covering. Suppose Q = (q1, q2, . . . , qn+1),
where q2 = INIT and qi = COINIT, for 1 ≤ i ≤ n + 1, i �= 2. Then
coSEMI HULLn,S ≤TxtEx LQ.

We now show a lower bound for coSEMI HULLn,S having n components,
and thus being very close to the upper bounds obtained above.

Theorem 11. Suppose S is rat+-covering. Let n ∈ N+, and Q =
(q1, q2, . . . , qn), where q1 = HALF, and for 2 ≤ i ≤ n, qi = COINIT.

Then, LQ ≤TxtEx coSEMI HULLn,S.

Note that upper and lower bounds for coSEMI HULLn,S given by Theo-
rems 9, 10, and 11 do not match. The lower bound in Theorem 11 above is best
possible (for Q-classes involving components from BASIC). However it is open
whether the upper bound can be improved for general n. For n = 1, we do know
that the upper bound can be improved to show that coSEMI HULL1,S ≤TxtEx

HALF (which is optimal by Theorem 11).

6 Open Hulls

Now consider the class of languages-“figures” that are intersections of
SEMI HULLs adjacent to the x-axis (that is with the first “break” point (a1, 0))
and reverse SEMI HULLs adjacent to the y-axis (with the first “break” point
(0, a′1)). These figures are the open hulls.

We give the formal definition below (preceded by the formal definition of the
reverse SEMI HULLs adjacent to the y-axis).

Definition 13. REV SEMI HULLna1,b1,...,an,bn
= {(x, y) | (y, x) ∈

SEMI HULLna1,b1,...,an,bn
}.

REV SEMI HULLn,S = {REV SEMI HULLna1,b1,...,an,bn
|

SEMI HULLna1,b1,...,an,bn
∈ SEMI HULLn,S}.
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Definition 14. OP HULLn,ma1,b1,...,an,bn;c1,d1,...,cm,dm
=

SEMI HULLna1,b1,...,an,bn
∩ REV SEMI HULLmc1,d1,...,cm,dm

.
OP HULLn,m,S = {OP HULLn,m,Sa1,b1,...,an,bn;c1,d1,...,cm,dm

|
SEMI HULLna1,b1,...,an,bn

∈ SEMI HULLn,S ,REV SEMI HULLnc1,d1,...,cm,dm
∈

REV SEMI HULLm,S , and
∑
1≤i≤n bi <

1∑
1≤i≤m

di
}.

The latter condition,
∑
1≤i≤n bi <

1∑
1≤i≤m

di
, ensures that the languages in

OP HULLs are infinite, and thus the corresponding geometrical figures are open
hulls (otherwise, the given classes will not be learnable).

Surprisingly, unlike SEMI HULLs and coSEMI HULL, upper and lower
bounds for OP HULLs match. The following theorem establishes the lower
bound for the OP HULLs.

Theorem 12. Suppose S is rat+-covering. Suppose n ≥ 1, m ≥ 1. Let Q =
(q1, . . . , qn), where each qi = INIT. Then, (a) LQ ≤TxtEx OP HULLn,m,S, and
(b) LQ ≤TxtEx OP HULLm,n,S.

Now we show the upper bound for OP HULLs.

Theorem 13. Suppose S is rat+-covering. Suppose n ≥ m ≥ 1. Let Q =
(q1, . . . , qn), where each qi = INIT. Then, (a) OP HULLn,m,S ≤TxtEx LQ, and
(b) OP HULLm,n,S ≤TxtEx LQ.
coOP HULLn,ma1,b1,...,an,bn;c1,d1,...,cm,dm

can be naturally defined by taking the
complements of OP HULLn,ma1,b1,...,an,bn;c1,d1,...,cm,dm

.
The following theorems give the lower and upper bound for coOP HULLs.

Theorem 14. Suppose S is rat+-covering. Suppose n ≥ 1, m ≥ 1. Let Q =
(q1, . . . , qn), where each qi = COINIT. Then, (a) LQ ≤TxtEx coOP HULLn,m,S,
and (b) LQ ≤TxtEx coOP HULLm,n,S.

Theorem 15. Suppose n ≥ m ≥ 1. Let Q = (q1, . . . , qn), where
each qi = COINIT. Then, (a) coOP HULLn,m,S ≤TxtEx LQ, and (b)
coOP HULLm,n,S ≤TxtEx LQ.

7 Conclusions

A new complexity “scale” has been successfully applied for evaluating complex-
ity of learning various geometrical “figures” from texts. Many upper bounds
we have obtained are surprisingly lower than the ones suggested by “intuitive”
learning strategies. Another surprising result is that upper and lower bounds
match for OP HULL and their complements, while there is a gap between upper
and lower bounds for SEMI HULLs that cannot be narrowed. One more interest-
ing aspect of this picture is that upper bounds for OP HULLs, the intersection
of SEMI HULLs, are much lower than for SEMI HULLs themselves! In general,
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the picture of upper and lower bounds for OP HULLs and their complements is
much more uniform than for SEMI HULLs and their complements: for the for-
mer, INITs just must be replaced with COINITs, while bounds for SEMI HULLs
and coSEMI HULLs differ even in the number of components in Q-vectors.

There are many other interesting types of geometrical concepts whose com-
plexity can be explored in terms of Q-classes. For example, one can evaluate
complexity of learning SEMI HULLs and all other figures observed in our paper
dropping requirement of the first angle being adjacent to x or y-axis. Even more
promising seems to be the class of finite unions of OP HULLs (though proofs
may become technically messy). In general, we are convinced that Q-classes
(possibly using some other basic classes/strategies) are very promising tools for
exploring complexity of learning “hard” languages from texts.
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Abstract. The creation of a pattern classifier requires choosing or
creating a model, collecting training data and verifying or “truthing” this
data, and then training and testing the classifier. In practice, individual
steps in this sequence must be repeated a number of times before the
classifier achieves acceptable performance. The majority of the research
in computational learning theory addresses the issues associated with
training the classifier (learnability, convergence times, generalization
bounds, etc.). While there has been modest research effort on topics such
as cost-based collection of data in the context of a particular classifier
model, there remain numerous unsolved problems of practical importance
associated with the collection and truthing of data. Many of these
can be addressed with the formal methods of computational learning
theory. A number of these issues, as well as new ones — such as the
identification of “hostile” contributors and their data — are brought
to light by the Open Mind Initiative, where data is openly contributed
over the World Wide Web by non-experts of varying reliabilities. This
paper states generalizations of formal results on the relative value of
labeled and unlabeled data to the realistic case where a labeler is not
a foolproof oracle but is instead somewhat unreliable and error-prone.
It also summarizes formal results on strategies for presenting data to
labelers of known reliability in order to obtain best estimates of model
parameters. It concludes with a call for a rich, powerful and practical
computational theory of data acquisition and truthing, built upon the
concepts and techniques developed for studying general learning systems.

Keywords: monitoring data quality, data truthing, open data collection,
anomalous data detection, learning with queries, cost-based learning,
Open Mind Initiative

1 Introduction

In broad outline, the creation of many practical systems to classify real-world
patterns — such as acoustic speech, handwritten or omnifont optical characters,
human faces, fingerprints, gestures, sonar images, and so on — involves the
following steps:
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Select a model. Select or design a computational model, specify its features,
parameters and constraints or prior information about the unknown param-
eters

Collect and verify training data. Collect training data, verify or “truth”
this data, and remove outliers and faulty data

Train. Train the model with this data, possibly employing regularization meth-
ods such as pruning, integrating multiple classifiers, or resampling methods
such as boosting, and so on

Test. Test or estimate the performance of the classifier, either in the field, or
more frequently in the lab using independent test data, to see if the classifi-
cation performance is adequate for the application

These steps are not always followed in the sequence listed above (for instance,
we may first collect our data before selecting a model), and in practice the steps
are often repeated a number of times in an irregular order until the estimated
performance of the classifier is acceptable.

The bulk of the research effort in computational learning theory, statistical
learning theory and related discliplines has focused on model selection and train-
ing, and this has led to a wealth of powerful methods, including classifiers such
as the nearest-neighbor method, neural nets, Support Vector Machines, and de-
cision trees, regularization methods such as weight decay and pruning, general
techniques such as multiclassifier integration and resampling, and theoretical re-
sults on learnability and convergence criteria, performance bounds, and much
more [15].

But consider the databases of millions of labeled handwritten characters cre-
ated by the National Institute of Standards and Technology (NIST), the im-
mense volume of truthed postal data such as handwritten addresses and zip
codes created by the Center for Excellence in Document Analysis and Recog-
nition (CEDAR), or the transcriptions of tens of thousands of hours of speech
created by the Linguistic Data Consortium (LDC), to mention but a few exam-
ples. These resources are invaluable to numerous groups developing classifiers
and other intelligent software. The development of these databases requires a
great deal of time, cost and effort, and relies on dozens of knowledge workers
of varying expertise transcribing, checking, and cross-checking data in a model-
and use-independent way.

Up to now, computational learning theory has contributed little to this vital
process. In fact, most data acquisition teams rely on heuristics and trial and
error, for instance in choosing the number of knowledge engineers that should
truth a given dataset, how to monitor the reliability of individual engineers, and
so on. Remarkably little of this information is published or otherwise shared. The
goal of this paper is to begin to rectify this situation, by highlighting the need for
large corpora of training data, describing some of the problems confronted in the
creation of such datasets, suggesting results and techniques from computational
learning theory that could be brought to bear, and providing some initial steps
in the development of such a theory of data acquisition and truthing.
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Section 2 reviews the need for data, or more specifically, the proposition that
progress in classifier design will rely increasingly on larger and larger datasets and
less and less on minor alterations to existing powerful learning techniques. This,
then, underscores the need for theoretical effort on making more efficient the
collection of high-quality datasets. Section 3 outlines some practical background
and trends relevant to data acquisition and truthing. It describes in some detail a
novel method of open data collection over the World Wide Web employed by the
Open Mind Initiative. Section 4 illustrates several data collection and truthing
scenarios and attendant practical problems ammenable to analysis through the
tools of statistical and computational learning theory.

Section 5 reports two theoretical results relevant to data acquisition. The
first is a generalization of the measure of the value of labeled and unlabeled data
to the more realistic case when the labeler, rather than being a perfect oracle,
instead has a probability of making a random labeling mistake. The second is
a strategy for requesting labels from imperfect labelers that, under a number of
natural conditions, optimizes an information criterion related to the quality of
the resulting dataset. Conclusions and future directions are presented in Sect. 6.

2 The Need for Large Datasets

Nearly all software projects in pattern classification and artificial intelligence
— such as search engines and computer vision systems — require large sets
of training data. For instance, state-of-the-art speech recognition systems are
trained with hundreds or thousands of hours of speech sounds transcribed or
“labeled” by knowledge engineers; leading optical character recognition systems
are trained with pixel images of several million characters along with their tran-
scriptions; one commercial effort at building a knowledge base of common sense
information has required 500 person-years of effort over 17 years so far, most of
this in data entry [14].

There is theoretical and experimental evidence that given sufficiently large
sets of training data a broad range of classifier methods yield similar high per-
formance. From a probabilistic viewpoint, we know from Bayesian estimation
theory that given a classifier model general enough to represent the true under-
lying class-conditional probability distributions, sufficiently large training sets
can dominate or “swamp” poor prior information, thereby yielding accurate
classifiers [1,7]. Moreover, just as the limitations imposed by the bias-variance
dilemma in regression can be overcome with larger and larger data sets, so too
the only way to overcome the analogous limitation imposed by the (boundary)
bias-variance dilemma in classification is to increase the amount of training data
[10]. Under reasonable conditions, virtually all sufficiently power training meth-
ods give improved estimates and classifiers as the amount of high-quality training
data is increased.

Experimental evidence of the value of large data sets comes from numer-
ous classification competitions, where systems trained with the largest data sets
generally excel, and from corporations, which often expend more effort and re-
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sources on data collection and truthing than on classifier design and subtleties of
training algorithms [3]. In particularly illuminating work, Ho and Baird trained
each of three standard non-Bayesian classifiers with a very large dataset of iso-
lated handwritten characters. They found that all three classifiers attained very
nearly the same high accuracy and that the trained classifiers exhibited nearly
the same pattern of misclassification errors [11]. They concluded, in short, that
the information in sufficiently large training sets swamped biases and priors in
their classifier models, and the implication is that this is a general result which
holds so long as the fundamental classifier model is sufficiently general (low bias).

The above discussion is, of course, not an argument against efforts to find
good models when building a classifier. Instead, it is a suggestion that builders of
classifiers and AI systems should turn their attention to algorithms and theory
that support the collection of large sets of accurately labeled data [12]. While
computational learning theory may tell us how many patterns are needed for
a given expect generalization error for example, such theory has provided little
guidance on how to efficiently collect such data in a classifier- or use-independent
way.

2.1 An Example

We now turn to an extreme illustration of poor generalization resulting from
training parameterized model that is too impoverished to accurately approx-
imate the true underlying distributions [7, pages 142–143]. While admittedly
hardly a proof, this surprising example illustrates that even when we use a prin-
cipled estimation method such as maximum-likelihood, we can get terrible re-
sults. Specifically, even though our model space contains a classifier that would
yield near perfect results (error = 0%), our estimation procedure produces a
classifier with the worst possible generation (error = 100%).

Consider a one-dimensional, two-category classification problem with equal
priors P (ω1) = P (ω2) = 0.5, and the following class-conditional densities:

p(x|ω1) = (1− k)δ(x− 1) + kδ(x+X) (1)
p(x|ω2) = (1− k)δ(x+ 1) + kδ(x−X)

where δ(·) is the familiar Dirac delta function, which vanishes when its argument
is non-zero and integrates to 1.0, as shown in Fig. 1. The scalar k (where 0 <
k < 0.5) is small, and will shrink toward zero in our construction; further, X is
a distance from the origin, which will grow in our construction. Note that these
two class-conditional densities are interchanged under the reflection symmetry
operation x↔ −x.

Suppose we model these distributions by Gaussians parameterized by a mean
and variance, that is, p(x|ωi) ∼ N(µi, σ2i ). This is admittedly a poor model in this
case, nevertheless such a model is often used when there is little or no information
about the underlying distributions. The maximum-likelihood estimate of the
mean µ1 is merely the mean of the data in ω1 [7], that is, µ̂1 = (k+1)−kX, and
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Fig. 1. A simple one-dimensional two-category classification problem in which a
model’s parameters are trained by maximum-likelihood methods on an infinitely large
training set yields the worst possible classification (error = 100%), even though the
model space contains the best possible classifier (error = 0%). The true or target (nor-
malized) distribution for category ω1 consists of a Dirac delta function at x = +1 of
height 1 − k, and a delta function at x = −X of height k. The true distribution for
category ω2 is spatially symmetric to that of category ω1, i.e., the one obtained under
the interchange x ↔ −x, as given in Eq. 1 and shown in gray. The (poor) model for
each distribution is a Gaussian, whose mean is estimated using an infinite amount of
data sampled from p(x|ωi) for i = 1, 2. For sufficiently large X, the estimated means
obey µ̂1 < µ̂2, leading to an error of 1−k. If k is reduced and X increased accordingly,
the training and generalization errors can be arbitrarily close to 100%.

analogously for µ̂2. By the symmetry of the problem and estimation procedure,
the (single) decision boundary will always be at x∗ = 0.

For an arbitrary positive k, the estimated mean µ̂1 is less than zero if
X > (k − 1)/k. Under equivalent conditions, the mean µ̂2 is greater than zero.
Informally speaking, in such a case the means have “switched positions” that
is, µ̂2 > µ̂1. Thus the decision boundary is at x∗ = 0 but the decision region
for ω1, i.e., R1, corresponds to all negative values of x, and R2 to all positive
values of x. The error under this classification rule is clearly 1 − k, which can
be made arbitrarily close to 100% by letting k → 0 and X → (k − 1)/k + ε
where ε is an arbitrarily small positive number. Note that an infinite continuum
of values of the parameters will yield a classifier with error = 0%, specifically
any for which µ̂2 > µ̂1 and |µ̂2| = |µ̂1|. (In fact, there are yet other values of
the means that yield classifiers with error = 0%, such as any that have equal
variances, σ21 = σ22 , and µ̂1 > µ̂2 with the intersection of the Gaussian densities
lying between x = −1 and x = +1.)

This surprisingly poor classification performance is not an artifact of using
limited training data or training to a poor local minimum in the likelihood
function — in fact, neither of these are the case. Note too that even if the
variances were parameters estimated from the data, because of the symmetry
of the problem the decision boundary would remain at x∗ = 0 and the error
would be 100%. The informal lesson here is that even a well-founded estimation
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method such as maximum-likelihood can give poor classifiers if our model space
is poorly matched to the problem (high bias). In such cases we should expand the
expressiveness of the models; this generally requires that we train using larger
data sets.

3 The Practice of Collecting and Truthing Data

Given the manifest need for large data sets, we naturally ask: What are some
of the sources of such vital data? Optical character recognition companies em-
ploy knowledge engineers whose sole task is to optically scan printed pages and
then transcribe and truth the identities of words or characters [3]. Likewise, the
Linguistic Data Consortium has dozens of knowledge engineers who transcribe
recorded speech in a variety of languages on a wide variety of topics. Entering
data by hand this way is often expensive and slow, however. An alternative ap-
proach, traditional data mining [8], is inadequate for many problem domains in
part because data mining provides unlabeled data or because the data is simply
not in an appropriate form. For instance the web lacks pixel images of hand-
written characters and explicit common sense data and thus such information
cannot be extracted by data mining. Moreover, accurately labeled data can be
used in powerful supervised learning algorithms, while if the data is unlabeled
only less-powerful unsupervised learning algorithms can be used. For this reason,
we naturally seek inexpensive methods for collecting labeled data. Such a goal
is virtually identical to that for transcribing audiotapes and videotapes.

As we shall see below, the internet can be used in a new way to gather needed
labeled data: facilitating the collection of information contributed by humans.

3.1 Trends in Open Software and Collaboration

Before we consider new methods for collecting and truthing data, we shall review
some important trends. There are several compelling lessons from collaborative
software projects that have major implications for systems supporting the col-
lection of data. Consider the open source software movement, in which many
programmers contribute software that is peer-reviewed and incorporated into
large programs, such as the Linux operating system. Two specific trends must
be noted. The first is that the average number of collaborators per project has
increased over the past quarter century. For instance, in the late 1970s, most
open collaborative software projects such as emacs involved several hundred
programmers at most, while by the 1990s projects such as Linux involve over
100,000 software engineers. The second trend is that the average technical skill
demanded of contributors has decreased over that same period. The program-
mers who contributed to gcc in the 1980s were experts in machine-level program-
ming; the contributors to Linux know about file formats and device drivers; the
contributors to the Newhoo collaborative open web directory need little if any
technical background beyond an acquaintance with HTML.
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3.2 The Open Mind Initiative

Let us review the following general facts and trends:

– pattern classifiers and intelligent software are improved with large sets of
high-quality data
– open source software development techniques are applied increasingly to

lower skilled collaborators
– open source development, and general collaborative projects, are expanding

to larger groups as a result of the World Wide Web
– the internet can be used as an infrastructure for collecting data

These trends, and particularly the emergence of the World Wide Web, sug-
gest that collaborative efforts can be extended to an extremely large pool of
contributors (potentially anyone on the web), whose technical expertise can be
low (merely the ability to point and click). These ideas were the inspiration un-
derlying the creation of the Open Mind Initiative, the approach we now explore.

The central goal of the Open Mind Initiative (www.OpenMind.org) is to sup-
port non-expert web users contributing “informal” data needed for artificial in-
telligence and pattern recognition projects, as well as closely related tasks such as
transcribing audio or video data. The Initiative thus extends the trends in open
source software development to larger and larger groups of collaborators, allow-
ing lower and lower levels of technical expertise. Moreover, the Initiative broad-
ens the output of collaborative projects: while traditional open-source projects
release software, the Initiative releases both software and data [17,18].

A prototypical open data collection project in the Initiative is illustrated in
skeleton form in Fig. 2. The project site contains a large database of isolated
handwritten characters, scanned from documents, but whose character identities
are not known. Individual segmented characters from this database are presented
on standard web browsers of contributors who then identify or “label” the pat-
tern by clicking buttons on a simple interface. These labelings are automatically
sent to the project site, where they are collected and used to train software that
classifies handwritten digits.

Some data acquisition projects in the Initiative could employ novel human-
machine interfaces based on games. For instance, imagine an Open Mind Initia-
tive chatbot project in which data is collected while contributors play a modified
version of Dungeons and Dragons. In this new game, players read short texts
— which discuss potions to drink, swords to brandish, rooms to enter, tasks
to accomplish — generated by automated text generation programs. As part
of the game, players must indicate how “natural” these texts are. This valu-
able feedback, collected at the project site, provides information for adjusting
the parameters in the text generation programs, thereby yielding more natural
generated text. In such game-based projects, contributors download the game
software (presumably written in Java) from the project site. The data captured
on the contributor’s machine is stored locally and sent to the project site at the
end of a game session.
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Fig. 2. This simplified, skeleton architecture shows the general approach in an open
data collection project on isolated handwritten digit recognition. The unlabeled pixel
images are presented on the browsers of non-expert web users, who indicate their
judged category memberships by means of a button interface. Occasionally, the same
pattern is presented to two or more independently selected contributors, to see if they
agree; in this way, the reliability of contributors is monitored semi-automatically, and
the quality of the data can be kept high.

While in most of the Initiative’s projects contributors provide data through
standard web browsers, in other projects contributors will require a more so-
phisticated human interface. For instance, in projects using a game interface,
contributors will download the presentation and local cacheing software resident
from the project site, and install it on their local machine. Data is collected while
the contributor plays the game and is sent to the project home site at the end
of a game session.

There are a number of incentives for people to contribute to Open Mind
Initiative projects. Contributors seek benefit from the software (as in a text-
to-speech generator); they enjoy game interfaces (as in online versions of Dun-
geons and Dragons); they seek public recognition for their contributions (as in
SETI@home); they are interested in furthering the scientific goals of the project
(as do amateur ornithologists through annual bird counts for the Audubon So-
ciety); they seek financial incentives such as lotteries, discounts, e-coupons or
frequent-flier awards provided by third-party corporations [16].

The Open Mind Initiative differs from the Free Software Foundation and tra-
ditional open-source development in a number of ways. First, while open-source
development relies on a hacker culture (e.g., roughly 105 programmers contribut-
ing to Linux), the Open Mind Initiative is instead based on a non-expert web
user and business culture (e.g., 109 web users). While most of the work in open-
source projects is directly on the final software to be released (e.g., source code),
in the Initiative most of the effort is directed toward the tools, infrastructure
and data gathering. Final decisions in open source are arbitrated by an expert
or core group; in the Initiative contributed data is accepted or rejected auto-
matically by software that is sensitive to anomalies or outliers. In some cases,
data can be rejected semi-automatically, for instance by having data checked by
two or more independently chosen contributors. Such “self-policing” not only
helps to eliminate questionable or faulty data, it also helps to identify unreliable
contributors, whose subsequent contributions can be monitored more closely or
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blocked altogether, as we shall mention below. It must be emphasized that the
Open Mind Initiative’s approach also differs significantly from traditional data
mining. In particular, in data mining a fixed amount of unlabeled information is
extracted from an existing database (such as the web), whereas in the Initiative
a possibly boundless amount of labeled data is contributed.

The Open Mind Initiative has four projects in progress: handwriting recogni-
tion, speech recognition and a small, demonstration AI project, Animals. These
have been tested on intranets and are being debugged and load tested for full
web deployment. The fourth project site, Open Mind common sense, is open
and accepting contributed data over the web. As of May 2001, it has collected
400,000 common sense facts from 7000 separate contributors through a range of
“activities,” such as describe a picture and relate two words. To date,
data monitoring in this project has been semi-automatic whereby contributors
“self-police” the contributions of each other.

4 Challenges and Applications of a Theory of Data
Acquisition and Truthing

Below are several scenarios and problems in data acquisition and truthing that
are ammenable to computational theory, several are motivated by the challenges
faced by the Open Mind Initiative. At base, many of these problems can be cast
as learning the properties of the population of n labelers while simultaneously
learning properties of the dataset.

– For open contributions of labels for handwritten characters, find the minimal
conditions required to prove learnability of the character identities. This
problem bears similarities to the approach of boosting, which will improve
classification of weak learners [9]. Does the reliability of the contributors,
weighted by the number of labels each provides, have to be greater than
that of pure chance? Are there weaker conditions that nevertheless ensure
learnability?
– A simple algorithm for improving the quality of contributed labels is “data

voting,” (or more generally “self-policing”), that is, presenting the same
pattern to nv labelers and accepting their majority vote. (This is related
to the approach of collaborative filtering [4].) For a given total number of
presentations of patterns to be labeled, if nv is large, we collect a small
amount of accurate data; conversely, if nv is small, we get a large amount of
less-accurate data. How do we set nv to get a dataset that will lead to the
most accurate classifiers? How does nv change as the classifier is trained?
– How can we estimate the reliabilities of individual contributors while col-

lecting data? How do we most efficiently identify “hostile” contributors, who
seem to know the proper category identities, but deliberately submit false
labels? (We assume that we can always associate a distinct identity with
each contributor.)
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– Given an estimate of such reliabilities and other properties of all n contribu-
tors, and given a set of unlabeled data and a partially trained classifier, how
do we choose the single point from the data and a particular candidate labeler
such that the returned label is expected to improve the classifier the most?
This problem is more subtle than traditional active learning, which typically
presumes the labeler is an omniscient oracle [6,19] (and see Sect. 5.2).
– How can we find the contributors who are “complementary,” that is, where

the weaknesses of one match the strengths of the other. For instance, in
truthing handwritten OCR, one contributor might be very accurate on nu-
merals, another on text letters. Clearly it would be most efficient to pair
these contributors on a large text, than to use two who are both strong on
numerals alone or on text alone.
– Optimal strategies for storing data and delaying decisions on whether to use

it. A contributed point may seem like an outlier or hostile earlier in the data
collection process, but no so, later in the context of more data.
– Consider the problem of transcribing a videotape by a number n of tran-

scribers, each with a possibly different (estimated) accuracy and expertise.
Suppose we have some measure of the n× (n− 1) correlations between their
labelings on representative texts. How do we find the smallest subset of la-
belers that will yield some criterion accuracy, say 99.5%?

At first consideration it appears that data collection such as in the Open Mind
Initiative’s handwriting project is an example of stochastic game theory. After
all, we treat the contributors as random processes, with variable reliabilities,
and the host seeks to minimize a cost. In fact, though, stochastic game theory
addresses games in which opponents form strategies that must take into account
random processes, such as the roll of dice in backgammon or sequence of cards
dealt in poker [2]. There seems to be little or no work on computing optimal
strategies in arrangments such as the Open Mind framework.

Collectively, questions of this sort are not properly data mining either, where
there is a large fixed data set without human intervention. While closely related
to cost-based training (where there is a cost for collecting data given a particular
classifier or learning algorithm), in many cases we are building a dataset or
transcribing a text and do not know which classification algorithm will later be
applied.

5 Two Results in the Theory of Labeling

We now summarize two results, derived and explored more fully elsewhere, in
the theory of data labelling [13].

5.1 The Fisher Information of Samples Labeled by an Unreliable
Labeler

Recall first the statistical score, V , a random variable defined by

V =
∂

∂θ
lnp(D; θ), (2)
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where the data set D is sampled from the density p(x; θ) where θ is a scalar
parameter. The Fisher information J(θ) is then the variance of the score, that
is,

J(θ) = Eθ
[
∂

∂θ
lnp(D; θ)

]2
. (3)

The Cramér-Rao inequality states that the mean-squared error of an unbiased
estimator F (D) of the parameter θ is bounded from below by the reciprocal of
the Fisher information, that is,

Var[F ] ≥ 1
J(θ)

. (4)

Informally, we can view the Fisher information as the information about θ that
is present in the sample D. The Fisher information gives a lower bound on the
error when we estimate θ from the data, though there is no guarantee that there
must always exist an estimator that achieves this bound.

The Fisher information of the prior probability P (ω1) ≡ P1 chosen from a
density p(x|ω1) was shown by Castelli and Cover [5] in the labeled and unlabled
cases to be

J(P1) =
1

P1(1− P1) (5)

J(P1) =
∫

(p1(x)− p2(x))2
P1p1(x) + (1− P1)p2(x)dx (6)

respectively. Lam and Stork [13] have generalized these results to the more re-
alistic case where labelers are unreliable. We model such unreliability as if the
labeler had perfect information and employed Bayes decision rule but then, with
probability α (where 0 ≤ α ≤ 1), reported a different label. Under these condi-
tions, the Fisher information is:

J(P1) =
∫ [

(αp1(x)− (1− α)p2(x))2

αP1p1(x) + (1− α)(1− P1)p2(x)
+

((1− α)p1(x)− αp2(x))2
(1− α)P1p1(x) + α(1− P1)p2(x)

]
dx. (7)

The case α = 0 is equivalent to the labeled case above. The case α = 1 corre-
sponds to a “hostile contributor” who always willfully provides the wrong label.
In the two-category case, however, the hostile contributor is in fact very helpful.
All we need is a single, reliable bit of information, provided by a trusted expert
for instance, to identify the true labels from the hostile data.

5.2 An Optimal Strategy for Requesting Labels

A general labeling strategy is an algorithm for deciding which unlabeled data
points are to be presented to which of a set of n labelers given some information
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about the labelers and the data in order to optimize some criterion. Consider the
following specific case. Suppose we have two independent labelers, each known
or assumed to have the same unreliability α. Suppose too that we have a set of
unlabeled data in which each point is to be assigned one of two categories, ω1
or ω2. We have two unlabeled points, x1 and x2. Suppose we can exploit just
two (total) labeling decisions from labelers, and our goal is to learn “as much
as possible” under these conditions. Which pattern should be assigned to which
labeler?

In this case, the natural measure of information to be learned is

I = I(ω|x1) + I(ω|x2)

= −
2∑
j=1

P (ωj |x1)log2P (ωj |x1)−
2∑
j=1

P (ωj |x2)log2P (ωj |x2), (8)

where I(ω|xi) is the information about the categories given a label on pattern
xi and the P (ωj |xi) are probability estimates given by the current state of the
classifier. The optimal strategy depends upon α and these estimated category
memberships. Figure 3 summarizes the optimal strategy.
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Fig. 3. The optimal data labeling strategy for two points x1 and x2 is illustrated for
various levels of the contributor unreliability, described by α, and P (ω1|xi) as given
by a classifier. In the limit of small α, this strategy is to present one pattern to labeler
1 and one pattern to labeler 2. In the large-α case, the strategy is to present the most
uncertain point (i.e., the one with P (ω1|xi) � 0.5) to both labelers.

Examine the α = 0.1 case. In this low-noise case, the labelers are reliable,
and for most values of P (ω|xi) the optimal strategy is to request a label for x1
and for x2. However, if P (ω1|x2) is very small (e.g., 0.05), then providing a label
for x2 will not provide much information or refine our estimate of P (ω1|x2). As
such, our strategy in that case is to request both labelers to label x1, as shown
by the light gray region.
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In the high noise case, α = 0.4, the range of values of estimated probabilities
where we request separate points to be labeled separately is small. This is because
we can gain more information by having two labels of a single point. In an
extreme case α = 0.499, not shown, then the labels are essentially the result of
a coin toss, and provide no information. It is best, then, to apply both to the
same point.

6 Future Work

There remains much work to be done on the computational theory of data acqui-
sition and truthing. No doubt, there are formal similarities between subcases of
the data acquisition and truthing problem and cases in more traditional compu-
tational learning. We should explore and exploit such formal similarities. Never-
theless, the manifest importance of collecting high-quality data sets in a number
of application environments provides great opportunities for developing useful
theory leading to improved real-world systems.
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1 Introduction

Our research was initially prompted by the following bandwidth allocation prob-
lem. On the link between two servers, a varying bandwidth is available. As it
is common in an internetworking setting, little or no information is available
about load patterns for the link and no cooperative behavior can be guaranteed.
The goal is to send data as quickly as possible without exceeding the bandwidth
available, assuming that some price is paid in case of congestion. Due to the
limitations of typical protocols, the only feedback servers receive is whether con-
gestion occurred or not (in the form, e.g., of a dropped packet). An algorithm
choosing the bandwidth is fronting a trade off similar to the one that is the
most distinctive trait of the multi-armed bandit problem: on one hand, trying
to match the maximum bandwidth at any time step; on the other, choosing the
bandwidth in order to collect more information about the load.

Another, even simpler, instance of this general setting arises from a simple
quality control problem. In a manufacturing operation, the items produced can
be either working or defective. Unfortunately, to asses the quality of an item it is
necessary to destroy it. Both delivering a defective item and destroying a working
one are undesirable events. Suppose that customer feedback is unavailable, late or
unreliable. The only information available about the sequence of items produced
so far is the one the destructive testing procedure provides, but we want to
apply it as little as possible. When the plant is working properly, defective items
are extremely rare so that little testing seems optimal, but a failure would be
detected with a worrisome delay.

The goal we set for ourselves was to make these two examples, together
with the multi-armed bandit problem and others, fit a general framework that
encompasses different sequence prediction games where the prediction is based
only on some “clues” about the past rounds of the game and good predictions are
rewarded according to some weighting scheme. We model the available feedback
on the sequence as a function of two arguments. One is the current sequence value
itself, as it is common in system theory, and the other is the prediction. In system
theory the classic problem is that of observability: is the feedback sufficient to
find out the initial state of the system, whose transition function is assumed to
be known? More closely related to our problem is that of learning from noisy
observations, where the sequence is obfuscated by some noise process, as opposed
to a deterministic transformation. The presence of the second argument, the
prediction, makes our approach consistent with a large body of work in the
sequence prediction literature, where the feedback is the reward. Decoupling the
feedback and reward functions is the most notable feature of our approach.

Following a relatively recent trend in sequence prediction research (e.g. see
[LW94,HKW95,Vov98,Sch99,CBFH+97,CBFHW93,HKW98,CBL99,FS97] and
[ACBFS95,Vov99]), we make no assumptions whatsoever concerning the se-
quence to be predicted, meaning that we do not require, for instance, a sta-
tistical model of the sequence. For lack of a model, we need to assume that the
sequence is arbitrary and therefore generated by an all-powerful device or adver-
sary, which, among other things, is aware of the strategy a prediction algorithm
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is using. It might seem that competing with such a powerful opponent is hope-
less. This is why, instead of the absolute performance of a prediction algorithm,
it is customary to consider the regret w.r.t. the best predictor in some class.
In this paper we make the choice of comparing our algorithm against the best
constant predictor. Even if it seems a very restrictive setting, let us remind the
reader that the best constant prediction is picked after the whole sequence is
known, that is with a much better knowledge than any prediction algorithm has
available and even more so in the incomplete feedback setting. Moreover, con-
stant predictors are the focus of an important line of research on iterated games
[Han57,FS97,ACBFS95]. Finally, the result can be readily extended to a finite
class of arbitrary predictors along the same lines of [ACBFS95]. The details of
this extension will be included in future versions of this paper.

Our research is closely related to the the one presented in [FS97], where the
subject is, indeed, the problem of learning a repeated game from the point of
view of one of the players —which can be thought of, indeed, as a predictor, once
we accept that prediction can be rewarded in general ways and not according
to a metric. In that work the authors designed the Multiplicative Weighting
algorithm and proved that it has regret O(

√
T ) when compared against the

optimal constant strategy. This algorithm is used as a subroutine of ours. In
their setting the predictor receives as input not the sequence at past rounds
but the rewards every alternate prediction (not only the one made) would have
received. Since this is all that matters to their algorithm, this setting is called
full information game in [ACBFS95], even if, according to our definitions, the
sequence and not the reward is the primary information. In the latter paper,
a partial information game corresponds to the multi-armed bandit problem, in
which only the reward relative to the prediction made is known to the predictor.
What would have happened picking any of the other choices remains totally
unknown. The best bound on the regret for this problem has been recently
improved to O(

√
T ) [Aue00].

In the present work we extend this result to our more general setting, pro-
vided that the feedback and loss functions jointly satisfy a simple but non-trivial
condition. This case includes relevant special cases, such as the bandwidth allo-
cation and quality control problems mentioned at the beginning of the present
section, as well the classic multi-armed bandit problem and others. In this case
it is possible to prove a bound of O(T 3/4) on the regret. The aforementioned
condition is not specific to our algorithm: indeed we proved that, when it is not
satisfied, any algorithm would incur a regret Ω(T ), just as a prediction with no
feedback at all.

Also closely related is the work presented in [WM00], where the same worst
case approach to sequence prediction is assumed, but the sequence is available
to a prediction algorithm only through noisy observations. Albeit very general,
their results make some assumptions on the noise process, such as statistical
independence between the noise components affecting observations at different
time steps. Our feedback model encompasses also the situation of noisy obser-
vations, but gives up any statistical assumptions on the noise process too, in
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analogy with the notion of “malicious errors” in the context of PAC learning
([KL93]). That is we claim our work can be seen also as a worst case approach
to the prediction of noisy sequences.

The paper is structured as follows. In Section 2 we formally describe the
problem. In Section 3 we describe the basic algorithm and prove bounds on its
performance. In Section 4 we review some examples and highlight some short-
comings of the basic algorithm and show how to overcome them. In Section 5
we present a general algorithm and prove that the algorithm is essentially the
most general. In Section 6 we discuss our results.

2 The Model

We describe the problem as a game between a player choosing an action gt and
an adversary choosing the action yt at time t. There are K possible actions
available to the player, w.l.o.g., from the set [K] = {1, . . . ,K}, and R actions
in the set [R] from which the adversary can pick from. At every time step the
player suffers a loss equal to �(yt, gt) ∈ [0, 1].

The game is played in a sequence of trials t = 1, 2, . . . , T . The adversary
has full information about the history of the game, whereas the player only
gets a feedback according to the function f(y, g). Hence the R ×K-matrices L
and F , with Lij = �(i, j) and Fij = f(i, j) completely describe an instance of
the problem. At each round t the following events take place.

1. The adversary selects an integer yt ∈ [R].
2. Without knowledge of the adversary’s choice, the player chooses an action

by picking gt ∈ [K] and suffers a loss xgt(t) = �(yt, gt).
3. The player observes ft = f(yt, gt).

Note that due to the introduction of the feedback function this is a general-
ization of the partial information game of [ACBFS95].

Let W (T ) :=
∑T
t=1 xgt(t) =

∑T
t=1 �(yt, gt) be the total loss of player A

choosing g1, . . . , gT . We measure the performance of the player by the expected
regret RA, which is the difference between the total loss of A and the total loss
of the best constant choice, that is:

RA := max
y1,...,yT

E

[
T∑
t=1

�(yt, gt)−min
j

T∑
t=1

�(yt, j)

]

where each yi is a function of g1, . . . , gi−1. In some works the corresponding
minmax problem is investigated, transforming the loss into a reward. The two
settings are equivalent, as it is easy to check.

3 The Basic Algorithm

For the full information case the following Multiplicative Weighting Algorithm
(see Fig. 1 and [FS97]) has been used in different settings and has been analyzed
also in [ACBFS95].
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Multiplicative Weighting (MW)
constant η ∈ (0, 1)
begin

Initialize pi(1) := 1
K

for all i ∈ [K].
for t from 1 to T do

Choose gt according to probabilities pi(t).
Receive the loss vector x(t).

Zt :=
K∑

i=1

pi(t)
exp(ηxi(t))

.

pi(t + 1) :=
pi(t)

exp(ηxi(t))Zt
, for all i ∈ [K].

od
end

Fig. 1. The multiplicative weighting algorithm.

The analysis of [FS97] leads to a tight result for the full knowledge model.
We will base our analysis on an adaptation of their main theorem. The following
theorem establishes a bound on the performance of MW that holds for any loss
function �.

Theorem 1. For η ∈ (0, 1), for any loss matrix L with R rows and K columns
with entries in the range [0, 1] and for any sequence y1, . . . , yT the sequence of
p(1), . . . , p(T ) produced by algorithm MW satisfies

T∑
t=1

K∑
i=1

�(yt, i)pi(t) ≤ min
j

T∑
t=1

�(yt, j) + 2ηT +
lnK

η
.

Our algorithm relies on the existence of a K × K matrix G satisfying the
following equation:

F G = L .

If such a G does not exist the basic algorithm fails, i.e. it cannot compute a
strategy at all.

The algorithm can be described as follows. First, it estimates the loss vector
using the matrix G and the feedback. This estimate is fed into the MW algorithm
which returns a probability distribution on the player’s actions. MW tends to
choose an action with very low probability if the associated loss over the past
history of the game is high. This is not acceptable in the partial information case,
because actions are useful also from the point of view of the feedback. Therefore,
and again in analogy with [FS97], the algorithm adjusts the distribution p(t),
output by the MW algorithm, to a new distribution p̂(t) such that p̂i(t) ≥ γ

K for
each i. We will give an appropriate choice of γ and other parameters affecting
the algorithm later on. What is new to this algorithm and what makes it much
more general is the way the quantities xi(t) are estimated. More in detail, given
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FeedExp3
begin

Compute G such that F G = L.
Choose η, γ ∈ (0, 1) according to G.
pi(1) := 1

K
for all i ∈ [K].

for t from 1 to T do
Select gt to be j with probability p̂j(t) := (1− γ)pj(t) +

γ

K
.

Receive as feedback the number ft.

x̂i(t) :=
Fyt,gt Ggt,i

p̂gt(t)
, for all i ∈ [K].

Zt :=
K∑

i=1

pi(t)
exp(ηx̂i(t))

pi(t + 1) :=
pi(t)

exp(ηx̂i(t))Zt
, for all i ∈ [K].

od
end

Fig. 2. The feedback exponential exploration and exploitation algorithm.

F and L and assuming there is a G such that FG = L, our basic algorithm
works as shown in Fig. 2.

The following lemma shows that x̂(t) is an unbiased estimator of the loss
vector x(t).

Lemma 1. For all i, t we have E[x̂i(t)|g1, . . . , gt−1] = xi(t) and E[x̂i(t)] =
E[xi(t)] .

Proof. Note that

E[x̂i(t)|g1, . . . , gt−1] =
K∑
j=1

p̂j(x)
Fyt,j

p̂j(x)
Gj,i

=
K∑
j=1

Fyt,jGj,i = Lyt,i = xi(t) .

This implies

E[x̂i(t)] = E[E[x̂i(t)|g1, . . . , gt−1]] = E[xi(t)] .

Let Sy,i(g) := Fy,gGg,i, for all y ∈ [R], g, i ∈ [K], S+ := maxy,g,i{Sy,i(g)},
S− := miny,g,i{Sy,i(g)} and ρ := S+ − S− and σ := max(0,−S−).
Lemma 2. Let λ, δ ∈ (0, 1). Then with probability at least 1−δ, for every action
i, we have

T∑
t=1

x̂i(t) ≤ (1 + λ)
T∑
t=1

xi(t) +
ρK ln(K/δ)

γλ
+

σλTK

γρ
.
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Due to space limitation, we refer for a proof to the technical report [PS00].
It relies on a martingale argument similar to the ones used in the proof of
Lemma 5.1 in [ACBFS95], but of course has to rest on weaker assumptions, in
relation to the more general definition of x̂i(t).
Lemma 3. For any sequence y1, . . . , yT the sequence p̂(1), . . . , p̂(T ) produced by
FeedExp3 satisfies, for all j:

T∑
t=1

K∑
i=1

x̂i(t)p̂i(t) ≤
T∑
t=1

x̂j(t) +
2ηρKT

γ
+

ρK lnK

γη
+

γ

K

T∑
t=1

K∑
i=1

x̂i(t) .

Proof. Consider a game where p(t) denotes the probability distribution and the
estimated loss x̂(t) is the real loss. Then, the FeedExp3-algorithm above reduces
to a MW-algorithm, where x(t) is replaced by x̂(t). Note that the range of the
estimation vector now is [KS−/γ,KS+/γ]. So, we normalize the loss to [0, 1],
by defining x̂′i(t) :=

γ
Kρ x̂i(t)− S−/ρ, and apply Theorem 1. After rescaling, we

use the fact that p̂i(t) = (1− γ)pi(t) + γ
K .

Theorem 2. If there exists G such that F G = L, then the expected regret
E[RFeedExp3(T )] of algorithm FeedExp3 after T steps is bounded by

E[RFeedExp3(T )] = O(T 3/4(lnT )1/2K1/2)

for T ≥ K2(lnK)2 and with a constant factor linear in max{ρ, σ/ρ}.
Proof. We first rewrite the expected loss E[W (T )] of algorithm FeedExp3 in a
different way:

E[W (T )] =
T∑
t=1

E[xgt
(t)]

=
T∑
t=1

E[E[xgt
(t)|g1...gt−1]]

=
T∑
t=1

E

[
K∑
i=1

xi(t)p̂i(t)

]

= E

[
T∑
t=1

K∑
i=1

xi(t)p̂i(t)

]

= E

[
T∑
t=1

K∑
i=1

E[x̂i(t)|g1...gt−1]p̂i(t)
]

= E

[
T∑
t=1

K∑
i=1

x̂i(t)p̂i(t)

]
.

By Lemma 3 we have, for any j:

T∑
t=1

K∑
i=1

x̂i(t)p̂i(t) ≤
T∑
t=1

x̂j(t) +
2ηρKT

γ
+

ρK lnK

γη
+

γ

K

T∑
t=1

K∑
i=1

x̂i(t) .
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Since the former inequality holds for any j, we can choose j = g∗ so as to
minimize the right hand side of the last inequality, that is g∗ is the best action,
to obtain:

T∑
t=1

x̂g∗(t) +
2ηρKT

γ
+

ρK lnK

γη
+

γ

K

T∑
t=1

K∑
i=1

x̂i(t).

Disregarding minor factors and applying Lemma 2 and the obvious bound xi(t) ≤
1, we can further upper bound the latter expression with:

T∑
t=1

xg∗(t) + (γ + 2λ)T +
2ηρKT

γ
+

ρK lnK

γη
+

2ρK ln(K/δ)
γλ

+
2σλTK

γρ
.

This bound holds with probability δ. Therefore, to upper bound the expectation
we started with, we need to add an error term δT . Furthermore, we set λ =
T−1/2(lnT )1/2(lnK)1/4, η = T−1/2(lnK)1/2, γ = T−1/4K1/2(lnK)1/4 and δ =
T−2.

E

[
T∑
t=1

K∑
i=1

p̂i(t)xi(t)

]
≤ E

[
T∑
t=1

xg∗(t)

]
+ O((ρ+ σ

ρ )T
3/4(lnT )1/2K1/2) .

4 Applications, Limits, and Extensions

We are now equipped to show how the bandwidth allocation problem that ini-
tially prompted this research, as well as other important examples, can be solved
using this algorithm, but we will also see that only some tweaking allows to solve
other equally reasonable prediction problems. We will see in the next section that
these “tricks” lead to a general algorithm, that, after some preprocessing, uses
the basic algorithm to achieve sub-linear regret whenever this is feasible.

Let y be the available (unknown) bandwidth and g the allocated bandwidth.
We can describe the available feedback as follows (threshold feedback):

f(y, g) =
{
0 if y < g
1 otherwise .

Therefore a feedback of 1 represents the successful transmission of a packet,
a 0 its loss. This situation is not at all uncommon: namely, the most widespread
networking protocol, TCP/IP, relies on this kind of information only. The cor-
responding feedback matrix F is a lower triangular matrix, with only 1’s on the
diagonal and below. F is invertible, allowing the application of the FeedExp3
algorithm, for any loss function, with the choice G = F−1L.

In [KKPS00] the following loss model was introduced, under the name of
severe cost function:

�(y, g) =
{

y if y < g
y − g otherwise .
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When g < y the value reflects the opportunity cost of sending a packet packet of
size g when y was the maximum possible size. When y > g the cost function takes
into account the cost of compensating for packet loss, under the assumption that
the protocol must wait for the first dropped packet to time out before resuming
transmission.

The TCP solution to the allocation problem, abstracting from the details,
is to decrease the allocated bandwidth by a constant factor whenever a packet
loss is detected and to increase it by an additive term when the transmission
is successful. It is clear that, when analyzed in an adversarial setting, TCP has
linear regret if compared to the best constant choice.

The multi-armed bandit problem with partial information of [ACBFS95] cor-
responds to the case F = L. Under this condition, G = I is a suitable choice.
A somehow dual situation arises when F = I, that is when the feedback is a
binary “hit or miss” information. Then G = L is a suitable choice for G.

A more troublesome situation is the full feedback case. Even if in this case
the more complex machinery presented in this paper is not necessary, since an
expected regret of O(T 1/2 logK) can be achieved by the MW algorithm [FS97],
it is clear that a general algorithm for this class of problems must be able to solve
this special case, too. A natural choice for F is Fij = i, which implies ft = yt.
Unfortunately, such a matrix has rank 1 and therefore the condition FG = L
can be satisfied only when L has a very special, and rather trivial, form. But
more than the specific values of the entries of F , what defines “full feedback” is
the fact that no two entries in every column of F have the same value, that is
there is a bijection between the values in Fi and the range of yt. If F satisfies
this property, it is possible to compute yt from ft and hence we can say we are
still in the full information case. Therefore, we are interested in finding a full
rank matrix within the set of matrices just described, which all represent the
full feedback case.

Another example is a slightly modified threshold feedback f(y, g) = 0, if
y ≤ g and 1 otherwise. Then F becomes singular, but it is enough to reverse
the arbitrary roles of 0 and 1 to get an equivalent problem, where this time F
is invertible, and therefore, for any L, the equation FG = L can be solved for
G. Clearly we have to make our algorithm resilient to these simple formalization
changes.

An acceptable transformation of F can be detailed as a set of functions for
every column of F , from the range of the elements of F into some other range.
The goal is to obtain a new matrix F ′, where every column is obtained applying
one of the functions to the elements of a column of F , for which there is a G
such that F ′G = L′. It is clear that F ′ can have more columns than F , because
every column can be transformed in different ways, but no fewer, since every
action has to be represented. This corresponds to introducing new actions that
are essentially replicas, but for each of which the feedback undergoes a different
transformation. From the point of view of the loss, these additional actions
are totally equivalent and therefore we need to extend L into a larger matrix
L′ by duplicating the appropriate columns. What we seek is a general way to
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expand F ′ so as to keep the number of columns reasonably small but making
the linear span of F ′ all-inclusive, that is such that it cannot be enlarged by
adding more columns obtained in a feasible way. This can be accomplished as
follows. For every column Fi containing ri distinct values (w.l.o.g. from the set
[ri]) we define ri columns F ′Ri+1 . . . F

′
Ri+ri

, where Ri =
∑i−1
j=1 ri, as follows: for

1 ≤ j ≤ ri, F ′Ri+j,k = 1 if j = Fi,k, and 0 otherwise. As to L′, we set L′j = Li if
and only if Ri < j ≤ Ri + ri. It is straightforward to check that the matrix F ′

obtained this way has the largest possible linear span among all the ones that
can be obtained from F via the transformations detailed above. Also, since F is
R×K, F ′ is at most R×KR. These are more columns than we need and would
impact negatively the bounds on the regret: therefore we will pick the smallest
subset of columns S which is still good for our purposes, that is that satisfies
the following conditions:

– all the columns of L are represented in L′ or, equivalently, all the actions
in the original instance are represented, that is for every i ∈ [K] there is a
j ∈ S such that Ri < j ≤ Ri + ri;

– L({F ′i : i ∈ S}) = range(F ′).

The final feedback and distance matrices can be obtained by dropping all the
columns not in S from F ′ and L′, and we will continue to use the same symbols
for the submatrices defined this way. In the next section we will present a greedy
algorithm which solves this problem.

Let us see how this helps in the full feedback case. Recall that a natural
choice for F is Fij = i. Therefore, the corresponding F ′ has maximum rank
(some columns of F ′ form an R × R identity matrix), F ′G = L can be solved
for G and the general algorithm can be applied successfully.

A further complication arises from non-exploitable actions. These are the ones
which, for any adversarial strategy, do not turn out to be optimal. The problem
here is that the condition FG = L might be impossible to satisfy because of
some columns related to non-exploitable actions. Consider, for instance:

F =


1 1 1
1 1 1
0 1 1


 L =


1 1 0
2 1 0
1 0 1


 .

Here column 1 of L is not in the linear span of F , but it is easy to see that actions
3 and 4 can be always preferred to the first. Therefore it might seem reasonable
to simply drop the first column, as it is related to a non-exploitable action. It
turns out, though, it is just action 1 that provides the necessary feedback to
estimate the loss. It is clear that simply omitting non-exploitable actions is not
a good strategy.

As with the feedback matrix F , the solution for these problems is to transform
the loss matrix L into a new L′ in a way that does not lower the regret.

If we add the same vector x to every column of L, we are not changing
the problem instance in any substantial way, since the regret, our performance
measure, is invariant w.r.t. this transformation. Therefore we are interested in
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those transformations that help fulfilling the condition FG = L. This time,
it makes sense to try to obtain a matrix L′ from L of minimum rank. Rank
minimization is a difficult problem in general, but this special case turns out to
be rather trivial.

Lemma 4. Given three matrices L, L′ and L′′ such that for every i L′i = Li−Lj
and L′′i = Li − x, we have that, for any vector x and index j, L(L′) ⊆ L(L′′).
Proof. Since Li − Lj = Li − x− (Lj − x), the lemma follows.

Therefore choosing x equal to one of the columns of L minimizes the linear
span of L′. In the following we will assume L1 = (0, . . . , 0) w.l.o.g.

As to non-exploitable actions, we first need to formally define them. Let us
define a partition1 of the set of mixed strategies (for the adversary) as follows.
Every element of the partition is centered around a column of L′ and is defined
as:

N(Li) = {v ∈ A | ∀j : Li �= Lj ⇒ vLi ≤ vLj}
where the set A := {v ∈ [0, 1]R| ∑i vi = 1} denotes all possible mixed strategies
of the adversary.

That is an element of this partition is the set of mixed adversarial strategies
such that a certain prediction is preferred to any other. If N(Li) is empty, then
i is a non-exploitable action. The rationale behind this definition is that no
sensible algorithm will ever try this action for exploitation purposes (that is
often), since there are other actions which bear a smaller loss. The interior of
N(Li) is defined as follows:

S(Li) = {v ∈ A | ∀j : Li �= Lj ⇒ vLi < vLj} .

The following lemma shows that we can replace every mixed adversarial strategy
on the surface of some element of the partition by another strategy not on the
surface, with no penalty in performance.

Lemma 5. For all mixed adversarial strategies q ∈ A there exists a column Li
with S(Li) �= ∅ such that q ∈ N(Li).

Proof. We concentrate on elements in the set F :=
⋃
iN(Li) \ S(Li). Note that

we have
F ⊆

⋃
i,j

{v ∈ A | v(Li − Lj) = 0} .

Therefore F is a subset of a union of at most K2 subspaces of dimension R− 2.
Since A is a R−1 dimensional polytope, any ε-ball centered on a point v ∈ N(Li)
contains elements not in F . Such an element v′ �∈ F is contained in a set Li′

with S(Li′) �= ∅. Since this is true for any ε-ball, then v belongs to the surface
of N(Li′) too, that is vLi = vLi′ .

1 Strictly speaking, it is not a partition, but the idea helps the intuition
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Hence, we can extend the definition of non-exploitable action to columns with
S(Li) = ∅, since their choice gives no improvement over actions with S(Li) �= ∅.

In order to extend the applicability of the basic algorithm, we set all the
entries in the columns corresponding to non-exploitable actions equal to the size
of the maximum element in its column in L. This can only increase the regret
w.r.t. the best constant strategy, because none of the actions associated to these
columns can be part of any optimal strategy. Furthermore, it is easy to check
that the columns obtained this way are in the linear span of F ′ for every F .

5 The General Algorithm

In Fig. 3 we show how to implement the construction of F ′ and L′. Let [Fi,j =
v]i=1,...,R denote the vector obtained replacing, in the jth column of F , every
entry equal to v by 1 and all others by 0. The algorithm constructs F ′ and L′

by appending columns derived from F and L to their right sides.
Augmented with this kind of preprocessing for the loss and feedback matri-

ces, our algorithm covers all the examples we considered. A natural question is
therefore whether the condition F ′G = L′ is not only necessary for our algorithm
to apply, but in general for any useful algorithm. The answer is positive, meaning
that if the condition cannot be fulfilled, then any algorithm will undergo a loss
Ω(T ).
Theorem 3. For any prediction game (F,L) we have either one of the following
situations.

– The General Algorithm solves it with an expected regret of

E[RGeneral] ≤ O(T 3/4(lnT )1/2max(K,R1/2)) .

– There is an adversarial strategy which causes any algorithm A to produce a
regret of Ω(T ) with probability 1/2.

Proof. In the previous section, we have already seen that we can map a sequence
of actions for the prediction game (F ′, L′) to the instance F,L in a way that does
not essentially increase the regret. This proves the first part of the theorem. We
can rephrase the second part as follows:

Given an instance of the prediction game (F,L) let be F ′ and L′ the
matrices obtained through the transformations detailed in the previous
section. If there is no G such that F ′G = L′, then any prediction algo-
rithm will undergo a loss Ω(T ).

We associate a graph H = (V,E) to the partition {N(L′1), . . . , N(L′k)} by defin-
ing V = {Li : S(L′i) �= ∅} and (L′i, L

′
j) ∈ E if and only if L′i = L′j or the sets

N(L′i) and N(L′j) share a facet, i.e. a face of dimension R− 2. Note that for all
i the set N(L′i) describes a polytope of dimension R − 1 or its interior S(L′i) is
empty.

Let L(E) be the linear span of the set of differences between vectors at the
endpoints of each edge in E. We have the following
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The General Algorithm
begin
for j from 1 to K do
for all values v in Fi do
if [Fi,j = v]i=1,...,R �∈ L(F ′

1, . . . , F
′
z) then

Append [Fi,j = v]i=1,...,R to F ′

Append Lj to L′.
fi

od
if Lj was not added to L′ then

Append (0, . . . , 0)T to F ′

Append Lj to L′.
fi

od
K′ := number of columns of F ′ and L′.
Choose L′

b such that S(L′
b) �= ∅.

for i from 1 to K′ do
L′

i := L′
i − L′

b

od
for i from 1 to K′ do
if S(Li) = ∅ then

L′
i := maxj′{L′

j′i} (1, . . . , 1)T
fi

od
FeedExp3(F ′, L′)

end

Fig. 3. The General Algorithm

Lemma 6. L(E) = L({L′i : L′i ∈ V }) .

Proof. For each L′i ∈ V , L′i = L′i − L′i1 + L′i1 − L′i2 + . . . + L′ip − L′1, where
(L′i, L

′
i1
, . . . , L′ip , L

′
1) is a path connecting L′i to L′1, if such a path exists.

We need only to prove that H is connected. Given the two vertices L′i and
L′j , we seek a path joining them. Consider the segment joining a point in the
interior of N(L′i) to one in the interior of N(L′j). Since the set of mixed strategies
is convex, every point in the segment is a mixed strategy. Let us pick an arbitrary
orientation for this segment and consider the sequence of polytopes that share
with the segment some interior point, and specifically two consecutive entries in
the sequence, N(L′h) and N(L′k). If the segment goes from the first to the second
through a facet, then the two corresponding vertices in the graph are joined by
an edge. If not, that means that the two polytopes share only a face of dimension
R− 3 or lower, e.g. a vertex or an edge. In that case we need to pick a different
point in, say, N(Lj). This is always possible because N(Lj) has dimension R−1
whereas the set of points collinear with the designated point in N(Li) and any
point in any face of dimension R− 3 or lower has dimension at most R− 2.
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Now, let us assume that there is no G such that F ′G = L′. This implies that
there is L′i such that L′i �∈ L(F ′). Let us assume S(L′i) = ∅. By definition of
L′, L′i = α(1, . . . , 1) for some α. This implies, by definition of F ′, L′i ∈ L(F ′), a
contradiction. Therefore S(L′i) �= ∅ and, by lemma 6, L(E) �⊆ L(F ′). Hence, for
some (L′i, L

′
j) ∈ E, we have that L′i − L′j �∈ L(F ′). Since the range of F ′ is the

orthogonal complement to the null space of F ′T we have that, for some non-zero
vector n ∈ Ker(F ′T ), n(L′i − L′j) �= 0. Let y be a point in the interior of the
facet shared by N(L′i) and N(L′j). We have that y + αn and y − αn are both
mixed strategies for some α. They are indistinguishable from the point of view
of any algorithm because (y + αn)F ′ = (y − αn)F ′ = yF ′, but they correspond
to different optimal actions, and the regret implied by making the wrong choice
is |αn(L′i − L′j)|.

6 Conclusion and Open Problems

We solve the problem of discrete loss and feedback online prediction games in its
general setting, presenting an algorithm which, on average, has sub-linear regret
against the best constant choice, whenever this is achievable.

In the full knowledge case, it is well known that the average per step regret is
bounded by O(T−1/2). In [ACBFS95] it is shown that, if the feedback is identical
to the loss, there is an algorithm whose average regret is bounded by O(T−1/3)
(omitting polylogarithmic terms), recently improved to O(T−1/2) [Aue00]. In
the present paper, we show that, for every “reasonable” feedback, the average
per step regret is at most O(T−1/4). Otherwise, no algorithm can do better than
Ω(T ).

While we proved that no algorithm can attain sub-linear regret on a larger
class of instances than ours does, it is an open problem whether such general
prediction games can be solved with a bound on the regret as good as the one
obtained for the multi-armed bandit problem, in the most general setting or
under some additional assumptions.

It is straightforward to transfer the upper bounds shown for the worst case
regret against constant predictors to the finite pool of general predictors (a.k.a.
“expert”) model, in analogy with the argument of [ACBFS95], Section 7. How-
ever, the lower bound is not readily applicable to this case and therefore it is an
open question whether our general algorithm achieves sub-linear regret whenever
it is possible in this context.

Another interesting question is whether a uniform algorithm exists that works
for any feedback and loss functions and achieves the best known performance
for each feedback. Note that the algorithms presented in this work, even when
given in input a feedback function corresponding to the “full knowledge” case,
guarantees only an average per step regret of O(T−1/4), whereas O(T−1/2) is
the best bound known.
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Abstract. We investigate the use of certain data-dependent estimates
of the complexity of a function class, called Rademacher and gaussian
complexities. In a decision theoretic setting, we prove general risk bounds
in terms of these complexities. We consider function classes that can be
expressed as combinations of functions from basis classes and show how
the Rademacher and gaussian complexities of such a function class can
be bounded in terms of the complexity of the basis classes. We give exam-
ples of the application of these techniques in finding data-dependent risk
bounds for decision trees, neural networks and support vector machines.

1 Introduction

In learning problems like pattern classification and regression, a considerable
amount of effort has been spent on obtaining good error bounds. These are useful,
for example, for the problem of model selection—choosing a model of suitable
complexity. Typically, such bounds take the form of a sum of two terms: some
sample-based estimate of performance and a penalty term that is large for more
complex models. For example, in pattern classification, the following theorem is
an improvement of a classical result of Vapnik and Chervonenkis [20].

Theorem 1. Let F be a class of {±1}-valued functions defined on a set X . Let P
be a probability distribution on X×{±1}, and suppose that (X1, Y1), . . . , (Xn, Yn)
and (X,Y ) are chosen independently according to P . Then, there is an absolute
constant c such that for any integer n, with probability at least 1−δ over samples
of length n, every f in F satisfies

P (Y �= f(X)) ≤ P̂n(Y �= f(X)) + c
√
VCdim(F )

n
,

where VCdim(F ) denotes the Vapnik-Chervonenkis dimension of F , P̂n(S) =
(1/n)

∑n
i=1 1S(Xi, Yi), and 1S is the indicator function of S,
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In this case, the sample-based estimate of performance is the proportion of
examples in the training sample that are misclassified by the function f , and the
complexity penalty term involves the VC-dimension of the class of functions. It is
natural to use such bounds for the model selection scheme known as complexity
regularization: choose the model class containing the function with the best
upper bound on its error. The performance of such a model selection scheme
critically depends on how well the error bounds match the true error (see [2]).
There is theoretical and experiment evidence that error bounds involving a fixed
complexity penalty (that is, a penalty that does not depend on the training data)
cannot be universally effective [4].
Recently, several authors have considered alternative notions of the complex-

ity of a function class: the Rademacher and gaussian complexities (see [2,5,7,7,
13]).

Definition 1. Let µ be a probability distribution on a set X and let X1, . . . , Xn

be independent samples selected according to µ. For a class F of functions map-
ping from X to IR, define the random variable

R̂n(F ) = E

[
sup
f∈F

∣∣∣∣∣
2
n

n∑
i=1

σif(Xi)

∣∣∣∣∣
∣∣∣∣∣X1, . . . , Xn

]
,

where σ1, . . . , σn are independent uniform {±1}-valued random variables. Then
the Rademacher complexity of F is Rn(F ) = ER̂n(F ). Similarly, define the
random variable

Ĝn(F ) = E

[
sup
f∈F

∣∣∣∣∣
2
n

n∑
i=1

gif(Xi)

∣∣∣∣∣
∣∣∣∣∣X1, . . . , Xn

]
,

where g1, . . . , gn are independent gaussian N(0, 1) random variables. The gaus-
sian complexity of F is Gn(F ) = EĜn(F ).

Both Rn(F ) and Gn(F ) are intuitively reasonable as measures of complexity
of the function class F : they quantify the extent to which some function in the
class F can be correlated with a noise sequence of length n. The following lemma
shows that these two complexity measures are closely related [19].

Lemma 1. There are absolute constants c and C such that for every class F
and every integer n, cRn(F ) ≤ Gn(F ) ≤ C log nRn(F ).

The following theorem is an example of the usefulness of these notions of
complexity (see, e.g., [2]). The proof is a slight refinement of a proof of a more
general result which we give below (Theorem 5); it is presented in Appendix A.

Theorem 2. Let P be a probability distribution on X × {±1} and let F be a
set of {±1}-valued functions defined on X . Then with probability at least 1 − δ
over training samples (Xi, Yi)ni=1 drawn according to P

n, every function f in F
satisfies

P (Y �= f(X)) ≤ P̂n(Y �= f(X)) + Rn(F )
2

+

√
ln(1/δ)
2n

.
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The following result shows that this theorem implies the upper bound of
Theorem 1 in terms of VC-dimension, as well as a refinement in terms of VC-
entropy. In particular, Theorem 2 can never be much worse than the VC results.
Since the proof of Theorem 2 is a close analog of the first step of the proof of
VC-style results (the symmetrization step), this is not surprising. In fact, the
bounds of Theorem 2 can be considerably better than Theorem 1, since the first
part of the following result is in terms of the empirical VC-dimension.

Theorem 3. Fix a sample X1, . . . , Xn. For a function class F ⊆ {±1}X , de-
fine the restriction of F to the sample as F|Xi

= {(f(X1), . . . , f(Xn)) : f ∈ F}.
Define the empirical VC-dimension of F as d = VCdim

(
F|Xi

)
and the em-

pirical VC-entropy of F as E = log2
∣∣F|Xi

∣∣. Then Ĝn(F ) = O
(√

d/n
)
and

Ĝn(F ) = O
(√

E/n
)
.

The proof of this theorem is based on an upper bound on Ĝn which is due
to Dudley (quoted in Theorem 15 below), together with an upper bound on
covering numbers due to Haussler (see [12]).
Koltchinskii and Panchenko [6] proved an analogous error bound in terms of

margins. The margin of a real-valued function f on a labelled example (x, y) ∈
X × {±1} is yf(x). For a function h : X × Y → IR and a training sample
(X1, Y1), . . . , (Xn, Yn), we write Ênh(X,Y ) = (1/n)

∑n
i=1 h(Xi, Yi).

Theorem 4. Let P be a probability distribution on X ×{±1} and let F be a set
of [−1, 1]-valued functions defined on X . Suppose that φ : IR → [0, 1] satisfies
φ(α) ≥ 1(α ≤ 0) and is Lipschitz with constant L. Then with probability at least
1− δ with respect to training samples (Xi, Yi)ni=1 drawn according to P

n, every
function in F satisfies

P (Y f(X) ≤ 0) ≤ Ênφ(Y f(X)) + 2LRn(F ) +

√
ln(2/δ)
2n

.

This improves a number of results bounding error in terms of a sample av-
erage of a margin error plus a penalty term involving the complexity of the
real-valued class (such as covering numbers and fat-shattering dimensions) [1,
10,17,18].
In the next section, we give a bound of this form that is applicable in a more

general, decision-theoretic setting. Here, we have an input space X , an action
space A and an output space Y. The training data (X1, Y1), . . . , (Xn, Yn) are
selected independently according to a probability measure P on X × Y. There
is a loss function L : Y ×A → [0, 1], so that L(y, a) reflects the cost of taking a
particular action a ∈ A when the outcome is y ∈ Y. The aim of learning is to
choose a function f that maps from X to A, so as to minimize the expected loss
EL(Y, f(X)).
For example, in multiclass classification, the output space Y is the space

Y = {1, . . . , k} of class labels. When using error correcting output codes [8,16]
for this problem, the action space might be A = [0, 1]m, and for each y ∈ Y
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there is a codeword ay ∈ A. The loss function L(y, a) is equal to 0 if the closest
codeword ay∗ has y∗ = y and 1 otherwise.
Section 2 gives bounds on the expected loss for decision-theoretic problems of

this kind in terms of the sample average of a Lipschitz dominating cost function
(a function that is pointwise larger than the loss function) plus a complexity
penalty term involving a Rademacher complexity.
We also consider the problem of estimating Rn(F ) and Gn(F ) (for instance,

for model selection). These quantities can be estimated by solving an optimiza-
tion problem over F . However, for cases of practical interest, such optimization
problems are difficult. On the other hand, in many such cases, functions in F
can be represented as combinations of functions from simpler classes. This is
the case, for instance, for decision trees, voting methods, and neural networks.
In Section 3, we show how the complexity of such a class can be related to the
complexity of the class of basis functions. Section 4 describes examples of the
application of these techniques.

2 Risk Bounds

We begin with some notation. Given an independent sample (Xi, Yi)ni=1 dis-
tributed as (X,Y ), we denote by Pn the empirical measure supported on that
sample and by µn the empirical measure supported on (Xi)ni=1. We say a func-
tion φ : Y × A → IR dominates a loss function L if for all y ∈ Y and a ∈ A,
φ(y, a) ≥ L(y, a). For a class of functions F , convF is the class of convex com-
binations of functions from F , −F = {−f : f ∈ F}, absconvF is the class of
convex combinations of functions from F ∪ −F , and cF = {cf : f ∈ F}. If φ is
a function defined on the range of the functions in F , let φ ◦F = {φ ◦ f |f ∈ F}.
Given a set A, we denote its characteristic function by 1A or 1(A). Finally, con-
stants are denoted by C or c. Their values may change from line to line, or even
within the same line.

Theorem 5. Consider a loss function L : Y ×A → [0, 1] and a dominating cost
function φ : Y ×A → [0, 1]. Let F be a class of functions mapping from X to A
and let (Xi, Yi)ni=1 be independently selected according to the probability measure
P . Then, for any integer n and any 0 < δ < 1, with probability at least 1 − δ
over samples of length n, every f in F satisfies

EL(Y, f(X)) ≤ Ênφ(Y, f(X)) +Rn(φ̃ ◦ F ) +
√
8 ln(2/δ)

n
,

where φ̃ ◦ F = {(x, y) �→ φ(y, f(x))− φ(y, 0) : f ∈ F}.
The proof uses McDiarmid’s inequality [11].
Theorem 6 (McDiarmid’s Inequality). Let X1, ..., Xn be independent ran-
dom variables taking values in a set A, and assume that f : An → IR satisfies

sup
x1,...,xn,x′

i
∈A

|f(x1, ..., xn)− f(x1, ..., xi−1, x′i, xi+1, ...xn)| ≤ ci
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for every 1 ≤ i ≤ n. Then, for every t > 0,
P
{
|f(X1, ..., Xn)−Ef(X1, ..., Xn)| ≥ ε

}
≤ 2e−2t/

∑n

i=1
c2i .

Proof. (of Theorem 5) Since φ dominates L, for all f ∈ F we can write
EL(Y, f(X)) ≤ Eφ(Y, f(X))

≤ Ênφ(Y, f(X)) + sup
h∈φ◦F

(
Eh− Ênh

)

= Ênφ(Y, f(X)) + sup
h∈φ̃◦F

(
Eh− Ênh

)
+Eφ(Y, 0)− Ênφ(Y, 0).

When an (Xi, Yi) pair changes, the random variable suph∈φ̃◦F
(
Eh− Ênh

)
can

change by no more than 2/n. McDiarmid’s inequality implies that with proba-
bility at least 1− δ/2,

sup
(
Eh− Ênh

)
≤ E sup

(
Eh− Ênh

)
+
√
2 log(2/δ)/n .

A similar argument, together with the fact that EÊnφ(Y, 0) = Eφ(Y, 0), shows
that with probability at least 1− δ,

EL(Y, f(X)) ≤ Ênφ(Y, f(X)) +E sup
h∈φ̃◦F

(
Eh− Ênh

)
+

√
8 ln(2/δ)

n
.

It remains to show that the second term on the right hand side is no more than
Rn(φ̃ ◦ F ). If (X ′1, Y ′1), . . . , (X ′n, Y ′n) are independent random variables with the
same distribution as (X,Y ), then

E sup
h∈φ̃◦F

(
Eh− Ênh

)
= E sup

h∈φ̃◦F
E

[
1
n

n∑
i=1

h(X ′i, Y
′
i )− Ênh

∣∣∣∣∣ (Xi, Yi)

]

≤ E sup
h∈φ̃◦F

(
1
n

n∑
i=1

h(X ′i, Y
′
i )− Ênh

)

= E sup
h∈φ̃◦F

1
n

n∑
i=1

σi (h(X ′i, Y
′
i )− h(Xi, Yi))

≤ 2E sup
h∈φ̃◦F

1
n

n∑
i=1

σih(Xi, Yi)

≤ Rn(φ̃ ◦ F ).
As an example, consider the case A = Y = [0, 1]. It is possible to bound

Rn(F ) in terms of expected covering numbers of F or its fat-shattering dimen-
sion. Indeed, the following result relates Gn(F ) to empirical versions of these
notions of complexity, and implies that Theorem 5 can never give a significantly
worse estimate than estimates in terms of these quantities. This result is essen-
tially in [13]; although that paper gave a result in terms of the fat-shattering
dimension, the same proof works for the empirical fat-shattering dimension.
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Theorem 7. Fix a sample X1, . . . , Xn. Let F be a class of function whose range
is bounded by 1. Assume that there is some γ > 1 such that for any ε > 0,
fatε
(
F|Xi

) ≤ γε−p. Then, there are absolute constants Cp, which depend only on
p, such that

Ĝn(F ) ≤



Cpγ

1/2 log γn−1/2 if 0 < p < 2,
C2
(
γ1/2 log γ

)
n−1/2 log2 n if p = 2,

Cp

(
γ1/2 log γ

)
n−1/p if p > 2.

3 Estimating the Rademacher and Gaussian Complexities
of Function Classes

An important property of Rademacher and gaussian complexities is that they
can be estimated from a single sample (X1, . . . , Xn). As an example, consider
the following result, which follows from McDiarmid’s inequality (see also [2]).
Theorem 8. Let F be a class of functions mapping to [−1, 1]. For any integer
n, with probability at least 1− δ over samples X1, . . . , Xn,

∣∣∣Rn(F )− R̂n(F )
∣∣∣ ≤
√
log(1/δ)
2n

.

In addition, R̂n(F ) can be estimated from one realization of the Rademacher
variables σ1, . . . , σn, and the same is true of Ĝn(F ). This is a consequence of the
following concentration results.
Theorem 9. Let F be a class of real functions and fix some x1, ..., xn. Set τ2 =
supf∈F

∑n
i=1 f

2(xi). Then,

P

{∣∣∣∣∣
1
n
sup
f∈F

∣∣∣∣∣
n∑

i=1

σif(xi)

∣∣∣∣∣−
1
n
E sup

f∈F

∣∣∣∣∣
n∑

i=1

σif(xi)

∣∣∣∣∣
∣∣∣∣∣ ≥ ε

}
≤ 2e−2nε2/τ2

,

P

{∣∣∣∣∣
1
n
sup
f∈F

∣∣∣∣∣
n∑

i=1

gif(xi)

∣∣∣∣∣−
1
n
E sup

f∈F

∣∣∣∣∣
n∑

i=1

gif(xi)

∣∣∣∣∣
∣∣∣∣∣ ≥ ε

}
≤ e−2nε2/π2τ2

.

The first (Rademacher) part of the theorem follows from McDiarmid’s inequality,
while the second is due to Maurey and Pisier [15].
Thus, it seems that the computation of R̂n(F ) and Ĝn(F ) is particularly

convenient. However, as mentioned before, their computation involves an opti-
mization over the class F , which is hard for interesting function classes. The
way we bypass this obstacle is to use that fact that same “large” classes can
be expressed as combinations of functions from simpler classes. For instance,
a decision tree can be expressed as a fixed boolean function of the functions
appearing in each decision node, voting methods use thresholded convex combi-
nations of functions from a simpler class, and neural networks are compositions
of fixed squashing functions with linear combinations of functions from some
class. Hence, we present several structural results that lead to bounds on the
Rademacher and gaussian complexities of a function class F in terms of the
complexities of simpler classes of functions from which F is constructed.
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3.1 Simple Structural Results

We begin with the following observations regarding Rn(F ).

Theorem 10. Let F, F1, . . . , Fk and H be classes of real functions. Then

1. If F ⊆ H, Rn(F ) ≤ Rn(H).
2. Rn(F ) = Rn(convF ) = Rn(absconvF ).
3. For every c ∈ IR, Rn(cF ) = |c|Rn(F ).
4. If φ : IR → IR is Lipschitz with constant Lφ and satisfies φ(0) = 0, then
Rn(φ ◦ F ) ≤ 2LφRn(F ).

5. There is an absolute constant C such that for any uniformly bounded function
h, Rn(F + h) ≤ Rn(F ) + C‖h‖∞/

√
n.

6. For 1 ≤ q < ∞, let LF,h,q = {|f − h|q |f ∈ F}. There is an absolute
constant C such that for any uniformly bounded function h, Rn(LF,h,q) ≤
q (Rn(F ) + C‖h‖∞/

√
n).

7. Rn

(∑k
i=1 Fi

)
≤∑k

i=1Rn(Fi).

Parts 1-3 are true forGn, with exactly the same proof. The other observations
hold for Gn with an additional factor of logn and may be established using the
general connection between Rn and Gn (Lemma 1). Parts 5 and 6 allow us to
estimate the Rademacher complexities of natural loss function classes.
Note that 7 is tight. To see this, let F1 = · · · = Fk = F . Then, by parts 1

and 3, Rn

(∑k
i=1 Fi

)
≥ Rn(kF ) = kRn(F ) =

∑k
i=1Rn(Fi).

Proof. Parts 1 and 3 are immediate from the definitions. To see part 2, notice
that for every x1, . . . , xn and σ1, . . . , σn,

sup
f∈absconvF

∣∣∣∣∣
n∑

i=1

σif(xi)

∣∣∣∣∣ = sup
f∈convF

∣∣∣∑σif(xi)
∣∣∣

= max

(
sup

f∈convF

∑
σif(xi), sup

f∈convF
−
∑

σif(xi)

)

= max

(
sup
f∈F

∑
σif(xi), sup

f∈F
−
∑

σif(xi)

)

= sup
f∈F

∣∣∣∑σif(xi)
∣∣∣ .

The inequality of part 4 is due to Ledoux and Talagrand [9, Corollary 3.17].
As for part 5, note that there is an absolute constant C such that for every
realization of X1, ..., Xn,

E sup
f∈F

∣∣∣∣∣
n∑

i=1

σi (f(Xi) + h(Xi))

∣∣∣∣∣ ≤ E sup
f∈F

∣∣∣∣∣
n∑

i=1

σif(Xi)

∣∣∣∣∣+E
∣∣∣∣∣

n∑
i=1

σih(Xi)

∣∣∣∣∣

≤ E sup
f∈F

∣∣∣∣∣
n∑

i=1

σif(Xi)

∣∣∣∣∣+ C
(

n∑
i=1

h(Xi)2
) 1

2

,
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where the last inequality follows from Khintchin’s inequality. Hence, Rn(F+g) ≤
Rn(F ) + C ‖h‖∞ /

√
n, as claimed.

To see part 6, notice that φ(x) = |x|q is a Lipschitz function which passes
through the origin with a Lipschitz constant q. By parts 4 and 5 of Theorem 10,

Rn(LF,h,q) ≤ qRn(F − h) ≤ q
(
Rn(F ) + C

‖h‖∞√
n

)
.

Finally, part 7 follows from the triangle inequality.

3.2 Lipschitz Functions on IRk

Theorem 10 part 4 shows that composing real-valued functions in some class
with a Lipschitz function changes the Rademacher complexity by no more than
a constant factor. In this section, we prove a similar result for the gaussian com-
plexity of a class of vector-valued functions. It is convenient to view a normalized
version of Gn as the expectation of a gaussian vector with respect to a certain
norm. To that end, we shall require several definitions from the theory of Banach
spaces.
Let +n2 be an n dimensional Hilbert space, with inner product 〈·, ·〉. Given a

class F and a sample Sn = {X1, ...Xn}, let µn be the empirical measure sup-
ported on Sn. We endow IRn with the Euclidean structure of L2(µn), which
is isometric to +n2 . Define F/µn = {

∑n
i=1 f(Xi)1Xi

|f ∈ F}. Since (ei)ni=1 =
(n1/21Xi)

n
i=1 is an orthonormal basis of L2(µn), we can write

F/µn =

{
1√
n

n∑
i=1

f(Xi)ei|f ∈ F
}
.

Definition 2. For F ⊆ +n2 , define the +-norm of F as

+(F ) = E sup
f∈F

∣∣∣∣∣
〈
f,

n∑
i=1

giei

〉∣∣∣∣∣ ,

where the g1, . . . , gn are independent gaussian N(0, 1) random variables and
e1, . . . , en is an orthonormal basis of +n2 .

The following connection with the gaussian complexity is immediate.

Lemma 2. For a class of functions F and empirical measure µn, +(F/µn) =
(
√
n/2)Ĝn(F ).

There is a well known connection between the +-norm and the covering num-
bers of the set in +n2 . In the following theorem, the upper bound is due to Dudley,
while the lower bound is due to Sudakov. The proof is in [15].

Theorem 11. There are constants C and c, such that for all n and F ⊂ +n2 ,

c sup
ε>0

(
ε
√
logN (ε, F, +n2 )

)
≤ +(F ) ≤ C

∫ ∞
0

√
logN (ε, F, +n2 )dε .
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The upper bound in the above theorem has the following discrete analog [14]
that will be useful in the sequel.

Lemma 3. There is a constant C such that for every two integers n and N , ev-
ery F ⊂ +n2 and any real sequence ε0 ≥ ε1 ≥ · · · ≥ εN > 0 with ε0 ≥ supf∈F ‖f‖2,
we have +(F ) ≤ C

(∑N
k=1 εk−1

√
logN (εk, F, +n2 )

)
+ 2n

1
2 εN .

In our discussion we will be interested in “direct sums” of real-valued classes. In
this case, it is natural to turn to vector-valued L2 spaces.

Definition 3. Let B be a Banach space and set µ to be a measure on X . Let
L2(B,µ) be the space of measurable B-valued functions with respect to the norm

‖f‖L2(B,µ) =
(
E ‖f(x)‖2B

) 1
2
.

Note that if B = +m2 , Sn is a sample and µn is the empirical measure supported on
the sample, then L2(B,µn) is isometric to +m×n

2 . Indeed, for every f ∈ L2(B,µn)
set

f/µn =
1√
n

m∑
j=1

n∑
i=1

fj(xi)vij ∈ +m×n
2 ,

where (vij) is an orthnormal basis in +m×n
2 . Thus, the map T : L2(B,µn) →

+m×n
2 given by Tf = f/µn is an isometry, because we can write ‖f‖2L2(B,µn) =

(1/n)
∑n

i=1 ‖f(xi)‖2�m
2
= ‖f/µn‖2�m×n

2
.

Let F1, ...Fm be classes of functions and let (uj) be an orthonormal basis in
+m2 . Set

F =




m∑
j=1

fjuj |fj ∈ Fj


 . (1)

By the above observation, given an empirical measure µn, we may view F ⊂
L2(+m2 , µn) as a subset of +m×n

2 , and we denote this set by F/µn.

Lemma 4. For any F as in (1) and empirical measure µn,

+(F/µn) ≤
m∑

j=1

+(Fj/µn) .

Proof. If µn is supported on (X1, ..., Xn) then by the definition of F/µn, +(F/µn)
is

E sup
f∈F

1√
n

∣∣∣∣∣∣
n∑

i=1

m∑
j=1

gijfj(Xi)

∣∣∣∣∣∣ ≤ E
m∑

j=1

sup
fj∈Fj

∣∣∣∣∣
n∑

i=1

gij
fj(Xi)√
n

∣∣∣∣∣ =
m∑

j=1

+(Fj/µn) .

Now, we can formulate and prove the main result of this section, in which
we estimate the +-norm of a Lipschitz image of a direct sum of classes.
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Theorem 12. Let A = IRm and let F be a class of functions mapping from X to
A. Suppose that there are real-valued classes F1, . . . , Fm such that F is a subset of
their direct sum. Assume further that φ : Y ×A → IR is such that, for all y ∈ Y,
φ(y, ·) is a Lipschitz function with constant L which passes through the origin and
is uniformly bounded. For f ∈ F , define φ◦f as the mapping (x, y) �→ φ(y, f(x))
and set A = supf∈F ‖φ ◦ f‖∞. Then, there is an absolute constant C ≥ 1 such
that for every integer n ≥ 3 and every sample (X1, Y1), . . . , (Xn, Yn),

+ ((φ ◦ F )/Pn) ≤ Cmax

 A√

n
,L

m∑
j=1

+(Fj/µn)


 log n ,

where Pn is the empirical measure supported on (Xi, Yi)ni=1 and µn is the em-
pirical distribution on (Xi)ni=1. Furthermore,

Gn(φ ◦ F ) ≤ C

A
n
+ L

m∑
j=1

Gn(Fj)


 log n .

Proof. For the first inequality, we can assume that L
∑m

j=1 +(Fj/µn) < A
√
n,

because if this is not the case, the uniform bound on φ◦F , together with Jensen’s
inequality, implies that + ((φ ◦ F )/Pn) ≤ A

√
n, and hence + ((φ ◦ F )/Pn) is no

more than

A
√
n ≤ max


 A√

n
,L

m∑
j=1

+(Fj/µn)


 ≤ C log nmax


 A√

n
,L

m∑
j=1

+(Fj/µn)


 ,

provided that n ≥ e.
By Lemma 3 there is an absolute constant C ≥ 1 such that

+ ((φ ◦ F )/Pn) ≤ C
(

N∑
k=1

εk−1
√
logN (εk, φ ◦ F,L2(Pn)) + 2n

1
2 εN

)
,

where (εi) is decreasing. Note that ε0 = A is a ‘legal’ choice for ε0 since φ ◦ F
consists of functions which are all bounded by A. Using the Lipschitz condi-
tion for φ, for every x ∈ X , y ∈ Y and f, h ∈ F |φ (y, f(x))− φ (y, h(x))| ≤
L ‖f(x)− h(x)‖B . Thus, for any probability measure P on X × Y,

‖φ ◦ f − φ ◦ h‖L2(P ) ≤ L ‖f − h‖L2(B,µ) ,

where µ is the marginal distribution on X . In particular, if Pn is an empirical
measure on X ×Y and µn is the corresponding empirical measure on X , then for
every ε > 0, N (ε, φ ◦F,L2(Pn)) ≤ N (ε/L, F, L2(B,µn)) = N (ε/L, F/µn, +

m×n
2 ).

Applying Sudakov’s lower bound (Theorem 11) and by Lemma 4,

√
logN (ε/L, F/µn, +

m×n
2 ) ≤ CL

ε
+(F/µn) ≤ CL

ε

m∑
j=1

+(Fj/µn) .
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Set εk = rεk−1 for some 0 < r < 1 to be named later. Define S =
∑m

j=1 +(Fj/µn).
Then

+ ((φ ◦ F )/Pn) ≤ C
(

N∑
k=1

L
εk−1
εk
S + n

1
2 εN

)
≤ C

(
NL

r
S +ArN

√
n

)
.

This is minimized when rN+1 = LS/(A
√
n), which is smaller than 1 by the

assumption. Substituting this value of r gives

+ ((φ ◦ F )/Pn) ≤ C(N + 1)
(
A
√
n
)1/(N+1) (LS)N/(N+1) . (2)

If LS < A/
√
n, this quantity is less than C(N + 1)n1/(N+1)(A/

√
n). On the

other hand, if LS ≥ A/√n, (2) is no more than C(N + 1)n1/(N+1)LS. In either
case, + ((φ ◦ F )/Pn) ≤ C(N+1)n1/(N+1)max (A/

√
n,LS). Selecting N = �log n�

gives the first part of the result.
To prove the second part, we bound the maximum by a sum,

+ ((φ ◦ F )/Pn)√
n

≤ C log n

 A√

n
+ L

m∑
j=1

+(Fj/µn)√
n


 ,

and take the expectation of both sides.

Corollary 1. Let A, F, F1, . . . , Fm, φ be as in Theorem 12. Consider a loss func-
tion L : Y × A → [0, 1] and suppose that φ dominates L and ‖φ‖∞ ≤ 1. Then,
for any integer n there is a probability of at least 1− δ that every f in F has

EL(Y, f(X)) ≤ Ênφ(Y, f(X)) + c


L log n

m∑
j=1

Gn(Fj) +

√
ln(2/δ)
n


 .

3.3 Boolean Combinations of Functions

Theorem 13. For a boolean function g : {±1}k → {±1} and classes F1, . . . , Fk

of {±1}-valued functions, Gn(g(F1, . . . , Fk)) ≤ C
(∑k

j=1Gn(Fj) + 1/n
)
log n.

Proof. First, we extend the boolean function g to a function g : IRk → [−1, 1]
as follows: for x ∈ IRk, define g(x) = (1 − ‖x− a‖)g(a) if ‖x− a‖ < 1 for some
a ∈ {±1}k, and g(x) = 0 otherwise. The function is well-defined since all pairs
of points in the k-cube are separated by distance at least 2. Clearly, g(0) = 0,
and g is Lipschitz with constant 1. The theorem follows from Theorem 12, with
m = k and φ = g.

4 Examples

The error bounds presented in previous sections can be used as the basis of a
complexity regularization algorithm for model selection. This algorithm mini-
mizes an upper bound on error involving the sample average of a cost function
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and a gaussian or Rademacher complexity penalty term. We have seen that these
upper bounds in terms of gaussian and Rademacher complexities can never be
significantly worse than bounds based, for example, on combinatorial dimensions.
They can have a significant advantage over such bounds, since they measure the
complexity of the class on the training data, and hence can reflect the properties
of the particular probability distribution that generates the data. The computa-
tion of these complexity penalties involves an optimization over the model class.
The structural results of the previous section give a variety of techniques that
can simplify this optimization problem. For example, voting methods involve op-
timization over the convex hull of some function class H. By Theorem 10 part 2,
we can estimate Gn(convH) by solving a maximization problem over the base
class H. In this section, we give some other examples illustrating this approach.
In all cases, the resulting error bounds decrease at least as fast as 1/

√
n.

4.1 Decision Trees

A binary-valued decision tree can be represented as a fixed boolean function
of the decision functions computed at its nodes. Theorem 13 implies that the
gaussian complexity of the class of decision trees of a certain size can be bounded
in terms of the gaussian complexity of the class of node decision functions.
Typically, this is simpler to compute. The following result gives a refinement
of this idea, based on the representation (see, for example, [3]) of a decision tree
as a thresholded linear combination of the indicator functions of the leaves.

Theorem 14. Let P be a probability distribution on X × {−1, 1}, and let H
be a set of binary-valued functions defined on X . Let T be the class of decision
trees of depth no more than d, with decision functions from H. For a training
sample (X1, Y1, . . . , Xn, Yn) drawn from Pn and a decision tree from T , let P̃n(l)
denote the proportion of all training examples which reach leaf l and are correctly
classified. Then with probability at least 1− δ, every decision tree t from T with
L leaves has Pr(y �= t(x)) no more than

P̂n(y �= t(x)) +
∑

l

min(P̃n(l), cdGn(H) logn) +

√
c ln(L/δ)
2n

.

Notice that the key term in this inequality is O(dLGn(H) logn). It can be
considerably smaller if many leaves have small empirical weight. This is the
case, for instance, if Gn(H) = O(n−1/2) and many leaves have weight less than
O
(
dn−1/2 log n

)
.

Proof. For a tree of depth d, the indicator function of a leaf is a conjunction of
no more than d decision functions. More specifically, if the decision tree consists
of decision nodes chosen from a class H of binary-valued functions, the indicator
function of leaf l (which takes value 1 at a point x if x reaches l, and 0 otherwise)
is a conjunction of dl functions from H, where dl is the depth of leaf l. We can
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represent the function computed by the tree as the sign of

f(x) =
∑

l

wlσl

dl∧
i=1

hl,i(x),

where the sum is over all leaves l, wl > 0,
∑

l wl = 1, σl ∈ {±1} is the label of
leaf l, hl,i ∈ H, and the conjunction is understood to map to {0, 1}. Let F be
this class of functions. Choose a family {φL : L ∈ IN} of cost functions such that
each φL dominates the step function 1(yf(x) ≤ 0) and has a Lipschitz constant
L. For each L, Theorem 4 implies that with probability at least 1− δ,

Pr(yf(x) ≤ 0) ≤ Ên(φL(yf(x))) + 2LRn(F ) +

√
ln(2/δ)
2n

.

By setting δL = 6δ/(π2L), applying this result to all positive integer values of
L, and summing over L, we see that with probability at least 1− δ, every f ∈ F
and every φL has

Pr(yf(x) ≤ 0) ≤ Ên(φL(yf(x))) + 2LRn(F ) +

√
ln(π2L/3δ)
2n

.

Define φL(α) to be 1 if α ≤ 0, 1 − Lα if 0 < α ≤ 1/L, and 0 otherwise, where
L will be computed later. Let P̃n(l) denote the proportion of training examples
which reach leaf l and are correctly classified (y = σl). Then we have

Ên(φL(yf(x))) + 2LRn(F )

= P̂n(yf(x) ≤ 0) +
∑

l

P̃n(l)φL(wl) + 2LRn(F )

= P̂n(yf(x) ≤ 0) +
∑

l

P̃n(l)max(0, 1− Lwl) + 2LRn(F )

= P̂n(yf(x) ≤ 0) +
∑

l

max(0, (1− Lwl)P̃n(l)) + 2LRn(F ).

Now, choose wl = 0 for P̃n(l) ≤ 2Rn(F ), and wl = 1/L otherwise, where L =
|{l : P̃n(l) > 2Rn(F )}|. (Notice that choosing wl = 0 for labelled examples for
which yf(x) > 0 can only increase the bound.) Then we have

P̂n(φ(yf(x))) + 2LRn(F ) ≤ P̂n(yf(x) ≤ 0) +
∑

l

1
(
P̃n(l) ≤ 2Rn(F )

)
P̃n(l)

+2Rn(F )
∑

l

1
(
P̃n(l) > 2Rn(F )

)

= P̂n(yf(x) ≤ 0) +
∑

l

min(P̃n(l), 2Rn(F )).

Theorem 10 part 2, Theorem 13, and Lemma 1 together imply that Rn(F ) ≤
C (dGn(H) + 1/n) logn, which implies the result.
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4.2 Neural Networks and Kernel Methods

The following two lemmas give bounds on gaussian complexities for classes of
bounded linear functions.

Lemma 5. For x ∈ IRk, define F1 =
{
x �→ w · x : w ∈ IRk, ‖w‖1 ≤ 1

}
. For any

x1, . . . , xn ∈ IRk we have Ĝn(F1) ≤ c
n log kmaxj,j′

(∑n
i=1(xij − xij′)2

)1/2.
Lemma 6. Define F2 = {x �→ w · x : x,w ∈ +2, ‖w‖ ≤ 1}. For any x1, . . . , xn ∈
+2 we have Ĝn(F2) ≤ 2

n

(∑n
i=1 ‖xi‖2

)1/2. Thus, if D is a diagonal operator on
+2 with eigenvalues λj and the x1, . . . , xn lie in the image of the unit ball in +2
under D, then Ĝn(F2) ≤ 2

√∑
j λ
2
j/n.

Note that the second part of this result gives a bound on the gaussian com-
plexity for a support vector machine in terms of the eigenvalues of the kernel
(see, for example, [21]).
The proofs use the following inequality for gaussian processes (see, e.g., [9,

15]).

Lemma 7 (Slepian’s Lemma). Let Z1, . . . , Zk be random variables such that
for every 1 ≤ j ≤ k, Zj =

∑n
i=1 aijgi, where (gi)ni=1 are independent gaussian

N(0, 1) random variables. Then, there is an absolute constant C such that

E max
1≤j≤k

Zj ≤ c log kmax
j,j′

√
E(Zj − Zj′)2.

Proof. (of Lemma 5) From the definitions, Ĝn(F1) is equal to

E sup
f∈F

2
n

n∑
i=1

gif(xi) = E sup
w:‖w‖1≤1

2
n

n∑
i=1

giw · xi = E sup
w:‖w‖1≤1

w · 2
n

n∑
i=1

gixi .

Clearly, this inner product is maximized when w is at one of the extreme
points of the +1 ball, which implies Ĝn(F1) = Emaxj(2/n)

∑n
i=1 gixij , where

xi = (xi1, . . . , xik). Note that we can write Ĝn(F1) = 2
nEmaxj Zj where

Zj =
∑n

i=1 gixij . Since each Zj is gaussian, we can apply Slepian’s lemma to
obtain

Ĝn(F1) ≤ 2c
n
log kmax

j,j′

√
E(Zj − Zj′)2

=
2c
n
log kmax

j,j′

√√√√E

(
n∑

i=1

gi(xij − xij′)

)2

=
2c
n
log kmax

j,j′

√√√√ n∑
i=1

(xij − xij′)2.
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Proof. (of Lemma 6) As in the proof of the previous lemma and by Jensen’s
inequality, Ĝn(F2) is equal to

E sup
w:‖w‖≤1

w·
(
2
n

n∑
i=1

gixi

)
=
2
n
E

∥∥∥∥∥
n∑

i=1

gixi

∥∥∥∥∥ ≤
2
n

√√√√E

∥∥∥∥∥
n∑

i=1

gixi

∥∥∥∥∥
2

=
2
n

√√√√ n∑
i=1

‖xi‖2.

For the second inequality of the theorem, note that if each xi lies in the image of
the unit ball under D then we can write it in the form xi =

∑
j λjaijej , where

e1, e2, . . . is an orthonormal basis of +2 and the aij satisfy
∑

j a
2
ij ≤ 1. Thus, by

Jensen’s inequality, Ĝn(F2) is no more than

2
n

√√√√√ n∑
i=1

∥∥∥∥∥∥
∑

j

λjaijej

∥∥∥∥∥∥
2

=
2
n

√√√√ n∑
i=1

∑
j

λ2ja
2
ij =

2
n

√√√√∑
j

λ2j

n∑
i=1

a2ij ≤ 2
√∑

j

λ2j/n.

The following bound on the gaussian complexity of a two-layer neural network
is immediate from Lemma 5.

Theorem 15. Suppose that σ : IR → [−1, 1] has Lipschitz constant L and sat-
isfies σ(0) = 0. Define the class computed by a two-layer neural network with
1-norm weight constraints as F = {x �→∑i wiσ (vi · x) : ‖w‖1 ≤ 1, ‖vi‖1 ≤ B}.
Then for x1, . . . , xn in IRk,

Ĝn(F ) ≤ cLB log k
n

max
j,j′

√√√√ n∑
i=1

(xij − xij′)2 .

It is straightforward to extend this result to networks with more than two
layers, and to networks with multiple outputs. Lemma 6 implies a similar result
in terms of a 2-norm constraint on the hidden weights vi.

A Proof of Theorem 2

We set L(Y, f(X)) = 1(Y �= f(X)) and proceed as in the proof of Theorem 5.
For all f ∈ F ,

P (Y �= f(X)) = EL(Y, f(X)) ≤ ÊnL(Y, f(X)) + sup
h∈L◦F

(
Eh− Ênh

)

In this case, when (Xi, Yi) changes, the supremum changes by no more than
1/n, so McDiarmid’s inequality implies that with probability at least 1 − δ,
every f ∈ F satisfies

EL(Y, f(X)) ≤ ÊnL(Y, f(X)) +E sup
h∈L◦F

(
Eh− Ênh

)
+

√
ln(1/δ)
2n

.
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The same argument as in the proof of Theorem 5 shows that

E sup
h∈L◦F

(
Eh− Ênh

)
≤ E sup

h∈L◦F

2
n

n∑
i=1

σih(Xi, Yi)

= E sup
f∈F

2
n

n∑
i=1

σi1(Yi �= f(Xi))

= E sup
f∈F

2
n

n∑
i=1

σi(1− Yif(Xi))/2

= E sup
f∈F

1
n

n∑
i=1

σif(Xi)

=
Rn(F )
2

,

where we have used the fact that Yi, f(Xi) ∈ {±1}, and that the conditional
distribution of σiYi is the same as the distribution of σi.
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Abstract. In this paper we present new bounds on the generalization
error of a classifier f constructed as a convex combination of base clas-
sifiers from the class H. The algorithms of combining simple classifiers
into a complex one, such as boosting and bagging, have attracted a lot
of attention. We obtain new sharper bounds on the generalization error
of combined classifiers that take into account both the empirical distri-
bution of “classification margins” and the “approximate dimension” of
the classifier, which is defined in terms of weights assigned to base clas-
sifiers by a voting algorithm. We study the performance of these bounds
in several experiments with learning algorithms.

1 Introduction

Let (X1, Y1), . . . , (Xn, Yn) be a sample of n labeled training examples defined
on a probability space (Ω,Σ,P). We assume that the examples are independent
identically distributed copies of a random couple (X,Y ), X being an “instance”
in a measurable space (S,A) and Y being a “label” taking values in {−1, 1}.
Let P denote the distribution of the couple (X,Y ). Given a measurable function
f from S into R, we use sign(f(x)) as a predictor of the unknown label of an
instance x ∈ S. We will call f a classifier of the examples from S. It is obvious
that according to the above definition f predicts a label of x correctly if and
only if yf(x) > 0. The quantity m(x, y) = yf(x) will be called the classification
margin. The probability P{Y f(X) ≤ 0} = P{(x, y) : yf(x) ≤ 0} defines the
generalization error of the classifier f. The goal of learning (classification) is,
given a set of training examples, to find a classifier f with a small generalization
error.
Given a class of base (simple) classifiers H, all voting algorithms produce a

complex classifier that is a convex combination of base classifiers, i.e. belongs to
the symmetric convex hull of H :

F := conv(H) :=
{ N∑
i=1

λihi : N ≥ 1, λi ∈ R,

N∑
i=1

|λi| ≤ 1, hi ∈ H
}
.

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 241–255, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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The explanation of the effectiveness of voting algorithms requires the con-
struction of a good bound on the generalization error P{yf(x) ≤ 0} uniformly
over F . The results we present here follow the line of research that started with
the paper of Schapire, Freund, Bartlett and Lee [13]. The main difficulty one
encounters trying to prove a uniform bound on the generalization error of a
classifier from the convex hull conv(H) is that even if the original class H had a
finite VC-dimension, the convex hull can be significantly more complex. In this
case the standard techniques of the VC-theory can not be used directly. Recall
that the main idea of this approach is based on the following easy bound

P{(x, y) : yf(x) ≤ 0} ≤ Pn{(x, y) : yf(x) ≤ 0}+ sup
C∈C
[P (C)− Pn(C)],

where Pn is the empirical distribution of the training examples, i.e. for any
set C ⊂ S × {−1, 1}, Pn(C) is the frequency of the training examples in the
set C, C :=

{
{(x, y) : yf(x) ≤ 0} : f ∈ F

}
, and on further bounding the

uniform (over the class C) deviation of the empirical distribution Pn from the true
distribution P. The methods that are used to construct such uniform deviation
bounds belong to the theory of empirical processes and the crucial role is played
by the VC-dimension, or by more sophisticated entropy characteristics of the
class C. For instance, if mC(n) denotes the maximal number of subsets produced
by intersecting a sample of size n with the class C (the so called shattering
number), then the following bound holds (see [5], Theorem 12.6) for all ε > 0

P

{
∃f ∈ F : P{yf(x) ≤ 0} ≥ Pn{yf(x) ≤ 0}+ ε

}
≤ 8mC(n)e−nε2/32.

It follows from this bound that the training error measures the generalization

error of a classifier f ∈ F with the accuracy O
(√

V (C) log n
n

)
, where V (C) is the

VC-dimension of the class C. In the case of classifiers with zero training error,
the accuracy can be improved to O

(
V (C) log n

n

)
. The above bounds, however, do

not apply directly to the case of the class F = conv(H), which is of interest in
applications to bounding the generalization error of the voting methods, since
in this case typically V (C) = +∞. Even when one deals with a finite number of
base classifiers in a convex combination (which is the case, say, with boosting
after finite number of rounds), the VC-dimensions of the classes involved are
becoming rather large, so the above bounds do not explain the generalization
ability of boosting and other voting methods observed in numerous experiments.
In [13] Schapire et al. (see also [1],[2]) developed a new class of bounds on

generalization error of a convex combination of classifiers, expressed in terms of
empirical distribution of margins. They showed that for a given α ∈ (0, 1) with
probability at least 1− α for all f ∈ conv(H)

P{yf(x) ≤ 0} ≤ inf
δ

[
Pn{yf(x) ≤ δ}+ C√

n

( V
δ2
log2

n

V
+ log

1
α

)1/2]
, (1)
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where V is the VC-dimension of H. Choosing in the above bound the value of
δ = δ̂(f) that solves the equation

δPn{yf(x) ≤ δ} = (V/n)1/2

(which is nearly an optimal choice), one gets (ignoring the logarithmic fac-
tors) the generalization error of a classifier f from the convex hull of the order

O
(

1
δ̂(f)

√
V
n

)
. Schapire et al. showed that in many experiments voting methods

tended to classify the majority of examples not only correctly but with a high
confidence, i.e. with a large margin, which means that one can expect δ̂ to be
reasonably large and, therefore, the bound becomes meaningful.
In [8],[9] using the methods of theory of Empirical, Gaussian and Rademacher

Processes (concentration inequalities, symmetrization, comparison inequalities)
we generalized and refined this type of bounds. In our first result we do not
immediately assume that H is a VC-class but propose to measure the complexity
of the class in terms of what we call the Rademacher complexity function

Rn(H) := E sup
h∈H
|n−1

n∑
j=1

εjh(Xj)|,

where εj , j = 1, . . . , n are i.i.d. Rademacher random variables. Then similarly to
(1) we prove that for all α ∈ (0, 1), with probability at least 1−α, ∀f ∈ conv(H)

P{yf(x) ≤ 0} ≤ inf
δ∈(0,1]

[
Pn(yf(x) ≤ δ) + 8

δ
Rn(H)

+
1√
n

(
log log2

2
δ

)1/2
+
1√
n

(1
2
log
2
α

)1/2]
. (2)

The theory of empirical processes provides a number of bounds for Rn(H) in
terms of different characteristics of complexity of the class H. For example, in
the case when H is a VC-class with VC-dimension V one has the following bound
([16]) Rn(H) ≤ C

(
V
n

)1/2
which shows that (2) improves (1).

Next, we suggested a way to improve these bounds even further. Again we
save the case conv(H) where H is a VC-class as an example and work with the
general assumption on the growth of random entropies of a class F to which
the classifier belongs. Given a metric space (T, d), we denote Hd(T ; ε) the ε-
entropy of T with respect to d, i.e. Hd(T ; ε) := logNd(T ; ε), where Nd(T ; ε) is
the minimal number of balls of radius ε covering T. If Q is a probability measure
on (S;A), dQ,2 will denote the metric of the space L2(S; dQ) : dQ,2(f ; g) :=
(Q|f − g|2)1/2. We assume that for some α ∈ (0, 2)

HdPn,2(F ;u) ≤ D2nu−α, u > 0 a.s., (3)

where Dn = Dn(X1, . . . , Xn) is a function of training examples such that EDn <
∞. If F = conv(H) and H is a VC-class with VC-dimension V, then (3) holds
with α = 2(V − 1)/V and Dn is a constant that depends on the VC-dimension
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only (see [16]). To formulate one of the results that was obtained in [8] we need
the following definitions. Given γ > 0, we define a γ-margin and an empirical
γ-margin of the function f by

δn(γ; f) := sup
{
δ ∈ (0, 1) : δγP{yf(x) ≤ δ} ≤ n−1+ γ

2

}
,

δ̂n(γ; f) := sup
{
δ ∈ (0, 1) : δγPn{yf(x) ≤ δ} ≤ n−1+

γ
2

}
.

We proved in [8] that under the condition (3) for any γ ≥ 2α/(2+α) there exist
constants A,B > 0 such that for n large enough

∀f ∈ F : A−1δ̂n(γ; f) ≤ δn(γ; f) ≤ Aδ̂n(γ; f).

with probability at least

1−B log2 log2 n exp{−n
γ
2 /2}.

What this result says is that with high probability the “true” γ-margin and the
empirical γ-margin are within a constant factor of each other. One can notice that
the definition of the γ-margins contains the bound on the generalization error
of a function f. It easily follows that with high probability for some constant A′

and for an arbitrary f ∈ F

P{yf(x) ≤ 0} ≤ A′

n1−γ/2δ̂n(γ; f)γ
. (4)

It’s easy to check that the quantity (n1−γ/2δ̂n(γ; f)γ)−1 is decreasing as γ de-
creases from 1 to 0. The previous bounds (1) and (2) corresponded to the
worst case γ = 1. As we already mentioned above, if F = conv(H) and H
is a VC-class with VC-dimension V (this includes all voting methods), then
α = 2(V − 1)/V < 2 and γ = 2(V − 1)/(2V − 1) < 1, improving the previous
bounds.
Though qualitatively the γ-bounds constitute an improvement upon (1) and

(2), when the VC-dimension V is large γ can be very close to 1. Our experiments
[10] showed that, in the case of the classifiers obtained in consecutive rounds of
boosting, the bounds on the generalization error in terms of γ-margins hold even
for much smaller values of γ. This allows one to conjecture that such classifiers
belong, in fact, to a class F ⊂ conv(H) whose entropy might be much smaller
than the entropy of the whole convex hull. The problem, though, is that it is
practically impossible to identify such a class prior to experiments, leaving the
question of how to choose the values of γ for which the bounds hold open.

2 Balancing Approximate Dimensions and Margins

In an attempt to capture a smaller subclass of the convex hull to which the
classifier belongs we develop a new approach. Namely, we suggest an adaptive
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bound on the generalization error of a classifier produced by a specific procedure
that in some sense tries to localize the location of the classifier inside the convex
hull. We consider an unnested family of subsets of conv(H) that are defined in
terms of weights (decay of weights) of the convex combination; the conditions on
weights imply the bounds on the random entropy of these subclasses which in
turn are used to prove the bounds on the generalization error. For example, the
subset which corresponds to convex combinations with very few large weights
must have a smaller complexity than the whole convex hull and, therefore, enjoy
a sharper bound. The classifier represented by a convex combination may belong
to many of these subsets which leads to a family of bounds. The adaptive bound
suggested below is based on ”optimizing” the bounds over the whole family.
Now we will give precise definitions and make these ideas rigorous. Let H be

a VC-class of measurable functions from (S,A) into {−1, 1} with VC-dimension
V. Let F ⊂ conv(H). For a function f ∈ F and a number ∆ ∈ [0, 1], we define
the approximate ∆-dimension of f as the smallest integer number d ≥ 0 such
that there exist N ≥ 1, functions hj ∈ H, j = 1, . . . , N and numbers λj ∈
R, j = 1, . . . , N satisfying the conditions f =

∑N
j=1 λjhj ,

∑N
j=1 |λj | ≤ 1 and∑N

j=d+1 |λj | ≤ ∆. The ∆-dimension of f will be denoted by d(f ;∆).
Let α := 2(V − 1)/V and ∆f = {∆ ∈ [0, 1] : d(f ;∆) ≤ n}. Define

εn(f ; δ) := inf
∆∈∆f

[d(f ;∆)
n

log
ne2

δd(f ;∆)
+
(∆
δ

) 2α
α+2

n−
2

α+2

]∨ 2 logn
n

, (5)

where a ∨ b := max{a, b}. Let

δ̂n(f) := sup
{
δ ∈ (0, 1/2) : Pn{yf(x) ≤ δ} ≤ εn(f ; δ)

}
.

Theorem 1. There exist constants A,B > 0 such that for all 0 < t < n
α

2+α

∀f ∈ F P{yf(x) ≤ δ̂n(f)
4
} ≤ A

(
εn(f ;

δ̂n(f)
2
) +

t

n

)

with probability at least 1−Be−t/4.
To understand this bound let us look at the definition of εn(f ; δ). First of

all, if instead of minimizing over ∆ one sets ∆ = 1, then, since d(f, 1) = 0,
the bound becomes equivalent to the previous γ-bound (4), which means that
the bound of the theorem improves the γ-bound. For a fixed ∆, the two terms
in the definition of εn(f ; δ) correspond to two parts of the combined classifier.
The first term corresponds to the sum of d(f,∆) base classifiers with the largest
weights and the form of the bound basically coincides with the standard VC-
dimension based bound in the zero error case. The second term corresponds to
an ”improper” convex combination of classifers with the smallest weights (the
number of them is not limited), and the form of the bound is determined by the
complexity of the whole convex hull, only scaled by a factor of ∆. It is clear that
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if a voting algorithm produces a convex combination in which there are very few
classifiers with large weights, then the bound of the theorem can improve upon
(4) significantly. Another way to say it is that the faster is the weight decay
in the convex combination, the smaller is the complexity of the corresponding
subset of the convex hull and the sharper is the bound.
As an example, we can assume that the algorithm produces a classifier with

polynomial or exponential decay of the weights, which allows us to minimize (5)
explicitly over ∆ to see how the bound looks like. If F ⊂ conv(H) is a class of
functions such that for some β > 0

sup
f∈F

d(f ;∆) = O(∆−β), (6)

then with “high probability” for any classifier f ∈ F the upper bound on its
generalization error becomes of the order

1

n1−γβ/2(γ+β)δ̂n(f)γβ/(γ+β)
,

(which, of course, improves a more general bound in terms of γ-margins; the
general bound corresponds to the case β = +∞). The condition (6) means
that the weights of the convex combination decrease polynomially fast, namely,
|λj | = O(j−α), α = 1 + β−1. The case of exponential decrease of the weights is
described by the condition

sup
f∈F

d(f ;∆) = O(log
1
∆
). (7)

In this case the upper bound becomes of the order 1n log
2 n
δ̂n(f)

.

The complete proofs of the results require many more pages than it is avail-
able for us here. They can be found in our papers [8], [9] that are available online
at www.boosting.org. Here we only give the sketch of the proof of Theorem 1,
which is the main result of this paper. In the first and main part of the proof
we consider a family of classes Fd,∆ parametrized by two parameters d and ∆,
and prove a uniform bound on the generalization error over any fixed class in
this family. In the second part of the proof we make this bound adaptive, which
means that if a function f belongs to more than one class in the family, then
one can choose a class that provides the best bound.

Sketch of proof. Let us fix δ ∈ (0, 1/2]. For any function f we denote d(f) :=
d(f, ∆̄), where ∆̄ is such that the infimum in the definition (5) is attained at ∆̄.
For a fixed δ we consider a partition of F into two classes Fδ1 and Fδ2 = F \Fδ1 ,
where Fδ1 := {f : d(f) = 0} (note that d(f) depends on δ). The fact that f ∈ Fδ1
means that the weights of the classifier f are distributed “uniformly” and in this
case the bound of Theorem 1 does not improve (4). The family of classes that
we use to localize the classifier f is defined as follows:

Fd,∆ := {f ∈ Fδ2 : d(f ;∆) ≤ d}.
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If f ∈ Fd,∆ and ∆ is small then it means that the “voting power” is concentrated
in the faction consisting of the first d base classifiers of the convex combination.
First of all we estimate the complexity of this class. The definition of Fd,∆ implies
the following bound on the random entropy:

HdPn,2(Fd,∆;u) ≤ K
[
d log

e

u
+
(∆
u

)α]
for u ≤ 1, (8)

where K is a positive constant. To prove it one has to represent Fd,∆ as
Fd,∆ ⊆ Hd +∆convH.

Next we use the complexity estimate (8) to prove a uniform bound on the gen-
eralization error of classifiers in Fd,∆. The proof is based on an iterative appli-
cation of Talagrand’s concentration inequality for empirical processes (see [15],
[12]) which allows us to measure the size of Fd,∆ correctly and make a better
inference about the generalization error of elements of this class. Let us first
formulate the bound precisely. Let 1 ≤ d ≤ n and denote

εn(d; δ;∆) :=
[ d
n
log

ne2

δd
+
(∆
δ

) 2α
α+2

n−
2

α+2

]∨ 2 logn
n

.

We prove that there exist constants A,B > 0 such that the following event

∀f ∈ Fd,∆ : Pn{m ≤ δ} ≤ εn(d; δ;∆) implies P{m ≤ δ

2
} ≤ Aεn(d; δ;∆), (9)

where m(x, y) = yf(x), occurs with probability at least

1−B
(δd
n

)d/4
exp
{
−1
4
(√
n
∆

δ

)2α/(α+2)}
.

To proceed from here, one has to carefully eliminate the dependence on d,∆ and
δ, and as a result to get the adaptive bound of Theorem 1. This constitutes the
second part of the proof.
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Let us now describe the iterative localization scheme that we used to prove
(9). For a fixed δ, we choose (in a rather special way) a finite decreasing sequence
δj , 1 ≤ j ≤ N such that δj < δ and δN = δ/2. We consider the functions
ϕj , j ≥ 1 which are defined as shown in the figure above and which play the
role of continuous approximations of indicator step functions I(x ≤ δj). For
simplicity of notations, we will suppress the variable Y in the couple (X,Y )
and assume that a function f denotes it’s margin, instead of writing yf(x). We
start by assuming that the empirical distribution of the margin at the point δ
is small, i.e. Pn(f ≤ δ) � 1, and after N iterations arrive at the bound of the
same magnitude for P (f ≤ δ/2), improving it at each step. Let us show how the
iterative step is implemented. Skipping the first step we assume that we already
showed that with high probability P (f ≤ δ1) ≤ r1 � 1 (it can be done similarly
to what we do below, just set σ1 := 1). This means that f belongs to a (small)
subset of F , namely, F1 = {f ∈ F : P (f ≤ δ1) ≤ r1}. The following series of
inequalities is clear (we use the notations ‖Z‖F := supf∈F |Z(f)|, Z : F �→ R

and ϕ(F) := {ϕ(f) : f ∈ F}):
P (f ≤ δ2) ≤ Pϕ2(f) ≤ Pnϕ2(f)+‖Pn−P‖ϕ2(F1) ≤ Pn(f ≤ δ1)+‖Pn−P‖ϕ2(F1).

Now Talagrand’s concentration inequality for empirical processes implies that
for a fixed ε with high probability (at least 1− e−nε/2)

‖Pn − P‖ϕ2(F1) ≤ K(E‖Pn − P‖ϕ2(F1) +
√
σ21ε+ ε)

for some constant K > 0 and σ21 = supF1
Pϕ22(f) ≤ P (f ≤ δ1) ≤ r1 � 1

according to the bound from the previous step. Dudley’s entropy bound (see [6])
implies in this case that

E‖Pn − P‖ϕ2(F1) ≤ KE

∫ σ1

0
H
1/2
dPn,2
(ϕ2(F1), u)du,

which is further bounded using the entropy condition (8). Collecting all these
estimates one can show that P (f ≤ δ2) ≤ r2 ≤ r1. Therefore, with high probabil-
ity f ∈ F2 = {f ∈ F : P (f ≤ δ2) ≤ r2}, which in terms of generalization error is
“smaller” than F1. As one can see this improvement was possible because of the
fact that Talagrand’s inequality measures the size of the class via σ1. Now the
similar argument can be iterated until the bound reaches (up to a multiplicative
constant) the optimal fixed point of this recursive procedure, which is precisely
formulated in (9).

3 Experiments

In this section we present the results of several experiments we conducted to
test the ability of our bounds to predict the classification error of combined
classifiers. Even though all the steps of the proofs of our results allow one to
use explicit constants, the values of the constants will be too large due to the
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generality of the methods of empirical processes upon which our proof is heavily
based. For example, the constants in Talagrand’s concentration inequality are
known (see [11]), but they are most likely far from being optimal. Therefore, we
will simply use the quantities (n1−γ/2δ̂n(γ; f)γ)−1 and εn(f ; δ̂n(f)) instead of
the upper bounds we actually proved, and we will refer to them as γ-bound and
∆-bound correspondingly.
We first describe the experiments with a ”toy” problem which is simple

enough to allow one to compute the generalization error exactly. Namely, we
consider a one dimensional classification problem in which the space of instances
S is an interval [0, 1] and, given a concept C0 ⊂ S which is a finite union of
disjoint intervals, the label y is assigned to a point x ∈ S according to the rule
y = f0(x), where f0 is equal to +1 on C0 and to −1 on S \ C0. We refer to this
problem as the intervals problem (see also [7]). Note that for the class of decision
stumps we have V (H) = 2 (since H = {I[0,b] : b ∈ [0, 1]}∪{I[b,1] : b ∈ [0, 1]}), and
according to the results above the values of γ in [2/3, 1) provide valid bounds
on the generalization error in terms of the γ-margins. In our experiments, the
set C0 was formed by 20 equally spaced intervals and the training set of size
1000 was generated by the uniform distribution on [0, 1]. We ran Adaboost for
500 rounds and computed at each round the true generalization error of the
combined classifier and the bounds for different values of γ.
In figure 1 we plot the true classification error and the γ-bounds for γ = 1,

0.8 and 2/3 against the number of iteration of Adaboost. The bound for γ = 1
corresponds to the previously known bounds (1) and (2) and as expected is
inferior to the γ-bound for smaller values of γ. In figure 2 we compare the γ-
bound for the best admissible γ = 2/3 with the ∆-bound of Theorem 1. As one
can see when the number of iterations is small the ∆-bound takes advantage of
the first “finite dimensional” term in the definition (5) since d(f,∆) is small.
When the number of iterations increases, the ∆-bound is gradually gravitating
toward the more conservative γ-regime which means that the optimal value of
∆ is increasing to 1. It seems unnatural that the bound increases while the true
error decreases but as we will show later it can be simply a question of assigning
different relative weights to two terms in the definition of the ∆-bound.
We also computed the bounds for more complex simulated data sets as well

as for real data sets in which the same type of behavior was observed. We show
the results for the Twonorm Data Set and the King Rook vs. King Pawn Data
Set, using Adaboost and Bagging in figures 3-6. The Twonorm Data Set (taken
from [4]) is a simulated 20 dimensional data set in which positive and negative
training examples are drawn from the multivariate normal distributions with unit
covariance matrix centered at (2/

√
20, . . . , 2/

√
20) and (−2/√20, . . . ,−2/√20),

respectively. The King Rook vs. King Pawn Data Set is a real data set from the
UCI Irvine repository [3]. It is a 36 dimensional data set with 3196 samples.
As before, we used the decision stumps as base classifiers. An upper bound

on V (H) for the class H of decision stumps in Rd is given by the smallest n
such that 2n−1 ≥ (n− 1)d+ 1. In each case we computed the ∆-bound and the
γ-bounds for γ = 1 and for the smallest γ allowed by the theory (γmin). For
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Fig. 1. Comparison of the generalization error (dashed line) with (n1−γ/2δ̂n(γ; f)γ)−1

for γ = 1, 0.8 and 2/3 (solid lines, top to bottom)
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Fig. 2. Test error and bounds vs. number of classifiers for the intervals problem with a
sample size of 1000. Test error (dot-dashed line), γ-margin bound with γ = 2/3 (dashed
line), and ∆-bound (solid line).
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the Twonorm Data Set, we estimated the generalization error by computing the
empirical error on an indepedently generated set of 20000 observations. For the
King Rook vs. King Pawn Data Set, we randomly selected 90% of the data for
training and used the remaining 10% to compute the test error. The experiments
were averaged over 10 repetitions. One can observe a similar two-regime behavior
of the ∆-bound as in the intervals problem.
We also show that by slightly changing the definition of ∆-bound one can

obtain in some cases a surprisingly accurate prediction of the shape of the gen-
eralization curve. The fact that both terms in the definition of εn(f,∆) have
weight 1 is related to lack of information about the values of the constants in-
volved in the bounds. More subtle analysis can lead to a more general definition
in which the weights of two terms might differ, for example

εn,ζ,K(f ; δ) := K inf
∆∈∆f

[
ζ
d(f ;∆)
n

log
ne2

δd(f ;∆)
+ (1− ζ)

(∆
δ

) 2α
α+2

n−
2

α+2

]
,

where ζ ∈ (0, 1) and K > 0. Our goal in Theorem 1 was to understand the
dependence of the bounds on the parameters of the problem and we were not
concerned with the constants, but, in general, it would be more accurate to state
the bound in this “weighted” form. In figures 7 and 8 we show the behavior of
the modified ∆-bound for ζ = 0.1 and 0.4. One can see that for a small value of
ζ the “two-regime” behavior disappears and the bounds capture the shape of the
true generalization curve (it should be emphasized that the value ζ = 0.1 was
determined based on an experiment with a toy example described above and was
used for other data sets showing reasonable results in most of the experiments).
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Fig. 3. Test error and bounds vs. number of classifiers for the twonorm data set using
Adaboost. Test error (dot-dashed line), γ-margin bound with γ = 1 (dotted line), and
γ = γmin (dashed line), and ∆-bound (solid lines)



252 V. Koltchinskii, D. Panchenko, and F. Lozano

0 10 20 30 40 50 60 70 80 90 100
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

Fig. 4. Test error and bounds vs. number of classifiers for the twonorm data set using
bagging. Test error (dot-dashed line), γ-margin bound with γ = 1 (dotted line), and
γ = γmin (dashed line), and ∆-bound (solid line)

4 Future Goals

An obvious goal of future research is to identify and, if possible, to optimize the
constants in the bounds we proved. Another goal is to develop a more subtle def-
inition of approximate dimension of classifiers in the convex hull that takes into
account the closeness of base classifiers in convex combinations (for instance, the
closeness in the empirical distance dPn,2). This can further reduce the dimen-
sionality of the classifiers and result in better bounds on generalization error of
voting algorithms.
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Abstract. We use geometric methods to investigate several fundamen-
tal problems in machine learning. We present a new bound on the Lp

covering numbers of Glivenko-Cantelli classes for 1 ≤ p <∞ in terms of
the fat-shattering dimension of the class, which does not depend on the
size of the sample. Using the new bound, we improve the known sam-
ple complexity estimates and bound the size of the Sufficient Statistics
needed for Glivenko-Cantelli classes.

1 Introduction

Estimating the covering numbers of a class of functions has always been impor-
tant in the context of Learning Theory. This is due to the fact that almost all
the sample complexity estimates and the characterization of Glivenko-Cantelli
classes are based on the growth rate of the covering numbers as a function of the
size of the sample. In fact, the strength of the combinatorial learning parameters
(the VC dimension and the fat-shattering dimension) is that they enable one to
bound the covering numbers of the class ([3,17]), usually with respect to the
empirical L∞ norms.

Let n be an integer and set Sn to be a sample which consists of at most n
points. Sauer’s lemma for VC classes and its real valued counterpart for classes
with a finite fat-shattering dimension [3] provide a bound on the covering num-
bers of the set F/Sn =

{(
f(ω1), ..., f(ωn)

)∣∣f ∈ F, ωi ∈ Sn
}
with respect to the

L∞ norm. These bounds imply that as the size of the sample is increased, the
L∞ covering numbers increase by a logarithmic factor in n.

For VC classes, it is possible to estimate the covering numbers with respect
to other Lp norms and probability measures which are not necessarily supported
on a finite set [18]. In particular, for 1 ≤ p < ∞ the covering numbers of F/Sn
are uniformly bounded as a function of n. In the real valued case some progress
was made, but only for empirical L1 norms; in [4] it was shown that if F has a
finite fat-shattering dimension then for every empirical measure µn its L1(µn)
covering numbers are linear in the fat-shattering dimension (up to a logarithmic
factor). In this article we prove similar bounds for 1 < p <∞ and present several
applications of the estimates. The most important application is an estimate on
the so-called -norm of the sets F/Sn (defined below) when viewed as subsets
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of L2. The first application of the -norm estimates is a significant improvement
in the known sample complexity estimates for Glivenko-Cantelli classes. The
second application is a new bound on size of the Sufficient Statistics of Glivenko-
Cantelli classes, which is the number of linear combinations of point evaluation
functionals needed to identify a member of the given class.

We end this introduction with some definitions, notation and basic results
we require in the sequel.

Recall that a class of functions is a Glivenko-Cantelli (GC) class if it satisfies
the uniform law of large numbers. Formally, if F is a class of functions on a
measurable set (Ω,Σ), it is a GC class if for every ε > 0,

lim
n→∞ sup

µ
µ

{
sup
m≥n

sup
f∈F

∣∣∣∣∣
1
m

m∑
i=1

f(Xi)− Eµf

∣∣∣∣∣ ≥ ε

}
= 0 , (1)

where the supremum is taken with respect to all probability measures µ, (Xi)∞i=1
are independently sampled according to µ and Eµ is the expectation with respect
to µ.

We investigate the GC sample complexity of the class F which is a quantified
version of (1); F is a GC class if and only if for every ε > 0 and 0 < δ < 1,
there exists some integer n0, such that for every probability measure µ and every
n ≥ n0,

µ

{
sup
f∈F

∣∣∣∣∣
1
n

n∑
i=1

f(Xi)− Eµf

∣∣∣∣∣ ≥ ε

}
≤ δ . (2)

For every ε > 0 and 0 ≤ δ < 1, the smallest possible integer n0 such that (2) is
satisfied is called the Glivenko-Cantelli sample complexity associated with the
pair ε, δ. If H is a class of functions on Ω, g : Ω → [0, 1] and 1 ≤ q < ∞, let
{|h− g|q |h ∈ H} be the q-loss class given by H, g and q. The sample complexity
the q-loss class is denoted by Sq(ε, δ, g,H).

If (X, d) is a metric space and if F ⊂ X, the ε-covering number of F , denoted
byN(ε, F, d), is the minimal number of open balls with radius ε > 0 (with respect
to the metric d) needed to cover F . A set A ⊂ X is said to be an ε-cover of F if
the union of open balls

⋃
a∈AB(a, ε) contains F , where B(a, ε) is the open ball

of radius ε centered at a.
A set is called ε-separated if the distance between any two elements of the

set is larger than ε. Set D(ε, F ) to be the maximal cardinality of an ε-separated
set in F . D(ε, F ) are called the packing numbers of F (with respect to the fixed
metric d). It is easy to see that for every ε > 0, N(ε, F ) ≤ D(ε, F ) ≤ N(ε/2, F ).

Given a Banach space X, denote its unit ball by B(X). For any probability
measure µ on the measurable space (Ω,Σ), let Eµ be the expectation with
respect to µ. Lp(µ) is the set of functions which satisfy Eµ |f |p < ∞ and set
‖f‖Lp(µ) = (Eµ |f |p)1/p. L∞(Ω) is the space of bounded functions on Ω with
respect to the norm ‖f‖∞ = supω∈Ω |f(ω)|. For every ω ∈ Ω, let δω be the
point evaluation functional, i.e., for every function f on Ω, δω(f) = f(ω). We
denote by µn an empirical measure supported on a set of n points, hence, µn =



258 S. Mendelson

1
n

∑n
i=1 δωi . Given a set A, let |A| be its cardinality, set χA to be its characteristic

function and denote by Ac the complement of A. Finally, all absolute constants
are assumed to be positive and are denoted by C or c. Their values may change
from line to line or even within the same line.

The first combinatorial parameter used in learning theory was introduced by
Vapnik and Chervonenkis for classes of {0, 1}-valued functions [17]. Later, this
parameter was generalized in various fashions. The parameter which we focus
on is the fat shattering dimension.
Definition 1. For every ε > 0, a set A = {ω1, ..., ωn} ⊂ Ω is said to be ε–
shattered by F if there is some function s : A → R, such that for every I ⊂
{1, ..., n} there is some fI ∈ F for which fI(ωi) ≥ s(ωi) + ε if i ∈ I, and
fI(ωi) ≤ s(ωi)− ε if i �∈ I. Let

fatε(F ) = sup
{
|A|
∣∣∣A ⊂ Ω, A is ε−shattered by F

}
.

fI is called the shattering function of the set I and the set
{
s(ωi)|ωi ∈ A

}
is

called a witness to the ε-shattering.
The following result, due to Alon, Ben-David, Cesa-Bianchi and Haussler [3],
enables one to estimate the L∞(µn) covering numbers of classes in terms of the
fat shattering dimension.
Theorem 1. Let F be a class of functions from Ω into [0, 1] and set d =
fatε/4(F ). Then, for every empirical measure µn on Ω,

D
(
ε, F, L∞(µn)

) ≤ 2
(4n
ε2

)d log (en/(dε))
.

In particular, the same estimate holds in Lp(µn) for any 1 ≤ p <∞.
Although logD

(
ε, F, Lp(µn)

)
is “almost linear” in fatε(F ), this estimate is not

dimension free, since it carries a factor of log2 n.
Let n2 be a real n-dimensional inner product space, and denote the inner

product by
〈
,
〉
. Given a set F , the symmetric convex hull of F is absconv(F ) =

{∑n
i=1 aifi|n ∈ N, fi ∈ F,

∑n
i=1 |ai| = 1}. The convex hull of F is conv(F ) =

{∑n
i=1 aifi|n ∈ N, fi ∈ F, ai ≥ 0,

∑n
i=1 ai = 1}.

If F is a class and µn is an empirical measure, we endow R
n with the Eu-

clidean structure of L2(µn), which is isometric to n2 . If µn is the empirical mea-
sure supported on {ω1, ..., ωn}, let F/µn =

{∑n
i=1 f(ωi)χ{ωi}|f ∈ F

}
⊂ L2(µn).

Throughout this article we make extensive use of probabilistic averaging tech-
niques. To that end, we define the Gaussian averages of F/µn.
Definition 2. Let F be a class of functions on Ω. Let {ω1, ..., ωn} ⊂ Ω be a
fixed sample and let µn be the empirical measure supported on the sample. Set

(F/µn) =
1√
n

E sup
f∈F

∣∣∣∣∣
n∑
i=1

gif(ωi)

∣∣∣∣∣ ,

where (gi)ni=1 are independent standard Gaussian random variables.
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First, note that 
(
absconv(F )/µn

)
= (F/µn). Much less obvious and consid-

erably more important is the following result, which provides an upper bound
on (F/µn) in terms of the covering numbers of F in L2(µn). This bound was
demonstrated by Dudley [6]

Theorem 2. There is an absolute constant C such that for every integer n and
every F ⊂ L2(µn),

(F/µn) ≤ C

∫ ∞
0

log
1
2
(
N(ε, F/µn, L2(µn)

)
dε .

In a similar fashion, it is possible to define the Rademacher averages associated
with a class F and a sample {ω1, ..., ωn}.
Definition 3. Let F be a class of functions on Ω. Let {ω1, ..., ωn} ⊂ Ω be a
fixed sample and let µn be the empirical measure supported on the sample. Set

R(F/µn) =
1√
n

E sup
f∈F

∣∣∣∣∣
n∑
i=1

εif(ωi)

∣∣∣∣∣ ,

where (εi)ni=1 are independent Rademacher (i.e. symmetric {−1, 1}-valued) ran-
dom variables.

Remark 1. It is possible to show [16] that there is an absolute constant C such
that for every class F , every integer n and every sample {ω1, ..., ωn}, R(F/µn) ≤
C(F/µn).

2 The Covering Theorem and Its Applications

The main result presented in this section is an estimate on the covering numbers
of a class, when considered as a subset of Lp(µn), for an empirical measure µn.
The estimate is expressed in terms of the fat shattering dimension of the class.
Controlling the covering numbers is important in this case, since this quantity
appears in most deviation results used for sample complexity estimates. We
present a bound which is dimension free (i.e., does not depend on the cardinality
of the set on which the measure is supported) and is “almost” linear in fatε(F ).
Thus far, the only way to obtain such a result in every Lp space was through
the L∞ estimates (Theorem 1). Unfortunately, those estimates carry a factor
of log2 |I|, where I is the set on which the measure is supported. Hence, the
estimate is not dimension free.

The proof is based on a idea which is due to Pajor [12] and is divided to
two steps. We begin by showing that if µn is supported on {ω1, ..., ωn} and if
a set F ⊂ B

(
L∞(Ω)

)
is “well separated” in L2(µn), there is a “small” subset

I ⊂ {ω1, ..., ωn} such that F is “well separated” in L∞(I). The next step in the
proof is to apply the bound on the packing numbers of F in L∞(I) in terms of
the fat shattering dimension of F . Our result is stronger than Pajor’s because
we use a sharper upper bound on the packing numbers.
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Lemma 1. Let F ⊂ B
(
L∞(Ω)

)
and suppose that µn is the empirical measure

supported on A = {ω1, ..., ωn}. Fix ε > 0 and p ≥ 1, set dp = D
(
ε, F, Lp(µn)

)
and assume that dp > 1. Then, there is a constant cp, which depends only on
p, and a subset I ⊂ A, such that |I| ≤ cpε

−plog dp, and logD
(
ε, F, Lp(µn)

) ≤
logD

(
ε/2, F, L∞(I)

)
.

Proof. Fix any integer n and p ≥ 1 and let {f1, ..., fdp
} ⊂ F be ε-separated in

Lp(µn). Hence, for every i �= j, εp < n−1
∑n

k=1 |fi(ωk)− fj(ωk)|p. Let L(i, j) be
the set of indices on which |fi(ωk)− fj(ωk)| ≤ ε/2. Note that for every i �= j,

nεp ≤
n∑
k=1

|fi(ωk)− fj(ωk)|p

=
∑

k∈L(i,j)
|fi(ωk)− fj(ωk)|p +

∑
k∈L(i,j)c

|fi(ωk)− fj(ωk)|p

≤ |L(i, j)|
(ε
2

)p
+ 2p(n− |L(i, j)|) .

Thus,

|L(i, j)| ≤
(
1−

(2p − 1
4p

)
εp
)
n .

Let (Xi)1≤i≤t be t independent random variables, uniformly distributed on
{1, ..., n}. Clearly, for every pair i < j, the probability that for every 1 ≤ k ≤ t,

Xk ∈ L(i, j) is smaller than
(
1 −

(
2p−1
4p

)
εp
)t
. Therefore, the probability that

there is a pair i < j such that for every 1 ≤ k ≤ t, Xk ∈ L(i, j), is smaller than

dp(dp − 1)
2

(
1−

(2p − 1
4p

)
εp
)t
=: Θ .

If Θ < 1, there is a set I ⊂ {ω1, ..., ωn} such that |I| ≤ t and for every i �= j,
‖fi − fj‖L∞(I)

≥ ε/2, as claimed. Thus, all it requires is that t ≥ cpε
−plog dp

where cp is a constant which depends only on p.

Theorem 3. If F ⊂ B
(
L∞(Ω)

)
, then for every p ≥ 1 there is some constant

cp which depends only on p, such that for every empirical measure µn and every
ε > 0,

logD
(
ε, F, Lp(µn)

) ≤ cpfat ε
8
(F ) log2

(2fat ε
8
(F )

ε

)
.

Proof. Fix ε > 0. By Lemma 1 and Theorem 1 there is a subset I ⊂ {ω1, ..., ωn}
such that

|I| ≤ cp
logD

(
ε, F, Lp(µn)

)
εp

,
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and

logD
(
ε, F, Lp(µn)

) ≤ logD
(ε
2
, F, L∞(I)

) ≤
≤ cpfat ε

8
(F ) log2

(2 logD
(
ε, F, Lp(µn)

)
εp

)
.

Therefore,

logD
(
ε, F, Lp(µn)

) ≤ cpfat ε
8
(F ) log2

(2fat ε
8
(F )

ε

)
.

as claimed.

Note that the estimate we presented is optimal up to a logarithmic factor. This
follows from the next general lower bound (see [2] for further details).
Theorem 4. Let F be a class of functions. Then, for any ε > 0, every integer
n ≥ fat16ε(F ) and any 1 ≤ p <∞,

sup
µn

N
(
ε, F, Lp(µn)

) ≥ efat16ε(F )/8 .

Corollary 1. Let F ⊂ B
(
L∞(Ω)

)
. Then, for every ε > 0 and 1 ≤ p <∞,

fat16ε(F )
8

≤ sup
n

sup
µn

logN
(
ε, F, Lp(µn)

) ≤ cpfat ε
4
(F ) log2

(2fat ε
4
(F )

ε

)
,

where cp is a constant which depends only on p.

The behaviour of the supremum of the log-covering numbers plays an important
part in the analysis of empirical processes. For example, Pollard’s entropy condi-
tion, which is a condition sufficient to ensure that a class satisfies the Universal
Central Limit Theorem, is given in terms of the integral of this supremum [18].

3 �-Norm Estimates

The -norm of subsets of L2(µn) spaces play an important part in our discussion.
We will show that they may be used to estimate the number of Sufficient Statis-
tics needed for a given class. Moreover, bounding the -norm yields a bound on
the Rademacher averages associated with the class, which plays a major role in
the analysis of the sample complexity of Glivenko-Cantelli classes.

We begin with the following lemma, which is based on the proof of the upper
bound in Theorem 2 (see [14]).
Lemma 2. Let µn be an empirical measure on Ω, put F ⊂ B

(
L∞(Ω)

)
and set

(εk)∞k=0 to be a monotone sequence decreasing to 0 such that ε0 = 1. Then, there
is an absolute constant C such that for every integer N ,

(F/µn) ≤ C

N∑
k=1

εk−1 log
1
2 N

(
εk, F, L2(µn)

)
+ 2εNn

1
2 .
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In particular,

(F/µn) ≤ C

N∑
k=1

εk−1fat
1
2
εk
8
(F ) log

(2fat εk
8
(F )

ε

)
+ 2εNn

1
2 . (3)

The latter part of Lemma 2 follows from its first part and Theorem 3. Before
presenting the proof of Lemma 2, we require the following lemma, which is based
on the classical inequality due to Slepian [14].
Lemma 3. Let (Zi)Ni=1 be Gaussian random variables (i.e., Zi =

∑m
j=1 ajgj

where (gi) are independent standard Gaussian random variables). Then, there is
some absolute constant C such that E supi Zi ≤ C supi,j ‖Zi − Zj‖2 log

1
2 N .

Proof (of Lemma 2). We may assume that F is symmetric and contains 0. The
proof in the non-symmetric case follows the same path. Let µn be an empirical
measure supported on {ω1, ...ωn}. For every f ∈ F , let Zf = n−1/2

∑n
i=1 gif(ωi),

where (gi)ni=1 are independent standard Gaussian random variables on the prob-
ability space (Y, P ). Set ZF = {Zf |f ∈ F} and note that since V : L2(µn) →
L2(Y, P ) is an isometry for which V (F/µn) = ZF then

N
(
ε, F/µn, L2(µn)

)
= N

(
ε,ZF , L2(P )

)
.

Let (εk)∞k=0 be a monotone sequence decreasing to 0 such that ε0 = 1, and set
Hk ⊂ ZF to be a 2εk cover of ZF . Thus, for every k ∈ Z and every Zf ∈ ZF
there is some Zk

f ∈ Hk such that
∥∥∥Zf − Zk

f

∥∥∥
2
≤ 2εk, and we select Z0f = 0.

Writing Zf =
∑N

k=1(Z
k
f − Zk−1

f ) + Zf − ZN
f it follows that

E sup
f∈F

Zf ≤
N∑
k=1

E sup
f∈F

(Zk
f − Zk−1

f ) + E sup
f∈F

(Zf − ZN
f ) .

By the definition of Zk
f and Lemma 3, there is an absolute constant C for which

E sup
f∈F

(Zk
f − Zk−1

f ) ≤E sup
{
Zi − Zj |Zi ∈ Hk, Zj ∈ Hk−1, ‖Zi − Zj‖2 ≤ 4εk−1

}

≤C sup
i,j
‖Zi − Zj‖2 log

1
2 |Hk| |Hk−1|

≤Cεk−1 log
1
2 N

(
εk, F, L2(µn)

)
.

Since ZN
f ∈ ZF , there is some f ′ ∈ F such that ZN

f = Zf ′ . Hence,

(
n∑
i=1

(f(ωi)− f ′(ωi)√
n

)2) 1
2

= ‖Zf − Zf ′‖2 ≤ 2εN ,

which implies that for every f ∈ F and every y ∈ Y ,

∣∣Zf (y)− ZN
f (y)

∣∣ ≤
n∑
i=1

∣∣∣∣f(ωi)− f ′(ωi)√
n

gi(y)
∣∣∣∣ ≤ 2εN

( n∑
i=1

g2i (y)
) 1

2
.
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Therefore, E supf∈F Zf − ZN
f ≤ εNE

(∑n
i=1 g

2
i

) 1
2
= 2εN

√
n, and the claim fol-

lows.

Using this result it is possible to estimate the -norm of classes with a polynomial
fat-shattering dimension.

Theorem 5. Let F ⊂ B
(
L∞(Ω)

)
and assume that there is some γ > 1 such

that for any ε > 0, fatε(F ) ≤ γε−p. Then, there are absolute constants Cp, which
depends only on p, such that for any empirical measure µn,

(F/µn) ≤




Cpγ
1
2 log γ if 0 < p < 2

C2(γ
1
2 log γ) log2 n if p = 2

Cp(γ
1
2 log γ)n

1
2− 1

p if p > 2 .

Proof. Let µn be an empirical measure on Ω. If p < 2 then by Theorem 3,
∫ ∞
0

log
1
2 N

(
ε, F, L2(µn)

)
dε ≤ Cpγ

1
2 log γ ,

and the bound on the -norm follows from the upper bound in Theorem 2.
Assume that p ≥ 2 and, using the notation of Lemma 2, select εk = 2−k and

N = p−1 log n. By (3),

(F/µn) ≤ Cp(γ
1
2 log γ)

N∑
i=1

ε
1− p

2
k log

2
εk

+ 2εNn
1
2

≤ Cp(γ
1
2 log γ)

N∑
i=1

k2k(
p
2−1) + 2n

1
2− 1

p .

If p = 2, the geometric sum is bounded by

Cp(γ
1
2 log γ)N2 ≤ Cp(γ

1
2 log γ) log2 n ,

whereas is p > 2 it is bounded by Cp(γ
1
2 log γ)n

1
2− 1

p .

4 Complexity Estimates

Next, we investigate the sample complexity of Glivenko-Cantelli classes. The
term “sample complexity” is often used in a slightly different way than the one
we use in this article. Normally, when one talks about the sample complexity
of a learning problem the meaning is the following: given a class H and some
1 ≤ q < ∞, let hq (x, y) = |h(x)− y|q and set Y to be a bounded subset of R.
A learning rule is a mapping which assigns to each sample of arbitrary length
zn = (xi, yi)ni=1, some Azn ∈ H. Given a class H and Y ⊂ R, let the learning
sample complexity be the smallest integer n0 such that for every n ≥ n0, the
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following holds: there exists a learning rule A such that for every probability
measure P on Ω × Y,

P

{
E |AZn

− Y |q ≥ inf
h∈H

Ehq (X,Y ) + ε

}
< δ ,

where Zn is the sample (Xi, Yi)ni=1 selected according to P . We denote the
learning sample complexity associated with the range Y and the class H by
Cq(ε, δ,Y,H).

It is possible to show [2] that if Y ⊂ [−M,M ] then

Cq(ε, δ,Y,H) ≤ sup
‖g‖∞≤M

Sq(ε, δ, g,H) .

Hence, the GC sample complexity may be used to establish upper bounds on
the sample complexity of learning problems.

We introduce a new parameter and show that it governs the GC sample
complexity. This parameter is determined by the growth rate of the Rademacher
averages associated with the class (see further details below), hence, by Theorem
2 and the fact that the Rademacher averages may be bounded using the -norm,
it is possible to estimate the new parameter in terms of the covering numbers of
the class.

4.1 Averaging Techniques

Let us start with a modified definition of the Rademacher averages associated
with the class:
Definition 4. Let F be a class of functions on Ω and let µ be a probability
measure. Set

Rn(F ) = sup
(ωi)ni=1

1√
n

Eε sup
f∈F

∣∣∣∣∣
n∑
i=1

εif(ωi)

∣∣∣∣∣ , R̄n,µ =
1√
n

EµEε sup
f∈F

∣∣∣∣∣
n∑
i=1

εif(Xi)

∣∣∣∣∣ ,

where (εi)ni=1 are independent Rademacher random variables, µ is a probability
measure and (Xi)ni=1 are independent, distributed according to µ.
Note that Rn(F ) = supµn

R(F/µn). Also, the relations between Rn and R̄n,µ

are analogous to those between the VC dimension and the VC entropy; Rn is
a “worst case” parameter, while R̄n,µ is an averaged version which takes into
account the particular measure according to which one is sampling.

Rademacher averages appear naturally in the analysis of GC classes. Usually,
the first step in estimating the deviation of the empirical means from the actual
mean is to apply a symmetrization method [7]:

Pr

{
sup
f∈F

∣∣∣ 1
n

n∑
i=1

f(Xi)− Ef
∣∣∣ ≥ ε

}
≤ 4Pr

{
sup
f∈F

∣∣∣
n∑
i=1

εif(Xi)
∣∣∣ ≥ nε

4

}
= (∗) .
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The parameter we wish to introduce measures the growth rate of the Rademacher
averages as a function of the size of the sample. We show that it may be used
instead of the usual combinatorial parameters, e.g, the fat-shattering dimension,
to obtain deviation estimates.
Definition 5. Let F ⊂ B

(
L∞(Ω)

)
. For every ε > 0, let

ravε(F ) = sup
{
n ∈ N|Rn(F ) ≥ ε

√
n
}

.

To see the connection between fatε(F ) and ravε(F ), assume that {ω1, ..., ωn}
is ε-shattered. Let (ε1, ..., εn) ∈ {−1, 1}n and set I = {i|εi = 1}. For every
J ⊂ {ω1, ..., ωn}, let fJ be the function shattering J . Then, by the triangle
inequality and selecting f = fI , f ′ = fIc , it follows that

1√
n
sup
f∈F

∣∣∣∣∣
n∑
i=1

εif(ωi)

∣∣∣∣∣ ≥
1

2
√
n

sup
f,f ′∈F

∣∣∣∣∣
n∑
i=1

εi
(
f(ωi)− f ′(ωi)

)∣∣∣∣∣
≥ 1

2
√
n

∣∣∣∣∣
n∑
i=1

εi
(
fI(ωi)− fIc(ωi)

)∣∣∣∣∣ ≥
√
nε .

Thus, if {ω1, ..., ωn} is ε-shattered, then for every realization of the Rademacher
random variables, n−1/2 supf∈F |

∑n
i=1 εif(ωi)| ≥

√
nε, while ravε(F ) is deter-

mined by averaging such realizations. Hence, ravε(F ) ≥ fatε(F ). It turn out that
it is possible to find a general lower bound on ravε(F ) in terms of fatε(F ) (see
[10]).

The appeal in using the Rademacher averages instead of the fat-shattering
dimension or other learning parameters is that the Rademacher averages remain
unchanged if one takes the convex hull of the class, whereas fatε(F ) or the
covering numbers may change dramatically by taking the convex hull. We shall
use this property of the Rademacher averages to show that when assessing the
GC sample complexity, there is no computational price to pay for taking the
convex hull of the class.

Our first goal is to estimate the Rademacher averages of a loss class in terms
of the Rademacher averages of the original class. The proof of the following claim
is standard and is omitted.
Theorem 6. Let F be a class of functions on Ω. Then,

1. Rn

(
absconv(F )

)
= Rn(F ).

2. If Φ is a Lipschitz function such that Φ(0) = 0 and LΦ is its Lipschitz
constant, then Rn

(
Φ(F )

) ≤ 2LφRn(F ).
3. For any uniformly bounded function g let F + g = {f + g|f ∈ F}. There is

an absolute constant C such that Rn(F + g) ≤ Rn(F ) + C ‖g‖∞.

From Theorem 6 we can derive the next corollary:
Corollary 2. Let H ⊂ B

(
L∞(Ω)

)
and g ∈ B

(
L∞(Ω)

)
. If Fq is the q-loss

function associated with the target g and conv(H), (i.e., each f ∈ Fq is given by
f = |h− g|q, where h ∈ conv(H)) then there is an absolute constant C such that

Rn(Fq) ≤ Cq
(
1 +Rn(H)

)
.
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4.2 The Direct Approach

The first example of the direct approach we use to bound the rav, is for classes of
linear functionals. This example is interesting in the context of Machine Learning
since linear functionals are at the heart of the theory of Kernel Machines.

Recall that a Banach space has type p if there is a constant C such that for
every integer n and every x1, ..., xn ∈ X,

Eε

∥∥∥∥∥
n∑
i=1

εixi

∥∥∥∥∥ ≤ C
( n∑
i=1

‖xi‖p
) 1

p

, (4)

where, as always, (εi)ni=1 are independent symmetric {−1, 1}-valued random vari-
ables. The smallest constant for which (4) holds is called the p type constant of
X and is denoted by Tp(X). Clearly, every Banach space has type p = 1, and it
is possible to show that X can not have type p for p > 2. For example, Hilbert
spaces have type 2 and T2 = 1. For further details about the type of Banach
spaces we refer the reader to [9,13].

Let X be a Banach space which has a nontrivial type 1 < p ≤ 2 with a
type constant Tp(X). Let H ⊂ B(X∗) when considered as a class of functions
on B(X). If x1, ..., xn ∈ B(X) then

Eε sup
h∈H

∣∣∣∣∣
n∑
i=1

εih(xi)

∣∣∣∣∣ ≤ Eε sup
x∗∈B(X∗)

∣∣∣∣∣
n∑
i=1

εix
∗(xi)

∣∣∣∣∣ = Eε

∥∥∥∥∥
n∑
i=1

εixi

∥∥∥∥∥
≤ Tp(X)

( n∑
i=1

‖xi‖p
) 1

p

.

Since ‖xi‖ ≤ 1, Rn(H) ≤ Tp(X)n
1
p− 1

2 . Therefore, it follows that if ‖g‖∞ ≤ 1
and if Fq is the q-loss associated with absconv(H) and a target g then

ravε(Fq) ≤ C
(
qTp(X)

) p
p−1
(1
ε

) p
p−1

.

The second example we present (which is very close in its nature to the first one)
is that of Sobolev spaces.

Given a set Ω ⊂ R
d, let W k,2(Ω) be the space of all the functions for which

all the weak derivatives up to order k exist and belong to L2(Ω).
Define ‖f‖Wk,2(Ω) =

∑
|α|≤k ‖Dαf‖L2(Ω) and set X = W k,2

0 (Ω) to be the
closure (with respect to the ‖ ‖Wk,2(Ω) norm) of the set of functions which vanish
on the boundary of Ω and are continuously differentiable k times (see [1] for more
details on Sobolev space).

It is possible to show that X is a Hilbert space, and therefore it has type 2
with T2(X) = 1. Moreover, if k > d/2 then X is compactly embedded in the
space of continuous functions on Ω. Hence, there is some M > 0 which depends
on Ω such that for every ω ∈ Ω, ‖δω‖X∗ ≤M . Since X is a Hilbert space, each
bounded linear functional is represented by an element of X, also denoted by
δω, which has the same norm as the functional.
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Note that if H is a subset of unit ball of X then Rn(H) ≤ M . Indeed, for
any sample {ω1, ..., ωn},

1√
n

Eε sup
h∈H

n∑
i=1

εih(ωi) =
1√
n

Eε sup
h∈H

n∑
i=1

εi
〈
h, δωi

〉
=

1√
n

Eε sup
h∈H

〈 n∑
i=1

εiδωi , h
〉

(5)

≤ 1√
n

Eε

∥∥∥∥∥
n∑
i=1

εiδωi

∥∥∥∥∥
X

≤ 1√
n

( n∑
i=1

‖δωi‖2X
) 1

2 ≤M .

In particular,

ravε(Fq) ≤ Cq2(1 +M)2

ε2
.

Remark 2. Using a similar method one can estimate Rn of bounded subsets in
the more general Sobolev spaces W k,p

0 (Ω).

4.3 Estimating rav Using Covering Numbers

We now present bounds on rav which are demonstrated via an indirect route,
using the estimate on the -norm.

Recall that there is an absolute constant C such that for every F and ev-
ery empirical measure µn supported on the sample {ω1, ..., ωn}, Rn(F/µn) ≤
C(F/µn). Combining this fact with the -norm estimate in Theorem 5, one can
prove the following result on ravε(H) when fatε(H) is polynomial in ε−1.
Theorem 7. Let H ⊂ B

(
L∞(Ω)

)
and assume that fatε(H) ≤ γε−p for some

γ > 1 and every ε > 0. Then, there are constants Cp which depend only on p,
such that for every ε > 0,

ravε(H) ≤ Cp



(γ log2 γ)ε−2 if 0 < p < 2
γε−2 log4 γε−1 if p = 2
(γ

p
2 logp γ)ε−p if p > 2 .

(6)

4.4 GC Sample Complexity

Here, we present the GC sample complexity estimates in terms of ravε(F ). We
use a concentration result which yields an estimate on the deviation of the em-
pirical means from the actual mean in terms of the Rademacher averages. We
show that ravε(F ) measures the sample complexity of the class F .

Recall the following concentration result, which is due to Talagrand [15]:
Theorem 8. There are two absolute constants K and a ≤ 1 with the following
property: consider a class of functions F whose range is a subset of [0, 1], such
that supf∈F E(f − Ef)2 ≤ a. If µ is any probability measure on Ω and

√
n ≥ KR̄n,µ, M ≥ KR̄n,µ
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then

Pr

{
sup
f∈F
|Eµn

f − Eµf | ≥Mn−
1
2

}
≤ Kexp(−11M) .

Assume that members of H and g map Ω into [0, 1], and fix some 1 ≤ q < ∞.
Clearly, F ≡ Fq is also a class of function whose range is a subset of [0, 1]. Let a be
as in Theorem 8, put F a = {√af |f ∈ F} and note that supf∈Fa E(f−Ef)2 ≤ a.

Lemma 4. Let F and F a be as in the above paragraph. There is an absolute
constant C such that if ε > 0 and n satisfy that

n
1
2 ≥ KCa−

1
2 ε−1q

(
R̄n,µ(H) + 1

)
, (7)

then

Pr

{
sup
f∈F
|Eµnf − Eµf | ≥ ε

}
≤ Kexp

(−11anε2) .

Proof. Clearly,

Pr

{
sup
f∈F
|Eµn

f − Eµf | ≥ ε

}
= Pr

{
sup
f∈Fa

|Eµn
f − Eµf | ≥

√
aε

2

}
.

Let M = a1/2n1/2ε. Since a, ε ≤ 1, then if n satisfies (7) both conditions of
Theorem 8 are automatically satisfies. The assertion follows directly from that
theorem and the estimate on R̄n,µ(Fq) given in Corollary 2.

Theorem 9. Assume that H, g and q are as above and set F to be a q-loss class
associated with H and g. Then, there is an absolute constant C such that for
every 0 < ε, δ < 1 and every probability measure µ,

Pr

{
sup
f∈F
|Eµn

f − Eµf | ≥ ε

}
≤ δ ,

provided that n ≥ Cmax
{
ravCε/q(H), ε−2 log 1/δ

}
.

4.5 Application: Smooth Functions

Let Ω ⊂ R
d and set X to be the Sobolev space W k,2

0 (Ω). Assume that k > d/2
and that H ⊂ B(X). By the estimates on the Rademacher averages established
in (5) one may obtain the GC sample complexity estimates for Fq.
Theorem 10. Let H ⊂ B

(
W k,2
0 (Ω)

)
and fix some g such that ‖g‖∞ ≤ 1. Then,

Sq
(
ε, δ, g, conv(H))≤ Cq,Ω

ε2
log

1
δ

,

where Cq,Ω is a constant which depends only on q and Ω.
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4.6 Application: Classes with Polynomial Fat-Shattering Dimension

The most important application of the theory presented here is a considerable
improvement we in the GC sample complexity for classes with polynomial fat-
shattering dimension:
Theorem 11. Let H be a class of functions whose range in contained in [0, 1],
such that fatε(H) ≤ γε−p for some p > 0. Then, for every 1 ≤ q <∞ there are
constants Cp,q,γ , which depend only on p, q, γ such that for any g : Ω → [0, 1],

Sq
(
ε, δ, g, conv(H)) ≤ Cp,q,γ




ε−2 log δ−1 if 0 < p < 2
ε−2(log4 ε−1 + log δ−1) if p = 2
ε−p log δ−1 if p > 2 .

(8)

Note that the best known estimates on the GC sample complexity were demon-
strated in [3,5]. It was shown that if H is a GC class then

Sq(ε, δ, g,H) ≤ C
1
ε2

(
fat ε

4
(H) log2 1

ε
+ log

1
δ

)
. (9)

If the fat-shattering dimension is polynomial, this result yields a bound which is
O(ε−(p+2)) up to logarithmic factors in ε−1 and δ−1. Thus, (8) is a much better
bound even regarding the sample complexity of H itself. If one were to try and
estimate the sample complexity of a q-loss class associated with conv(H) using
(9), the difference in the results is even more noticeable, since the fat-shattering
dimension of the convex hull may be increased by a factor of ε−2, whereas rav
does not change.

5 Gelfand Numbers and Sufficient Statistics of GC
Classes

In this final section we present another application of the -norm estimates. We
investigate the number of linear constraints needed to pinpoint a function in a
given class, up to a desired accuracy. Thus, the problem we face is as follows:
given a class F and some ε > 0, we attempt to find a “small” set Γ (ε) = (x∗i )

m
i=1

of linear functionals on F , (which may depend on ε) with the following properties:

1. For every f ∈ F and every 1 ≤ i ≤ m, x∗i (f) can be computed using empirical
data.

2. If two functions f, g ∈ F agree on every element in Γ (ε) then ‖f − g‖2L2(µ) <
ε.

The formal definition of ε-Sufficient Statistics is as follows:
Definition 6. Let F be a class of functions defined on a set Ω and let µ be a
probability measure on Ω. A set of linear empirical functionals (x∗i )

m
i=1 is called

ε-sufficient statistics with respect to L2(µ) if for any f, g ∈ F which satisfy that
x∗i (g) = x∗i (f) for every 1 ≤ i ≤ m, ‖f − g‖2L2(µ) < ε.
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If F is a Glivenko-Cantelli class then the set Γ (ε) may be constructed by taking
the point evaluation functionals on a large enough sample. Indeed, if F is a
Glivenko-Cantelli class, then the set {(f − g)2|f, g ∈ F} is also a Glivenko-
Cantelli class. Take n to be an integer such that there is an empirical measure
µn which is supported on a sample Sn, and for every f, g ∈ F ,

∣∣Eµ(f − g)2 − Eµn
(f − g)2

∣∣ < ε . (10)

Set Γ (ε) to be the set of point evaluation functionals {δωi
|ωi ∈ Sn}. Thus, each

element of Γ (ε) is a linear functional on F and if f, g agree on each δωi (i.e., if
f(ωi) = g(ωi)) then ‖f − g‖2L2(µ) < ε. Hence, Γ (ε) is ε-sufficient statistics for F

in L2(µ).
Of course, there in no need to merely use point evaluation functionals. As

explained in [11], even from the computational point of view it is possible to find
a set of linear combinations of point evaluation functionals which are ε-sufficient
statistics, using a random selection scheme. This idea is based on the so-called
Gelfand numbers.

The Gelfand numbers are parameters which measure the “size” of a sym-
metric convex set. In some sense, it measures the “minimal width” of the sym-
metric convex hull of the set. Formally, given some 1 ≤ k ≤ n let Hk be a k-
codimensional subspace of n2 . A k-section of F is an intersection of F with some
Hk. The k-th Gelfand number of F ⊂ n2 , denoted by ck(F ), is the “smallest”
possible diameter of a k-codimensional section of F . In our case, the Euclidean
structure is that of L2(µn), which is isometric to n2 . Note that if the measure is
supported on {ω1, ..., ωn}, a k-codimensional subspace is the intersection of the
kernels of k linear functionals, every one of which is given by x∗ =

∑n
i=1 aiδωi

.
Assume that we can find a k-codimensional section of absconv(F )/µn which has
a diameter bounded by α, and let x∗1, ..., x

∗
k be the linear functionals which define

this section. Thus, each x∗i is empirical, since x∗i (f) can be computed using the
sample points, and if x∗i (f) = x∗i (g) then (f −g)/2 ∈ absconv(F )∩Hk, implying
that ‖f − g‖L2(µn) ≤ α. Therefore, if µn is an empirical measure such that (10)
holds, then the set Γ = (x∗i )

k
i=1 is (ε+ α2) sufficient statistics for F in L2(µ).

It is possible to estimate the Gelfand numbers of a set F ⊂ n2 using the
-norm. This fact is due to Pajor and Tomczak-Jaegermann [14].

Theorem 12. There is an absolute constant C such that for every integer n
and every F ⊂ n2 , supk≥1 k

1
2 ck(F ) ≤ C(F ).

Since the -norm does not change by taking the symmetric convex hull, we can
prove the following estimates, improving the bound presented in [11]

Theorem 13. Let F be a class of functions which map Ω into [0, 1] and assume
that there are γ ≥ 1 and p > 0 such that for every ε > 0, fatε(F ) ≤ γε−p. For
every probability measure µ and ε > 0 there is a set Γ (ε) of ε-sufficient statistics
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such that

|Γ (ε)| ≤ Cγ,p




ε−1 if 0 < p < 2
ε−1 log2 ε−1 if p = 2
ε−(p−1) if p > 2 ,

where Cγ,p are constants which depend only on γ and p.

Proof. We present a proof only when p > 2. The proof in the other cases follows
in a similar fashion.

Fix ε > 0, and let n be an integer such that

Pr
{
sup
f,g∈F

∣∣Eµ(f − g)2 − Eµn
(f − g)2

∣∣ < ε

2

}
≥ 1

2
. (11)

To find such an integer n, we use the GC sample complexity estimates. Indeed,
let H = (F − F )2 = {(f − g)2|f, g ∈ F} and note that since each member of F
maps Ω into [0, 1] then F − F ⊂ B

(
L∞(Ω)

)
. Clearly, φ(t) = t2 is a Lipshcitz

function on [−1, 1] with a constant 2. Therefore, by Theorem 6,

Rn(H) ≤ 4Rn(F − F ) = 8Rn

(1
2
(F − F )

)
= 8Rn(F ) ,

where the last inequality holds because 1
2 (F − F ) ⊂ absconv(F ). Thus, by The-

orem 9 we may select n = Cp,γε
−p.

Since the set in (11) is nonempty, there is an empirical measure µn supported
on {ω1, ..., ωn} such that for every f, g ∈ F

∣∣Eµ(f − g)2 − Eµn
(f − g)2

∣∣ < ε

2
.

Let G ⊂ L2(µn) be the symmetric convex hull of F/µn. By the -norm estimate,
for every integer k ≤ n there are k linear functionals on L2(µn), denoted by
(x∗i )

k
i=1, such that if f, g ∈ G satisfy that for every 1 ≤ i < k, x∗i (f) = x∗i (g)

then

‖f − g‖L2(µn) ≤ Cp,γ
n

1
2− 1

p√
k

.

In particular, the same holds if f, g ∈ F . Thus, by the selection of n and µn, and
for such f and g

‖f − g‖2L2(µ) ≤ ‖f − g‖2L2(µn) +
ε

2
<

C2p,γ
k

(1
ε

)p−2
+

ε

2
.

Note that each (x∗i )
k
i=1 is a linear combination of point evaluation functionals

δωi . Thus, if k = �(Cp,γ)2ε−(p−1)� then ‖f − g‖2L2(µ) < ε, implying that the set
(x∗i )

k
i=1 are ε-sufficient statistics, as claimed.
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This result implies that the number of sufficient statistics is considerably smaller
than the estimate one has by taking the point evaluation functionals. Indeed,
if one is restricted to point evaluation functionals, then the number of such
functionals needed is given by the sample complexity of the class {(f−g)2|f, g ∈
F}, which is O(ε−max{2,p}) when fatε(F ) = O(ε−p). Note that when p > 2,
this bound is optimal [10]. Hence, allowing linear combinations always yields
considerably better bounds than those given by using only point evaluation
functionals.
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Learning Relatively Small Classes

Shahar Mendelson

Computer Sciences Laboratory, RSISE, The Australian National University,
Canberra 0200, Australia
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Abstract. We study the sample complexity of proper and improper
learning problems with respect to different Lq loss functions. We im-
prove the known estimates for classes which have relatively small cover-
ing numbers (log-covering numbers which are polynomial with exponent
p < 2) with respect to the Lq norm for q ≥ 2.

1 Introduction

In this article we present sample complexity estimates for proper and improper
learning problems of classes with respect to different loss functions, under the
assumption that the classes are not “too large”. Namely, we assume that their
log-covering numbers are polynomial in ε−1 with exponent p < 2.

The question we explore is the following: let G be a class of functions defined
on a probability space (Ω,µ) such that each g ∈ G maps Ω into [0, 1] and let
T be an unknown function which is bounded by 1 (not necessarily a member
of G). Recall that a learning rule L is a map which assigns to each sample
Sn = (ω1, ..., ωn) a function LSn ∈ G. The learning sample complexity associated
with the q-loss, accuracy ε and confidence δ is the first integer n0 such that for
every n ≥ n0, every probability measure µ on (Ω,Σ) and every measurable
function bounded by 1,

µ∞
{

Eµ |LSn − T |q ≥ inf
g∈G

Eµ |g − T |q + ε
}
≤ δ ,

where L is any learning rule and µ∞ is the infinite product measure.
We were motivated by two methods previously used in the investigation of

sample complexity [1]. Firstly, there is the standard approach which uses the
Glivenko-Cantelli (GC) condition to estimate the sample complexity. By this we
mean the following: let G be a class of functions on Ω, let T be the target concept
(which, for the sake of simplicity, is assumed to be deterministic), set 1 ≤ q <∞
and let F = {|g − T |q |g ∈ G}. The Glivenko-Cantelli sample complexity of the
class F with respect to accuracy ε and confidence δ is the smallest integer n0
such that for every n ≥ n0,

sup
µ

µ∞
{
sup
g∈G
|Eµ |g − T |q − Eµn |g − T |q| ≥ ε

}
≤ δ ,

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 273–288, 2001.
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where µn is the empirical measure supported on the sample (ω1, ..., ωn).
Therefore, if g is an “almost” minimizer of the empirical loss Eµn |g − T |q and

if the sample is “large enough” then g is an “almost” minimizer with respect to
the average loss. One can show that the learning sample complexity is bounded
by the supremum of the GC sample complexities, where the supremum is taken
over all possible targets T , bounded by 1. This is true even in the agnostic case,
in which T may be random (for further details, see [1]).

Lately, it was shown [7] that if the log-covering numbers (resp. the fat shat-
tering dimension) of G are of the order of ε−p for p ≥ 2, then the GC sample
complexity of F is Θ(ε−p) up to logarithmic factors in ε−1, δ−1.

It is important to emphasize that the learning sample complexity may be
established by other means rather than via the GC condition. Hence, it comes
with no surprise that there are certain cases in which it is possible to improve
this bound on the learning sample complexity. In [5,6] the following case was
examined; let F be the loss class given by {|g − T |2−|T − PGT |2 |g ∈ G}, where
PGT is a nearest point to T in G with respect to the L2(µ) norm. Assume that
there is an absolute constant C such that for every f ∈ F , Eµf

2 ≤ CEµf ,
i.e., that it is possible to control the variance of each loss function using its
expectation. In this case, the learning sample complexity with accuracy ε and
confidence δ is

O
(1
ε

(
fatε(F ) log2

fatε(F )
ε

+ log
1
δ

))
.

Therefore, if fatε(F ) = O(ε−p) the learning sample complexity is bounded (up
to logarithmic factors) by O(ε−(1+p)). If p < 1, this estimate is better than the
one obtained using the GC sample complexities.

As it turns out, the assumption above is not so far fetched; it is possible to
show [5,6] that there are two generic cases in which Eµf

2 ≤ CEµf . The first
case is when T ∈ G, because it implies that each f ∈ F is nonnegative. The
other case is when G is convex and q = 2. Thus, every loss function is given by
|g − T |2 − |T − PGT |2, where PGT is the nearest point to T in G with respect
to the L2(µ) norm.

Here, we combine the ideas used in [6] and in [7] to improve the learning
complexity estimates. We show that if

sup
n

sup
µn

logN
(
ε,G, L2(µn)

)
= O(ε−p)

for p < 2 and if either T ∈ G or if G is convex, then the learning sample
complexity is O(ε1+p/2) up to logarithmic factors in ε−1, δ−1. Recently it was
shown in [7,8] that for every 1 ≤ q <∞ there is a constant cq such that

sup
n

sup
µn

logN
(
ε,G, L2(µn)

) ≤ cqfat ε
8
(G) log2

(2fat ε
8
(G)

ε

)
, (1)

therefore, the estimates we obtain improve the O
(
ε−(1+p)

)
established in [6].
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Our discussion is divided into three sections. In the second section we inves-
tigate the GC condition for classes which have “small” log-covering numbers.
We focus the discussion on the case where the deviation in the GC condition is
of the same order of magnitude as supf∈F Eµf

2. The proof is based on estimates
on the Rademacher averages (defined below) associated with the class. Next, we
explore sufficient conditions which imply that if F is the q-loss class associated
with a convex class G, Eµf

2 may be controlled by the Eµf . We use a geometric
approach to prove that if q ≥ 2 there is some constant B such that for every
q-loss function f , Eµf

2 ≤ B(Eµf)2/q. It turns out that those estimates are the
key behind the proof of the learning sample complexity, which is investigated in
the fourth and final section.

Next, we turn to some definitions and notation we shall use throughout this
article.

If G is a class of functions, T is the target concept and 1 ≤ q <∞, then for
every g ∈ G let �q(g) be its q-loss function. Thus,

�q(g) = |g − T |q − |g − PGT |q ,

where PGT is a nearest element to T in G with respect to the Lq norm. We
denote by F the set of loss functions �q(g).

Let G be a GC class. For every 0 < ε, δ < 1, denote by SG(ε, δ) the GC
sample complexity of the class G associated with accuracy ε and confidence δ.
Let CqG,T (ε, δ) be the learning sample complexity of the class G with respect to
the target T and the q-loss, for accuracy ε and confidence δ.

Given a Banach space X, let B(X) be the unit ball of X. If B ⊂ X is a ball,
set int(B) to be the interior of B and ∂B is the boundary of B. The dual of
X, denoted by X∗, consists of all the bounded linear functionals on X, endowed
with the norm ‖x∗‖ = sup‖x‖=1 |x∗(x)|. If x, y ∈ X, the interval [x, y] is defined
by [x, y] = {tx+ (1− t)y|0 ≤ t ≤ 1}.

For any probability measure µ on a measurable space (Ω,Σ), let Eµ be the
expectation with respect to µ. Lq(µ) is the set of functions which satisfy Eµ |f |q <
∞, and set ‖f‖q = (E |f |q)1/q. L∞(Ω) is the space of bounded functions on Ω,
with respect to the norm ‖f‖∞ = supω∈Ω |f(ω)|. We denote by µn an empirical
measure supported on a set of n points, hence, µn = 1

n

∑n
i=1 δωi , where δωi is

the point evaluation functional at {ωi}.
If (X, d) is a metric space, set B(x, r) to be the closed ball centered at x

with radius r. Recall that if F ⊂ X, the ε-covering number of F , denoted by
N(ε, F, d), is the minimal number of open balls with radius ε > 0 (with respect
to the metric d) needed to cover F . A set A ⊂ X is said to be an ε-cover of F if
the union of open balls

⋃
a∈AB(a, ε) contains F . In cases where the metric d is

clear, we shall denote the covering numbers of F by N(ε, F ).
It is possible to show that the covering numbers of the q-loss class F are

essentially the same as those of G.

Lemma 1. Let G ⊂ B
(
L∞(Ω)

)
and let F be the q-loss class associated with G.

Then, for any probability measure µ,

logN
(
ε, F, L2(µ)

) ≤ logN
(
ε/q,G, L2(µ)

)
.
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The proof of this lemma is standard and is omitted.
Next, we define the Rademacher averages of a given class of functions, which

is the main tool we use in the analysis of GC classes.

Definition 1. Let F be a class of functions and let µ be a probability measure
on Ω. Set

R̄n,µ = EµEε sup
f∈F

1√
n

∣∣∣∣∣
n∑
i=1

εif(Xi)

∣∣∣∣∣ ,

where εi are independent Rademacher random variables (i.e. symmetric, {−1, 1}
valued) and (Xi) are independent, distributed according to µ.

It is possible to estimate R̄n,µ of a given class using its L2(µn) covering numbers.
The key result behind this estimate is the following theorem which is originally
due to Dudley for Gaussian processes, and was extended to the more general
setting of subgaussian processes [10]. We shall formulate it only in the case of
Rademacher processes.

Theorem 1. There is an absolute constant C such that for every probability
measure µ, any integer n and every sample (ωi)ni=1

Eε sup
f∈F

n−
1
2

∣∣∣∣∣
n∑
i=1

εif(ωi)

∣∣∣∣∣ ≤ C

∫ δ

0
log

1
2 N

(
ε, F, L2(µn)

)
dε ,

where

δ = sup
f∈F

( 1
n

n∑
i=1

f2(ωi)
) 1

2

and µn is the empirical measure supported on the given sample (ω1, ..., ωn).

Finally, throughout this paper, all absolute constants are assumed to be positive
and are denoted by C or c. Their values may change from line to line or even
within the same line.

We end the introduction with a statement of our main result.

Theorem 2. Let G ⊂ B
(
L∞(Ω)

)
such that

sup
n

sup
µn

logN
(
ε,G, L2(µn)

) ≤ γε−p

for some p < 2 and let T ∈ B
(
L∞(Ω)

)
be the target concept. If 1 ≤ q <∞ and

either

(1) T ∈ G, or
(2) G is convex,
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there are constants Cq,p,γ which depend only on q, p, γ such that

CqG,T (ε, δ) ≤ Cq,p,γ

(1
ε

)1+ p
2
(
1 + log

2
δ

)
.

Also, if

sup
n

sup
µn

N
(
ε,G, L2(µn)

) ≤ (γ
ε

)d

and either (1) or (2) hold, then

CqG,T (ε, δ) ≤ Cq,p,γd
(1
ε
log

2
ε
+ log

2
δ

)
.

There are numerous cases in which Theorem 2 applies. We shall name a few of
them. In the proper case, Theorem 2 may be used, for example, if G is a VC class
or a VC subgraph class [10]. Another case is if G satisfies that fatε(G) = O(ε−p)
[7]. In both cases the covering numbers ofG satisfy the conditions of the theorem.
In the improper case, one may consider, for example, convex hulls of VC classes
[10] and many Kernel Machines [11].

2 GC for Classes with “Small” Variance

Although the “normal” GC sample complexity of a class is Ω(ε−2) when one
allows the deviation to be arbitrary small, it is possible to obtain better estimates
when the deviation we are interested in is roughly the largest variance of a
member of the class. As we demonstrate in the final section, this fact is very
important in the analysis of learning sample complexities. The first step in that
direction is the next result, which is due to Talagrand [9].

Theorem 3. Assume that F is a class of functions into [0, 1]. Let

σ2 = sup
f∈F

Eµ(f − Eµf)2, Sn = nσ2 +
√
nR̄n,µ .

For every L, S > 0 and t > 0 define

φL,S(t) =

{
t2

L2S if t ≤ LS
t
L

(
log et

LS

) 1
2 if t ≥ LS .

There is an absolute constant K such that if t ≥ K
√
nR̄n,µ, then

µ

{∥∥∥∥∥
n∑
i=1

f(Xi)− nEµf

∥∥∥∥∥
F

≥ t

}
≤ exp

(−φK,S(t)) .

In the next two results, we present an estimate on the Rademacher averages R̄n,µ
using data on the “largest” variance of a member of the class and on the covering
numbers of F in empirical L2 spaces. We divide the results to the case where
the covering numbers are polynomial in ε−1 and the case where the log-covering
numbers are polynomial is ε−1 with exponent p < 2.
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Lemma 2. Let F be a class of functions into [0, 1] and set τ2 = supf∈F Eµf
2.

Assume that there are γ ≥ 1 and d ≥ 1 such that for every empirical measure
µn,

N
(
ε, F, L2(µn)

) ≤ (γ/ε)d .

Then, there is a constant Cγ , which depends only on γ, such that

R̄n,µ ≤ Cγ max

{
d√
n
log

1
τ
,
√
dτ log

1
2
1
τ

}
.

An important part of the proof is the following result, again, due to Talagrand
[9], on the expectation of the diameter of F when considered as a subset of
L2(µn).

Lemma 3. Let F ⊂ B
(
L∞(Ω)

)
and set τ2 = supf∈F Eµf

2. Then, for every
probability measure µ, every integer n, and every (Xi)ni=1 which are independent,
distributed according to µ,

Eµ sup
f∈F

∣∣∣∣∣
n∑
i=1

f2(Xi)

∣∣∣∣∣ ≤ nτ2 + 8
√
nR̄n,µ .

Proof (of Lemma 2). Set Y = n−1 supf∈F
∑n

i=1 f
2(Xi). By Theorem 1 there is

an absolute constant C such that for every sample (X1, ..., Xn)

1√
n

Eε sup
f∈F

∣∣∣∣∣
n∑
i=1

εif(Xi)

∣∣∣∣∣ ≤ C

∫ √Y
0

log
1
2 N

(
ε, F, L2(µn)

)
dε

= C
√
d

∫ √Y
0

log
1
2
γ

ε
dε .

It is easy to see that there is some absolute constant Cγ such that for every
0 < x ≤ 1,

∫ x

0
log

1
2
γ

ε
dε ≤ 2x log

1
2
Cγ
x

,

and v(x) = x
1
2 log

1
2 (Cγ/x) is increasing and concave in (0, 10). Since Y ≤ 1,

Eε sup
f∈F

1√
n

∣∣∣∣∣
n∑
i=1

εif(Xi)

∣∣∣∣∣ ≤ C
√
dY

1
2 log

1
2
Cγ

Y
1
2

.

Also, since v(x) is increasing and concave in (0, 10), and since EY ≤ 9, then
by Jensen’s inequality, Lemma 3 and the fact that v is increasing, there is a
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constant Cγ which depends only on γ, such that

Eµ

(
Y

1
2 log

1
2
Cγ

Y
1
2

)
= CγEµ

(
Y

1
2 log

1
2
2
Y

)
≤ Cγ(EµY )

1
2 log

1
2

2
EµY

≤ Cγ

(
τ2 + 8

R̄n,µ√
n

) 1
2
log

1
2

2

τ2 + 8R̄n,µ√
n

≤ Cγ

(
τ2 +

8R̄n,µ√
n

) 1
2
log

1
2
2
τ

.

Therefore,

R̄n,µ ≤ Cγ
√
d
(
τ2 +

8R̄n,µ√
n

) 1
2
log

1
2
2
τ

,

and our claim follows from a straightforward computation.

Next, we explore the case in which the log-covering numbers are polynomial with
exponent p < 2.

Lemma 4. Let F be a class of functions into [0, 1] and set τ2 = supf∈F Eµf
2.

Assume that there are γ ≥ 2 and p < 2 such that for every empirical measure
µn,

logN
(
ε, F, L2(µn)

) ≤ γε−p .

Then, there is constant Cp,γ which depend only on p and on γ such that

R̄n,µ ≤ Cp,γ max
{
n−

1
2

2−p
2+p , τ1−

p
2
}

.

Proof. Again, let Y = n−1 supf∈F
∑n

i=1 f
2(Xi). For every realization of (Xi)ni=1,

set µn to be the empirical measure supported on X1, ..., Xn. By Theorem 1 for
every fixed sample, there is an absolute constant C, such that

1√
n

Eε sup
f∈F

∣∣∣∣∣
n∑
i=1

εif(Xi)

∣∣∣∣∣ ≤C
∫ √Y
0

log
1
2 N

(
ε, F, L2(µn)

)
dε

≤ Cγ
1
2

1− p/2

( 1
n
sup
f∈F

n∑
i=1

f2(Xi)
) 1

2 (1− p
2 )

.

Taking the expectation with respect to µ and by Jensen’s inequality and Lemma
3,

R̄n,µ ≤ Cp,γ

( 1
n

Eµ sup
f∈F

n∑
i=1

f2(Xi)
) 1

2 (1− p
2 ) ≤

(
τ2 +

8R̄n,µ√
n

) 1
2 (1− p

2 )
.

Therefore,

R̄n,µ ≤ Cp,γ

(
τ2 +

8R̄n,µ√
n

) 1
2 (1− p

2 )

and the claim follows.
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Combining Theorem 3, Lemma 2 and Lemma 4, we obtain the following deviation
estimate:

Theorem 4. Let F be a class of functions whose range is contained in [0, 1] and
set τ2 = supf∈F Eµf

2.
If there are γ > 0 and d ≥ 1 such that

logN
(
ε, F, L2(µn)

) ≤ d log γ/ε

for every empirical measure µn and every ε > 0, then there is a constant Cγ ,
which depends only on γ, such that for every k > 0 and every 0 < δ < 1,

SF (kτ2, δ) ≤ Cγdmax{k−1, k−2}
( 1
τ2

log
2
τ
+ log

2
δ

)
.

If there are γ ≥ 1 and p < 2 such that

logN
(
ε, F, L2(µn)

) ≤ γεp

for every empirical measure µn and every ε > 0, then there are constants Cp,γ
which depend only on p and γ, such that for every k > 0 and every 0 < δ < 1,

SF (kτ2, δ) ≤ Cp,γ max{k−1, k−2}
( 1
τ2

)1+ p
2
(
1 + log

2
δ

)
.

Since the proof follows from a straightforward (yet tedious) calculation, we omit
its details.

3 Dominating the Variance

The key assumption used in the proof of learning sample complexity in [6] was
that there is some B > 0 such that for every loss function f , Eµf

2 ≤ BEµf .
Though this is easily satisfied in proper learning (because each f is nonnegative),
it is far from obvious whether the same holds in the improper setting. In [6] it was
observed that if G is convex and F is the squared-loss class then Eµf

2 ≤ BEµf ,
and B depends on the L∞ bound on the members of G and the target. The
question we study is whether the same kind of bound can be established in
other Lq norms. We will show that if q ≥ 2 and if F is the q-loss function
associated with G, there is some B such that for every f ∈ F , Eµf

2 ≤ B(Eµf)
q
2 .

Our proof is based on a geometric characterization of the nearest point map
onto a convex subset of Lq spaces. This fact was used in [6] for q = 2, but no
emphasis was put on the geometric idea behind it. Our methods enable us to
obtain the bound in Lq for q ≥ 2.

Formally, let 1 ≤ q < ∞ and set G to be a compact convex subset of Lq(µ)
such that each g ∈ G maps Ω into [0, 1]. Let F be the q-loss class associated
with G and T , which is also assumed to have a range contained in [0, 1]. Hence,
each f ∈ F is given by f = |T − g|q − |PGT − T |q, where PGT is the nearest
point to T in G with respect to the Lq(µ) norm.
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Since we are interested in GC sets with “small” covering numbers in Lq for
every 1 ≤ q < ∞ (e.g. fatε(G) = O(ε−p) for p < 2), the assumption that G is
compact in Lq follows if G is closed in Lq [7].

It is possible to show (see appendix A) that if 1 < q < ∞ and if G ⊂ Lq is
convex and compact, the nearest point map onto G is a well defined map, i.e.,
each T ∈ Lq has a unique best approximation in G.

We start our analysis by an proving an upper bound on Eµf
2:

Lemma 5. Let g ∈ G, assume that 1 < q <∞ and set f = �q(g). Then,

Eµf
2 ≤ q2Eµ |g − PGT |2 .

Proof. Given any ω ∈ Ω, apply Lagrange’s Theorem to the function y = |x|q for
x1 = g(ω) − T (ω) and x2 = PGT (ω) − T (ω). The result follows by taking the
expectation and since |x1| , |x2| ≤ 1.

The next step, which is to bound Eµf from below, is considerably more difficult.
We shall require the following definitions which are standard in Banach spaces
theory [2,4]:

Definition 2. A Banach space is called strictly convex if for every x, y ∈ X
such that ‖x‖ , ‖y‖ = 1, ‖x+ y‖ < 2. X is called uniformly convex if there is
a positive function δ(ε) such that for every 0 < ε < 2 and every x, y ∈ X for
which ‖x‖ , ‖y‖ ≤ 1 and ‖x− y‖ ≥ ε, ‖x+ y‖ ≤ 2− 2δ(ε). Thus,

δ(ε) = inf
{
1− 1

2
‖x+ y‖

∣∣∣ ‖x‖ , ‖y‖ ≤ 1, ‖x− y‖ ≥ ε
}

.

The function δ(ε) is called the modulus of convexity of X.

It is easy to see that X is strictly convex if and only if its unit sphere does not
contain intervals. Also, if X is uniformly convex then it is strictly convex. Using
the modulus of convexity one can provide a lower bound on the distance of an
average of elements on the unit sphere of X and the sphere.

It was shown in [3] that for every 1 < q ≤ 2 the modulus of convexity of
Lq is given by δq(ε) = (q − 1)ε2/8 + o(ε2) and if q ≥ 2 it is given by δq(ε) =
1− (1− (ε/2)q

)1/q.
The next lemma enables one to prove the lower estimate on Eµf . The proof

of the lemma is based on several ideas commonly used in the field of convex
geometry, and is presented in appendix A

Lemma 6. Let X be a uniformly convex, smooth Banach space with a mod-
ulus of convexity δX . Let G ⊂ X be compact and convex, set T ∈ G and
d = ‖T − PGT‖. Then, for every g ∈ G, δX(d−1g ‖g − PGT‖) ≤ 1 − d/dg, where
dg = ‖T − g‖.

Corollary 1. Let q ≥ 2 and assume that G is a compact convex subset of the
unit ball of Lq(µ), which consists of functions whose range is contained in [0, 1].
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Let T be the target function which also maps Ω into [0, 1]. If F is the q-loss
class associated with G and T , there are constants Cq which depend only on q
such that for every g ∈ G, Eµf

2 ≤ Cq(Eµf)2/q, where f is the q-loss function
associated with g.

Proof. Recall that the modulus of uniform convexity of Lq for q ≥ 2 is δq(ε) =
1− (1− (ε/2)q

)1/q. By Lemma 6 it follows that

1−
(‖g − PGT‖

2dg

)q
≥
( d

dg

)q
.

Note that �q(g) = dqg − dq, hence

f = �q(g) = dqg − dq ≥ 2−qEµ |g − PGT |q .
By Lemma 5 and since ‖f‖2 ≤ ‖f‖q,

Eµf
2 ≤ q2Eµ |g − PGT |2 ≤ q2

(
Eµ |g − PGT |q

) 2
q ≤ 4q2

(
Eµf)

2
q .

4 Learning Sample Complexity

Unlike the GC sample complexity, the behaviour of the learning sample com-
plexity is not monotone, in the sense that even if H ⊂ G, it is possible that the
learning sample complexity associated with G may be smaller than that asso-
ciated with F . This is due to the fact that a well behaved geometric structure
of the class (e.g. convexity) enables one to derive additional data regarding the
loss functions associated with the class. We will show that the learning sample
complexity is determined by the GC sample complexity for a class of functions
H such that suph∈H Eµh

2 is roughly the same as the desired accuracy.
We shall formulate results in two cases. The first theorem deals with proper

learning (i.e. T ∈ G). In the second, we discuss improper learning. We present a
proof only for the second theorem.

Let us introduce the following notation: for a fixed ε > 0 and given any
empirical measure µn, let f∗µn

be some f ∈ F such that Eµnf
∗
µn
≤ ε/2. Thus, if

g ∈ G such that �q(g) = f∗µn
then g is an “almost minimizer” of the empirical

loss.

Theorem 5. Assume that G is a class whose elements map Ω into [0, 1] and fix
T ∈ G. Assume that 1 ≤ q <∞, γ > 1, and let F be the q-loss class associated
with G and T . Assume further that p < 2 and that for every integer n and any
empirical measure µn, logN

(
ε,G, L2(µn)

) ≤ γε−p for every ε > 0. Then, there
is a constant Cp,q,γ which depends only on p, q and γ such that if

n ≥ Cp,q,γ

(1
ε

)1+ p
2
(
1 + log

1
δ

)
,

then Pr
{

Eµf
∗
µn
≥ ε
}
≤ δ.
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Now, we turn to the improper case.

Theorem 6. Let G, F and q be as in Theorem 5 and assume that T ∈ G.
Assume further that G is convex and that there is some B such that for every
f ∈ F , Eµf

2 ≤ B(Eµf)q/2 Then, the assertion of Theorem 5 remains true.

Remark 1. The key assumption here is that Eµf
2 ≤ B(Eµf)2/q for every loss

function f . Recall that in Section 3 we explored this issue. Combining Theorem
5 and Theorem 6 with the results of Section 3 gives us the promised estimate on
the learning sample complexity.

Before proving the theorem we will need the following observations. Assume that
q ≥ 2 and let F be the q-loss class. First, note that

Pr
{

Eµf
∗
µn
≥ ε
}
≤ Pr

{
∃f ∈ F, Eµf ≥ ε, Eµf

2 < ε, Eµnf ≤ ε/2
}

+ Pr
{
∃f ∈ F, Eµf ≥ ε, Eµf

2 ≥ ε, Eµn
f ≤ ε/2

}

= (1) + (2) .

If Eµf ≥ ε then

Eµf ≥ 1
2
(Eµf + ε) ≥ 1

2
Eµf + Eµnf .

Therefore, |Eµf − Eµn
f | ≥ 1

2Eµf ≥ ε/2, and thus

(1) + (2) ≤ Pr
{
∃f ∈ F, Eµf

2 < ε, |Eµf − Eµn
f | ≥ ε

2

}

+ Pr
{
∃f ∈ F, Eµf ≥ ε, Eµf

2 ≥ ε, |Eµf − Eµnf | ≥
1
2

Eµf
}

.

Let α = 2− 2/q and set

H =
{ εαf

Eµf
|f ∈ F, Eµf ≥ ε, Eµf

2 ≥ ε
}

. (2)

Since q ≥ 2 then α ≥ 1, and since ε < 1, each h ∈ H maps Ω into [0, 1]. Also, if
Eµf

2 ≤ B(Eµf)q/2 then

Eµh
2 ≤ B

ε2α

(Eµf)2−2/q
≤ Bεα .

Therefore,

Pr
{

Eµf
∗
µn
≥ ε
}
≤ Pr

{
∃f ∈ F, Eµf

2 < ε, |Eµf − Eµnf | ≥
ε

2

}
(3)

+ Pr
{
∃h ∈ H, Eµh

2 ≤ Bεα, |Eµh− Eµnh| ≥
εα

2

}
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In both cases we are interested in a GC condition at a scale which is roughly
the “largest” variance of the member of a class. This is the exact question which
was investigated in Section 2.

The only problem in applying Theorem 4 directly to the class H is the fact
that we do not have an a-priori bound on the covering numbers of that class.
The question we need to tackle before proceeding is how to estimate the covering
numbers of H, given that the covering numbers of F are well behaved. To that
end we need to use the specific structure of F , namely, that it is a q-loss class
associated with the class G.

We divide our discussion to two parts. First we deal with proper learning, in
which each loss function is given by f = |g − T |p and no specific assumptions are
needed on the structure of G. Then, we turn to the improper case, and assume
that G is convex and F is the q-loss class for 1 ≤ q <∞.

To handle both cases, we require the following simple definition:

Definition 3. Let X be a normed space and let A ⊂ X. We say that A is star-
shaped with center x if for every a ∈ A the interval [a, x] ⊂ A. Given A and x,
denote by star(A, x) the union of all the intervals [a, x], where a ∈ A.

The next lemma shows that the covering numbers of star(A, x) are almost the
same as those of A.

Lemma 7. Let X be a normed space and let A ⊂ B(X). Then, for any ‖x‖ ≤ 1
and every ε > 0, N

(
2ε, star(A, x)

) ≤ 2N
(
ε,A

)
/ε.

Proof. Fix ε > 0 and let y1, ..., yk be an ε-cover of A. Note that for any a ∈ A
and any z ∈ [a, x] there is some z′ ∈ [yi, x] such that ‖z′ − z‖ < ε. Hence, an
ε-cover of the union ∪ni=1[yi, z] is a 2ε-cover for star(A, x). Since for every i,
‖x− yi‖ ≤ 2 it follows that each interval may be covered by 2ε−1 balls with
radius ε and our claim follows.

Lemma 8. Let G be a class of functions into [0, 1], set 1 ≤ q < ∞ and denote
F = {�q(g)|g ∈ G}, where T ∈ G. Let α = 2 − 2/q and put H = { εαf

Eµf
|f ∈ F}.

Then, for every ε > 0 and every empirical measure µn,

logN
(
2ε,H,L2(µn)

) ≤ log
2
ε
+ logN

(ε
q
,G, L2(µn)

)
.

Proof. Since every h ∈ H is of the from h = αff where 0 < α ≤ 1 then
H ⊂ star(F, 0). Thus, by Lemma 7,

logN
(
2ε,H,L2(µn)

) ≤ log
2
ε
+ logN

(
ε, F, L2(µn)

)
.

Our assertion follows from Lemma 1.

Now, we turn to the improper case.
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Lemma 9. Let G be a convex class of functions and let be F its q-loss class
for some 1 ≤ q < ∞. Assume that α and H are as in Lemma 8. If there are
γ ≥ 1 and p < 2 such that for any empirical measure µn and every ε > 0,
logN

(
ε,G, L2(µn)

) ≤ γε−p, then there are constants cp,q which depend only on
p and q, such that for every ε > 0,

logN
(
ε,H,L2(µn)

) ≤ logN
( ε
4q

,G, L2(µn)
)
+ 2 log

4
ε

.

Proof. Again, every member of H is given by κff , where 0 < κf < 1. Hence,

H ⊂ {κ�q(g)|g ∈ G, κ ∈ [0, 1]} ≡ Q .

By the definition of the q-loss function, it is possible to decompose Q = Q1+Q2,
where

Q1 =
{
κ |g − T |q

∣∣∣κ ∈ [0, 1], g ∈ G
}

and Q2 =
{
−κ |T − PGT |q

∣∣∣κ ∈ [0, 1]
}

.

Note that T and PGT map Ω into [0, 1], hence |T − PGT |q is bounded by 1
pointwise. Therefore, Q2 is contained in an interval whose length is at most 1,
implying that for any probability measure µ,

N
(
ε,Q2, L2(µ)

) ≤ 2
ε

.

Let V = {|g − T |q |g ∈ G}. Since every g ∈ G and T map Ω into [0, 1] then
V ⊂ B

(
L∞(Ω)

)
. Therefore, by Lemma 1,

N
(
ε, V, L2(µ)

) ≤ N
(
ε/q,G, L2(µ)

)
for every probability measure µ and every ε > 0. Also, Q1 ⊂ star(V, 0), thus for
any ε > 0,

N
(
ε,Q1, L2(µ)

) ≤ 2N
(
ε
2 , V, L2(µ)

)
ε

≤
2N
(
ε
2q , G, L2(µ)

)
ε

,

which suffices, since one can combine the separate covers for Q1 and Q2 to form
a cover for H.

Proof (of Theorem 6). The proof follows immediately from (3), Theorem 4 and
Lemma 8 for the proper case and Lemma 9 in the improper case.

Remark 2. It is possible to prove an analogous result to Theorem 6 when the
covering numbers of G are polynomial; indeed, if

sup
n

sup
µn

logN
(
ε,G, L2(µn)

) ≤ Cd log
γ

ε

then the sample complexity required is

CqG,T (ε, δ) = Cq,γd
(1
ε
log

2
ε
+ log

2
δ

)
,

where Cq,γ depend only on γ and q.
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A Convexity

In this appendix we present the definitions and preliminary results needed for
the proof of Lemma 6. All the definitions are standard and my be found in any
basic textbook in functional analysis, e.g., [4].

Definition 4. Given A,B ⊂ X we say that a nonzero functional x∗ ∈ X∗

separates A and B if infa∈A x∗(x) ≥ supb∈B x∗(b).

It is easy to see that x∗ separates A and B if and only if there is some α ∈ R

such that for every a ∈ A and b ∈ B , x∗(b) ≤ α ≤ x∗(a). In that case,
the hyperplane H =

{
x|x∗(x) = α

}
separates A and B. We denote the closed

“positive” halfspace
{
x|x∗(x) ≥ α

}
by H+ and the “negative” one by H−. By

the Hahn-Banach Theorem, if A and B are closed, convex and disjoint there is
a hyperplane (equivalently, a functional) which separates A and B.

Definition 5. Let A ⊂ X, we say that the hyperplane H supports A in a ∈ A
if a ∈ H and either A ⊂ H+ or A ⊂ H−.

By the Hahn-Banach Theorem, if B ⊂ X is a ball then for every x ∈ ∂B there
is a hyperplane which supports B in x. Equivalently, there is some x∗, ‖x∗‖ = 1
and α ∈ R such that x∗(x) = α and for every y ∈ B, x∗(y) ≥ α.

Given a line V =
{
tx+(1− t)y|t ∈ R

}
, we say it supports a ball B ⊂ X in z

if z ∈ V ∩B and V ∩ int(B) = ∅. By the Hahn-Banach Theorem, if V supports
B in z, there is a hyperplane which contains V and supports B in z.

Definition 6. A Banach space X is called smooth if for any x ∈ X there is a
unique functional x∗ ∈ X∗, such that ‖x∗‖ = 1 and x∗(x) = ‖x‖.
Thus, a Banach space is smooth if and only if for every x such that ‖x‖ = 1,
there is a unique hyperplane which supports the unit ball in x. It is possible to
show [4] that for every 1 < q <∞, Lq is smooth.

We shall be interested in the properties of the nearest point map onto a
compact convex set in “nice” Banach spaces, which is the subject of the following
lemma.

Lemma 10. Let X be a strictly convex space and let G ⊂ X be convex and
compact. Then every x ∈ X has a unique nearest point in G.

Proof. Fix some x ∈ X and set R = infg∈G ‖g − x‖. By the compactness of G
and the fact that the norm is continuous, there is some g0 ∈ G for which the
infimum is attained, i.e., R = ‖g0 − x‖.

To show uniqueness, assume that there is some other g ∈ G for which
‖g − x‖ = R. Since G is convex then g1 = (g + g0)/2 ∈ G, and by the strict
convexity of the norm, ‖g1 − x‖ < R, which is impossible.

Lemma 11. Let X be a strictly convex, smooth Banach space and let G ⊂ X be
compact and convex. Assume that x ∈ G and set y = PGx to be the nearest point
to x in G. If R = ‖x− y‖ then the hyperplane supporting the ball B = B(x,R)
at y separates B and G.
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Proof. Clearly, we may assume that x = 0 and that R = 1. Therefore, if x∗ is the
normalized functional which supports B at y, then for every x ∈ B, x∗(x) ≤ 1.
Let H =

{
x|x∗(x) = 1

}
, set H− to be the open halfspace

{
x|x∗(x) < 1

}
and assume that there is some g ∈ G such that x∗(g) < 1. Since G is convex
then for every 0 ≤ t < 1, ty + (1 − t)g ∈ G ∩ H−. Moreover, since y is the
unique nearest point to 0 in G and since X is strictly convex, [g, y] ∩ B = {y},
otherwise there would have been some g1 ∈ G such that ‖g1 − x‖ < 1. Hence,
the line V = {ty + (1 − t)g|t ∈ R} supports B in y. By the Hahn-Banach
Theorem there is a hyperplane which contains V and supports B in y. However,
this hyperplane can not be H because it contains g. Thus, B was two different
supporting hyperplanes at y, contrary to the assumption that X is smooth.

In the following lemma, our goal is to be able to “guess” the location of some
g ∈ G based on the its distance from T ∈ G. The idea is that since G is convex
and since the norm of X is both strictly convex and smooth the intersection of a
ball centered at the target and G are contained within a “slice” of a ball, i.e., the
intersection of a ball and a certain halfspace. Formally, we claim the following:
Lemma 12. Let X be a strictly convex, smooth Banach space and let G ⊂ X
be compact and convex. For any T ∈ G let PGT be the nearest point to T in
G and set d = ‖T − PGT‖. Let x∗ be the functional supporting B(T, d) in PGT
and put H+ = {x|x∗(x) ≥ d + x∗(T )}. Then, every g ∈ G, satisfies that g ∈
B(T, dg) ∩H+, where dg = ‖g − T‖.
The proof of this corollary is straightforward and is omitted.

Finally, we arrive to the proof of the main claim. We estimate the diameter
of the “slice” of G using the modulus of uniform convexity of X. This was
formulated as Lemma 6 in the main text.
Lemma 13. Let X be a uniformly convex, smooth Banach space with a modulus
of convexity δX and let G ⊂ X be compact and convex. If T ∈ G and d =
‖T − PGT‖ then for every g ∈ G,

δX

(‖g − PGT‖
dg

)
≤ 1− d

dg
,

where dg = ‖T − g‖.
Proof. Clearly, we may assume that T = 0. Using the notation of Lemma 12,

‖g − PGT‖ ≤ diam
(
B(T, dg) ∩H+) .

Let z̃1, z̃2 ∈
(
B(T, dg) ∩ H+

)
, put ε = ‖z̃1 − z̃2‖ and set zi = z̃i/dg. Hence,

‖zi‖ ≤ 1, ‖z1 − z2‖ = ε/dg and x∗(zi) ≥ d/dg. Thus,

1
2
‖z1 + z2‖ ≥ 1

2
x∗(z1 + z2) ≥ d

dg
.

Hence,
d

dg
≤ 1

2
‖z1 + z2‖ ≤ 1− δX

( ε

dg

)
,

and our claim follows.
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Abstract. We consider the problem of classification using a variant of
the agnostic learning model in which the algorithm’s hypothesis is eval-
uated by comparison with hypotheses that do not classify all possible
instances. Such hypotheses are formalized as functions from the instance
space X to {0, ∗, 1}, where ∗ is interpreted as “don’t know”. We provide
a characterization of the sets of {0, ∗, 1}-valued functions that are learn-
able in this setting. Using a similar analysis, we improve on sufficient
conditions for a class of real-valued functions to be agnostically learn-
able with a particular relative accuracy; in particular, we improve by a
factor of two the scale at which scale-sensitive dimensions must be finite
in order to imply learnability.

1 Introduction

In agnostic learning [13,17], an algorithm tries to find a hypothesis that general-
izes nearly as well as is possible using any hypothesis in some class that is known
a priori; this class is sometimes called the comparison class. This framework can
be applied for analyzing algorithms for two-class classification problems; in this
case, one can view hypotheses as functions from some domain X to {0, 1}.

In this paper, we consider a modified framework in which the members of the
comparison class do not classify all elements of the domain, and are regarded to
be wrong an any domain elements that they do not classify. Formally, hypotheses
in this framework map X to {0, ∗, 1}, where ∗ is regarded as “don’t know”. This
offers a clean way to make formal use of the intuition that points are unlikely to
fall in the unclassified region, since results in this framework are strong to the
extent that this is true.

For example, it can be used to formalize the assumption that there is a half-
space that is likely to classify instances correctly with a certain margin; such a
halfspace has small error, even if instances falling close to its separating hyper-
plane are regarded as being classified incorrectly (i.e. are mapped to ∗). This
viewpoint is implicit in the manner in which the “margin percentile bounds” for
generalization of support vector machines [3,2,11] are formulated. These results
bound the probability that there is some halfspace that classifies a large fraction
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of a random sample correctly with a large margin, but fails to generalize well.
Such results are interesting when it is likely, for a collection of random examples,
that some halfspace gets most of the examples correct with a large margin, and
this is the case when some halfspace is likely to classify individual random exam-
ples correctly with a large margin. A similar line of reasoning suggests that this
assumption is implicit in Ben-David and Simon’s [6] choice of analysis for their
computationally efficient algorithm; indeed, agnostic learning of {0, ∗, 1}-valued
functions in the model studied here abstracts the optimization criterion studied
in their paper (see also [7]).

In this paper, we show that a generalization of the VC-dimension to {0, ∗, 1}-
valued functions introduced in [4] provides a characterization of learnability in
this setting, in that a class of functions is learnable if an only if its generalized
VC-dimension is finite.

Next, we turn to the problem of learning with real-valued hypotheses. Scale-
sensitive notions of the dimension of a class of real-valued functions have been
used to characterize the learnability of classes of real-valued functions in different
settings [1,5]: loosely, these results say that a class can be learned to any accuracy
if and only if its dimension is finite at all scales. Previous work [4] considered
the following question: at what scale does the dimension need to be finite for
learning to a particular relative accuracy to be possible? This work left roughly
a factor of two gap between the scales at which finite dimension is necessary and
is sufficient. In this paper, we close this gap, improving by a factor of two the
bound on the scale at which the dimension of a class of real-valued functions
must be finite for it to be agnostically learnable.

The model of agnostic learning of {0, ∗, 1}-valued functions calls to mind
the “sleeping experts” framework [12], but there are many differences, including
the usual differences between batch and online learning settings. Blum, et al
[8] studied a variant of the model of PAC learning with membership queries in
which queries falling in a given region are answered with “don’t know” and the
distribution assigned zero weight to this “don’t know” region.

2 Characterization of Agnostic Learnability with
{0, ∗, 1}-Valued Hypothesis

2.1 Definitions

Say a set F of functions from X to {0, ∗, 1} shatters elements x1, ..., xd of X if

{0, 1}d ⊆ {(f(x1), ..., f(xd)) : f ∈ F}.
Define VCdim(F ) [19,4] to be the size of the largest set shattered by F .

An example is an element of X × {0, 1} and a sample is a finite sequence of
examples. A hypothesis is a function from X to {0, ∗, 1}. Define � : {0, ∗, 1} ×
{0, 1} → {0, 1} by �(ŷ, y) = 1 iff ŷ �= y. For a hypothesis h, and a probability
distribution P over X × {0, 1}, define the error of h with respect to P , to be
erP (h) = Pr(x,y)∼P (h(x) �= y).
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A learning strategy is a mapping from samples to hypotheses. A prediction
strategy [15] takes as input a sample and an element ofX, and outputs an element
of {0, 1}.

A set F of functions from X to {0, ∗, 1} is said to be agnostically learnable if
there is a learning strategy such that, for all ε, δ > 0, there is a natural number
m such that, for any probability distribution P over X × {0, 1}, if m examples
are drawn independently at random according to P , and the resulting sample is
passed to A which outputs a hypothesis h, then, with probability at least 1− δ,
erP (h) ≤ (inff∈F erP (f)) + ε.

2.2 Overview of Some Technical Issues Involved

The model of agnostic learning of {0, ∗, 1}-valued functions falls within the gen-
eral decision-theoretic framework proposed by Haussler [13]. In a special case
of Haussler’s framework, there is an instance space X, an action space A, an
outcome space Y , a loss function � : A × Y → R+ and a comparison class F
of functions mapping X to A. Given examples (x1, y1), ..., (xm, ym) drawn inde-
pendently at random according to a probability distribution P over X × Y , a
learning algorithm outputs a hypothesis h mapping X to A. Roughly, the goal
is for E(x,y)∼P (�(h(x), y)) to be close to inff∈F E(x,y)∼P (�(f(x), y)).

The model of this paper can be recovered by setting A = {0, ∗, 1}, Y = {0, 1},
and letting � be the discrete loss, i.e. �(ŷ, y) = 1 if ŷ �= y and �(ŷ, y) = 0 if ŷ = y.

Unfortunately, some of the general analysis techniques [19,18,13] that have
been applied in a wide range of concrete problems falling within this framework
cannot be applied in the {0, ∗, 1} case. The by now standard analysis considers
a class of loss functions defined as follows. For each f , define �f : X × Y → R+
to give the loss incurred by f , i.e. �f (x, y) = �(f(x), y). Then �F = {�f : f ∈ F}.
The usual analysis proceeds by showing that conditions on F imply that �F is
somehow “limited”. For example, if A = {0, 1}, Y = {0, 1} and � is the discrete
loss, then VCdim(�F ) ≤ VCdim(F ). In our setting, it appears that nothing useful
of this type is true; the set F of all functions fromN to {0, ∗} has VCdim(F ) = 0,
but VCdim(�F ) =∞.

Instead, we use an approach from [10,4], in which given

(x1, f(x1)), ..., (xm, f(xm)),

and wanting to evaluate h(x), the algorithm constructs a small cover of the
restrictions of the functions in F to x1, ..., xm, x. In this context, loosely speaking,
a cover of a set of functions is another set of functions for which each element
of the set being covered is approximated well by some element of the set doing
the covering. To analyze such an algorithm in this setting required a lemma
about the existence of small covers. All bounds we know on covering numbers
for learning applications proceed by first bounding packing numbers, and then
appealing to a general bound on covering numbers in terms of packing numbers.
(Roughly, a packing number of a set is the size of the largest pairwise distant
subset.) It appears that this cannot work in this setting, because the relevant
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notion of “approximation” (defined below) is not a metric. The main technical
novelty in this paper is a proof of a covering lemma that does not rely on packing.

2.3 The Covering Lemma

For this subsection, fix a finite set Z. Say that a function g from Z to {0, 1} k-
covers a function f from Z to {0, ∗, 1} if |{z ∈ Z : f(z) �= ∗ and f(z) �= g(z)}| ≤
k.

Say that a set G of {0, 1}-valued functions k-covers a set F of {0, ∗, 1}-valued
functions if each function in F is k-covered by some function in G.

For technical reasons, it will be useful for a moment to consider learning when
the examples can be labelled with ∗. In this context, an ∗ can be interpreted as
“doesn’t matter”. For a hypothesis h, a function f from Z to {0, ∗, 1}, and a
probability distribution D over Z, define the error of h with respect to f and
D, to be

erf,D(h) = Prz∼D((h(z) �= f(z)) ∧ (f(z) �= ∗))
We will make use of the following known result about this model.

Lemma 1 ([4]). Choose a set F of functions from Z to {0, ∗, 1}, and let d be
the VC-dimension of F . There is a mapping A from finite sequences of elements
of Z×{0, ∗, 1} to hypotheses such that, for any probability distribution D over Z,
for any f ∈ F , and for any positive integer t, if z1, ..., zt are chosen independently
at random according to D, and A is applied to (z1, f(z1)), ..., (zt, f(zt)), and h
is the resulting hypothesis, then E(erf,D(h)) ≤ d

t+1 .

Lemma 2. Let m = |Z|. Choose a set F of functions from Z to {0, ∗, 1} and
let d = VCdim(F ). Choose an integer k such that 1 ≤ k ≤ m. There is a set G
of {0, 1}-valued functions and a subset F ′ of F such that (a) |F ′| ≥ |F |/2, (b)
G k-covers F ′, and (c) |G| ≤ 3�2dm/k�.

Proof: Define A as in Lemma 1. Let D be the uniform distribution over Z.
Let P be the uniform distribution over F . Choose t (its value will be set later).
Suppose that z1, ..., zt are chosen independently at random according to D, f
is chosen independently according to P , and (z1, f(z1)), ..., (zt, f(zt)) are passed
to A; let A(z1, ..., zt; f) be A’s hypothesis (viewed as a random variable). Then
Lemma 1 says that

∀f ∈ F,Ez1,...,zt∼Dt(erf,D(A(z1, ..., zt; f))) <
d

t
.

Markov’s inequality implies that

∀f ∈ F,Prz1,...,zt∼Dt

(
erf,D(A(z1, ..., zt; f)) >

2d
t

)
≤ 1/2.

Thus,

Prf∼P,z1,...,zt∼Dt

(
erf,D(A(z1, ..., zt; f)) >

2d
t

)
≤ 1/2.
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Fubini’s Theorem implies that

Ez1,...,zt∼Dt

(
Prf∼P (erf,D(A(z1, ..., zt; f)) >

2d
t
)
)
≤ 1/2.

Thus,

∃z1, ..., zt, Prf∼P
(
erf,D(A(z1, ..., zt; f)) >

2d
t

)
≤ 1/2. (1)

Choose such a sequence z1, ..., zt. Let G = {A(z1, ..., zt; f) : f ∈ F}, and let
F ′ =

{
f ∈ F : erf,D(A(z1, ..., zt; f)) ≤ 2d

t

}
. Note that G 2dm

t -covers F ′, and,
by (1), |F ′| ≥ |F |/2. Suppose t = �2dm/k�; then 2dm

t ≤ k. There are only 3t

possible inputs to A with instances x1, ..., xt. Thus, |H| ≤ 3t, completing the
proof. ��
Theorem 1. Let m = |Z|. Choose a set F of functions from Z to {0, ∗, 1} and
let d = VCdim(F ). Choose an integer k such that 1 ≤ k ≤ m. There is a set G of
{0, 1}-valued functions that k-covers F and for which |G| ≤ �m log2 3�3�2dm/k�.
Proof: Construct a sequence G1, G2, ..., G�log2 |F |� of sets of functions from X to
{0, 1} by repeatedly applying Lemma 2 to k-cover at last half of the remaining
functions in F , and then deleting the covered functions. Let G = ∪Gi. Then G
k-covers F , and |G| ≤ �log2 |F |�3�2dm/k� ≤ �m log2 3�3�2dm/k�.

2.4 Learning

Theorem 2. A set F of functions from X to {0, ∗, 1} is learnable if and only
if VCdim(F ) is finite.

The necessity follows from the corresponding result for the {0, 1} case [9].
The sufficiency is a direct consequence of the following theorem. The following
proof closely follows that of Theorem 21 of [4]; the main difference is that it
appeals to the new Theorem 1 of the present paper.

Theorem 3. Choose a set F of functions from X to {0, ∗, 1} for which
VCdim(F ) is finite. Let d = VCdim(F ).

There is a prediction strategy A and constants c and m0 such that,
for any probability distribution P over X × {0, ∗, 1}, for any m ≥ m0, if
(x1, y1), ..., (xm, ym) are drawn independently at random according to P , and
(x1, y1), ..., (xm−1, ym−1) and xm are given to A, which outputs ŷm, then

E(�(ŷm, ym))− inf
f∈F

erP (f) ≤ c

(
d

m

)1/3
.

Proof: Assume without loss of generality that m is even. Choose α > 0 (its
value will be set later).

Choose a function Φ that maps from Xm to the set of finite subsets of {0, 1}m
such that, for any (x1, ..., xm) ∈ Xm, Φ(x1, ..., xm) is one of the smallest sets that
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αm-covers {(f(x1), ..., f(xm)) : f ∈ F} and Φ(x1, ..., xm) is invariant under per-
mutations of its arguments. (When defining “αm-covers” above, we are viewing
an element of {0, ∗, 1}m as a function from {1, ...,m} to {0, ∗, 1}.)

Consider the prediction strategy A that chooses ŷ = (ŷ1, ..., ŷm) from among
the elements of Φ(x1, ..., xm) in order to minimize

∑m/2
i=1 �(ŷi, yi) (the error on

the first half of the sample only), and outputs ŷm.
For a ∈ {0, 1}m, b ∈ {0, ∗, 1}m, define

�first(a, b) =
2
m

m/2∑
i=1

�(ai, bi),

�last(a, b) =
2
m

m∑
i=m/2+1

�(ai, bi),

and

�all(a, b) =
1
m

m∑
i=1

�(ai, bi).

Fix a distribution P on X×{0, 1}, and suppose (x1, y1), ..., (xm, ym) are cho-
sen independently at random from P . Let x = (x1, ..., xm) and y = (y1, ..., ym).
Choose f∗ ∈ F that satisfies erP (f∗) ≤ inff∈F erP (f)+α. Since Φ(x) αm-covers
{(f(x1), ..., f(xm)) : f ∈ F}

∃t∗ ∈ Φ(x1, ..., xm), �all(t∗, y) ≤ α+ �all((f∗(x1), ..., f∗(xm)), y). (2)

(If f∗(xi) = ∗, whatever the values of ti and yi, �(ti, yi) ≤ �(f∗(xi), yi).)
Applying the Hoeffding bound,

Pr (�all((f∗(x1), ..., f∗(xm)), y) > erP (f∗) + α) ≤ e−2α
2m. (3)

Now, let U be the uniform distribution over {−1, 1}m/2. Then, since Φ is
invariant under permutations,

Pr(∃t ∈ Φ(x) |�first(t, y)− �last(t, y)| > 2α)

≤ sup(x,y)Pru∈U
(
∃t ∈ Φ(x),

∣∣∣ 2m∑m/2
i=1 ui

(
�(ti, yi)− �(ti+m/2, yi+m/2)

)∣∣∣ > 2α
)

For any fixed t ∈ Φ(x), Hoeffding’s inequality implies

Pru∈U



∣∣∣∣∣∣
2
m

m/2∑
i=1

ui
(
�(ti, yi)− �(ti+m/2, yi+m/2)

)
∣∣∣∣∣∣ > 2α


 ≤ 2e−α

2m.

So with probability at least 1− |Φ(x)|2e−α2m, for all t in Φ(x),

|�first(t, y)− �last(t, y)| ≤ 2α.
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This implies
|�first(t, y)− �all(t, y)| ≤ α

and
|�last(t, y)− �all(t, y)| ≤ α.

So, combining with (3), with probability at least 1 − (1 + 2|Φ(x)|)e−α2m, the
ŷ ∈ Φ(x) with minimal �first(ŷ, y) satisfies

�all(ŷ, y) ≤ �first(ŷ, y) + α

≤ �first(t∗, y) + α

≤ �all(t∗, y) + 2α
≤ �all((f∗(x1), ..., f∗(xm)), y) + 3α
≤ erP (f∗) + 4α

and hence

�last(ŷ, y) ≤ erP (f∗) + 5α
≤ inf
f∈F

erP (f) + 6α.

That is,

Pr
(
�last(ŷ, y) > inf

f∈F
erP (f) + 6α

)
< (1 + 2|Φ(x)|)e−α2m

which implies

E(�last(ŷ, y))− inf
f∈F

erP (f) < 6α+ (1 + 2|Φ(x)|)e−α2m.

Thus, since any of (xm/2+1, ym/2+1), ..., (xm, ym) was equally likely to have been
the last,

E(�(ŷm, ym))− inf
f∈F

erP (f) < 6α+ (1 + 2|Φ(x)|)e−α2m.

Let α =
( 2c1d
m

)1/3
+
√
2 lnm
m . Theorem 1 implies that there is are constants c1

and m0 such that for all m ≥ m0,

E(�(ŷm, ym))− inf
f∈F

erP (f) < 6α+ exp(c1d/α− α2m). (4)

The following sequence of implications are immediate:

α ≥
(
2c1d
m

)1/3
and α ≥

√
2 lnm

m

α2m/2 ≥ c1d/α and α2m/2 ≥ ln
1
α

α2m ≥ c1d/α+ ln
1
α

exp(c1d/α− α2m) ≤ α.
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Applying (4), we get

E(�(ŷm, ym))− inf
f∈F

erP (f) < 7α.

Substituting the value of α completes the proof. ��
Armed with Theorem 3, straightforward application of known techniques [14]

(almost identical to the last paragraph of the proof of Theorem 21 in [4]) gets
us the rest of the way to prove Theorem 2.
Proof (for Theorem 2): Theorem 3, together with Fubini’s theorem, im-

plies that there is a learning algorithm whose hypothesis h satisfies E(erP (h)−
inff∈F erP (f)) = c(d/t)1/3, where this expectation is with respect to t ran-
dom examples. Markov’s inequality implies that Pr(erP (h) − inff∈F erP (f) >
2c(d/t)1/3) ≤ 1/2. If we run the algorithm repeatedly ≈ log2 2/δ times using t
examples each time, with probability 1 − δ/2, one of resulting hypotheses will
satisfy erP (h) − inff∈F erP (f) ≤ 2c(d/t)1/3. Hoeffding’s inequality implies that
poly(t, 1/δ) additional examples are sufficient to test of all the returned hy-
potheses, and find one that satisfies erP (h) − inff∈F erP (f) ≤ 4c(d/t)1/3 with
probability 1− δ. ��

2.5 Rounding

One might hope that all the ∗’s in a class of {0, ∗, 1} valued functions can be
“rounded” to 0 or 1 without increasing its VC-dimension. This would lead to
a better bound than Theorem 3, and perhaps a simpler proof of Theorem 2.
Unfortunately, it is not true.

Proposition 1. There is a set X, and a set F of functions from X to
{0, ∗, 1} such that for any set G of functions from X to {0, 1} that 0-covers
F , VCdim(G) > VCdim(F ).

Proof: Define F as in Figure 1. By inspection, VCdim(F ) = 1. It is not possible

x1 x2 x3

f1 0 0 0
f2 0 ∗ 1
f3 1 0 ∗
f4 ∗ 1 0
f5 1 1 1

Fig. 1. F from Proposition 1 in table form.

for a single function to 0-cover two elements of F , since each pair of functions in
F differ on some domain element on which neither evaluates to ∗. Thus, any G
that 0-covers F must have |G| ≥ 5, and therefore, by the Sauer-Shelah Lemma,
VCdim(G) > 1. ��
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3 Real-Valued Hypotheses

For a function f from X to [0, 1], a real threshold r and a non-negative margin
γ, define ψr,γ(f) : X → {0, ∗, 1} to indicate whether f(x) is above or below r by
a margin γ as follows

(ψr,γ(f))(x) =



1 if f(x) ≥ r + γ
0 if f(x) ≤ r − γ
∗ if |f(x)− r| < γ.

For a class F of functions from X to [0, 1], let ψr,γ(F ) = {ψr,γ(f) : f ∈ F}. Let
fatVF (γ) = maxr VCdim(ψr,γ(F )). (This notion of dimension was proposed by
Alon, et al [1].)

For this section, let us broaden the notion of an example to be an arbitrary
element ofX×[0, 1] and redefine a learning and a prediction strategy accordingly.
For a probability distribution P over X × [0, 1] and a function h from X to
[0, 1], let erP (h) = E(x,y)∼P (|h(x) − y|). For ε > 0, we then say that a set F of
functions from X to [0, 1] is agnostically learnable to within ε if there is a learning
strategy A such that, for all δ > 0, there is a natural number m such that, for any
probability distribution P over X×[0, 1], if m examples are drawn independently
at random according to P , and the resulting sample is passed to A which outputs
a hypothesis h, then, with probability at least 1−δ, erP (h) ≤ (inff∈F erP (f))+ε.

The following is the main result of this section.

Theorem 4. For any set F of functions from X to [0, 1], if there is an α > 0
such that fatVF (ε− α) is finite, then F is agnostically learnable to within ε.

This improves on the sufficient condition (∃α > 0, fatVF (ε/2−α) <∞) from
[4] by a factor of two on the scale at which the dimension of F is examined. The
finiteness of fatVF (ε + α) for some positive α has been shown to be necessary
[4]. It implies a similar improvement on the sufficient condition stated in terms
of Kearns and Schapire’s [16] fat-shattering function [1,4], closing a factor of two
gap there as well.

Say that a set F of functions from X to [0, 1] is agnostically predictable to
within ε > 0 if there is a sample size m and a prediction strategy A such that, for
any probability distribution P over X × [0, 1], if (x1, y1), ..., (xm, ym) are drawn
independently at random according to P , and (x1, y1), ..., (xm−1, ym−1), xm are
passed to A, which outputs ŷm, then E(|ŷm − ym|)− inff∈F erP (f) ≤ ε.

We will make use of the following lemma, implicit in [14,4].

Lemma 3. For any X, and any set F of functions from X to [0, 1], if F is
agnostically predictable to within ε > 0, then F is agnostically learnable to within
any ε′ > ε.

This enables us to prove Theorem 4 by analyzing a prediction strategy.
As in the previous section, we wanted a covering lemma whose proof doesn’t

go via packing; loosely speaking, here this is because one loses a factor of two
converting between packing and covering.



298 P.M. Long

3.1 Small Covers

Choose a finite set Z. For functions f and g from Z to [0, 1], let �1(f, g) =
1
|Z|
∑
z∈Z |f(z)− g(z)|. Say that a set G of functions from Z to [0, 1] ε-covers a

set F of functions from Z to [0, 1] if for every f ∈ F , there is a g ∈ G for which
�1(f, g) ≤ ε. Let N (ε, F ) be the size of the smallest ε-cover of F .

For α > 0 and u ∈ R, let Qα(u) denote the quantized version of u, with
quantization width α. That is, defineQα(u) = α�u/α�. Let Qα([0, 1]) = {Qα(u) :
u ∈ [0, 1]}. For a function f from Z toR, define Qα(f) : Z → R by (Qα(f))(x) =
Qα(f(x)). Finally, for a set F of such functions, define Qα(F ) = {Qα(f) : f ∈
F}.
Lemma 4. For any set F of functions from Z to [0, 1], any ε > 0, and α < ε/2,
N (ε, F ) ≤ N (ε− α,Qα(F )).

For functions h and f from X to [0, 1], and a probability distribution D over
Z, define the error of h with respect to f and D, to be erf,D(h) = Prz∼D(|h(z)−
f(z)|).
Lemma 5 ([4]). Choose a set F of functions from Z to [0, 1]. There is a map-
ping A from finite sequences of elements of Z × [0, 1] to hypotheses such that,
for any probability distribution D over Z, for any f ∈ F , and for any posi-
tive integer m, if z1, ..., zt are chosen independently at random according to D,
A is applied to (z1, f(z1)), ..., (zt, f(zt)), and h is the resulting hypothesis, then
E(erf,D(h)) ≤ γ + 2fatVF (γ)

t+1 .

Lemma 6. Let m = |Z|. Choose 0 < γ < ε ≤ 1, b ∈ N, and a set F of functions
from Z to Q1/b([0, 1]). There is a set G of {0, 1}-valued functions and a subset
F ′ of F such that

– |F ′| ≥ |F |/2,
– G ε-covers F ′, and

– |G| ≤ (b+ 1)
⌈

2fatVF (γ)
ε−γ

⌉
.

Proof: Define A as in Lemma 5. Let D be the uniform distribution over X,
and let P be the uniform distribution over F . Choose a positive integer t
(its value will be set later). Suppose that z1, ..., zt are chosen independently
at random uniformly according to D, f is chosen independently according to P ,
(z1, f(z1)), ..., (zt, f(zt)) are passed to A; let A(z1, ..., zt; f) be A’s hypothesis.
Then Lemma 1 says that

∀f ∈ F,Ez1,...,zt∼Dt(erf,D(A(z1, ..., zt; f))) < γ +
2fatVF (γ)

t
.

Arguing as in the proof of Lemma 2, we have

∃z1, ..., zt, Prf∼P
(
erf,D(A(z1, ..., zt; f)) > γ +

2fatVF (γ)
t

)
≤ 1/2. (5)
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Choose such a sequence z1, ..., zt. Then if G = {A(z1, ..., zt; f) : f ∈ F}, and

F ′ =
{
f ∈ F : erf,D(A(z1, ..., zt; f)) ≤ γ +

2fatVF (γ)
t

}
,

then G (γ + 2fatVF (γ)
t )-covers F ′, and, by (5), |F ′| ≥ |F |/2. Suppose t =⌈

2fatV(γ)
ε−γ

⌉
; then γ + 2fatVF (γ)

t ≤ ε. There are only (b + 1)t possible inputs to

A with instances z1, ..., zt. Thus, |H| ≤ (b+ 1)t, completing the proof. ��
Theorem 5. Suppose m = |Z|. Choose a set F of functions from Z to [0, 1],
and ε and α ∈ R for which 0 < α < ε ≤ 1. Then N (ε, F ) ≤ (m log2(3/α +
2))(3/α+ 2)(6/α+1)fatVF (ε−α).

Proof: Let b = �3/α�. Then fatV(ε− 3/b) ≤ fatV(ε− α). Construct a sequence
G1, G2, ..., G�log2 |Q1/b(F )|� of sets of functions from Z to {0, 1} by repeatedly
applying Lemma 6 to (ε − 1/b)-cover at last half of the remaining functions
in Q1/b(F ), and then deleting the covered functions. Let G = ∪Gi. Then G
(ε− 1/b)-covers Q1/b(F ), and

|G| ≤ (log2 |Q1/b(F )|)(b+ 1)2bfatVQ1/b(F )(ε−2/b)

≤ (m log2(b+ 1))(b+ 1)2bfatVQ1/b(F )(ε−2/b)

≤ (m log2(b+ 1))(b+ 1)2bfatVF (ε−3/b),

since, straight from the definitions, fatVQ1/b(F )(ε − 2/b) ≤ fatVF (ε − 3/b). Ap-
plying Lemma 4 completes the proof. ��

3.2 Learning

Like the proof of Theorem 3, the following proof closely follows that of Theorem
21 of [4], except that it appeals to the new Theorem 5.

Theorem 6. Choose a set F of functions from X to [0, 1], and 0 < ε ≤ 1.
If there exists α > 0 such that fatVF (ε − α) is finite, then F is agnostically
predictable to within ε.

Proof: Let d = fatVF (ε− α), κ = α/3, and β = α/15.
Choose a function Φ that maps from Xm to the set of finite subsets of [0, 1]m

such that, for any (x1, ..., xm) ∈ Xm, Φ(x1, ..., xm) is one of the smallest sets that
(ε− 2κ)-covers {(f(x1), ..., f(xm)) : f ∈ F} and Φ(x1, ..., xm) is invariant under
permutations of its arguments. (Recall once again that here we are viewing an
element of [0, 1]m as a function from {1, ...,m} to [0, 1].)

Consider the prediction strategy A that, given input

(x1, y1), ..., (xm−1, ym−1), xm,

chooses ŷ = (ŷ1, ..., ŷm) from among the elements of Φ(x1, ..., xm) in order to
minimize

∑m/2
i=1 |ŷi − yi|, and outputs ŷm.
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For a ∈ [0, 1]m, b ∈ [0, 1]m, define

�first(a, b) =
2
m

m/2∑
i=1

|ai − bi|,

�last(a, b) =
2
m

m∑
i=m/2+1

|ai − bi|,

and

�all(a, b) =
1
m

m∑
i=1

|ai − bi|.

Choose any probability distribution P over X × [0, 1], and an even positive
integer m. Suppose (x1, y1), ..., (xm, ym) are drawn independently at random
according to P , and (x1, y1), ..., (xm−1, ym−1) and xm are given to A, which out-
puts ŷm. Let x = (x1, ..., xm) and y = (y1, ..., ym). Choose f∗ ∈ F that satisfies
erP (f∗) ≤ inff∈F erP (f) + β. Since Φ(x) ε− 2κ-covers {(f(x1), ..., f(xm)) : f ∈
F}

∃t∗ ∈ Φ(x1, ..., xm), �all(t∗, y) ≤ ε− 2κ+ �all((f∗(x1), ..., f∗(xm)), y). (6)

Applying the Hoeffding bound,

Pr (�all((f∗(x1), ..., f∗(xm)), y) > erP (f∗) + β) ≤ e−2β
2m. (7)

Now, let U be the uniform distribution over {0, 1}m/2. Then, since Φ is in-
variant under permutations,

Pr(∃t ∈ Φ(x) |�first(t, y)− �last(t, y)| > 2β)

≤ sup(x,y)Pru∈U
(
∃t∈Φ(x)

∣∣∣ 2m∑m/2
i=1 ui

(
�(ti, yi)− �(ti+m/2, yi+m/2)

)∣∣∣ > 2β
)

For any fixed t ∈ Φ(x), Hoeffding’s inequality implies

Pru∈U



∣∣∣∣∣∣
2
m

m/2∑
i=1

ui
(
�(ti, yi)− �(ti+m/2, yi+m/2)

)
∣∣∣∣∣∣ > 2β


 ≤ 2e−β

2m.

So with probability at least 1− |Φ(x)|2e−β2m, for all t in Φ(x),

|�first(t, y)− �last(t, y)| ≤ 2β.

This implies
|�first(t, y)− �all(t, y)| ≤ β

and
|�last(t, y)− �all(t, y)| ≤ β.



On Agnostic Learning with {0, ∗, 1}-Valued and Real-Valued Hypotheses 301

So, combining with (7), with probability at least 1 − (1 + 2|Φ(x)|)e−β2m, the
ŷ ∈ Φ(x) with minimal �first(ŷ, y) satisfies

�all(ŷ, y) ≤ �first(ŷ, y) + β

≤ �first(t∗, y) + β

≤ �all(t∗, y) + 2β
≤ �all((f∗(x1), ..., f∗(xm)), y) + ε− 2κ+ 2β
≤ erP (f∗) + ε− 2κ+ 3β

and hence

�last(ŷ, y) ≤ erP (f∗) + ε− 2κ+ 4β
≤ inf
f∈F

erP (f) + ε− 2κ+ 5β.

That is,

Pr
(
�last(ŷ, y) > inf

f∈F
erP (f) + +ε− 2κ+ 5β

)
< (1 + 2|Φ(x)|)e−β2m

which implies

E(�last(ŷ, y))− inf
f∈F

erP (f) < ε− 2κ+ 5β + (1 + 2|Φ(x)|)e−β2m

and hence, since any of (xm/2+1, ym/2+1), ..., (xm, ym) was equally likely to have
been the last,

E(|ŷm − ym|)− inf
f∈F

erP (f) < ε− 2κ+ 5β + (1 + 2|Φ(x)|)e−β2m.

Substituting κ/5 for β,

E(|ŷm − ym|)− inf
f∈F

erP (f) < ε− κ+ (1 + 2|Φ(x)|)e−κ2m/25. (8)

Recall that d = fatV(ε−α) = fatV(ε− 3κ), and Φ(x) is a minimum sized ε− 2κ
cover of {(f(x1), ..., f(xm)) : f ∈ F}; Theorem 5 and (8) imply that

E(|ŷm − ym|)− inf
f∈F

erP (f)

≤ ε− κ+ (1 + 2(m log2(3/κ+ 2))(3/κ+ 2)(6/κ+1)d)e−κ
2m/25.

Thus, if m is large enough, E(|ŷm−ym|)− inff∈F erP (f) ≤ ε; this completes the
proof. ��
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When Can Two Unsupervised Learners Achieve
PAC Separation?

Paul W. Goldberg�
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Abstract. In this paper we study a new restriction of the PAC learn-
ing framework, in which each label class is handled by an unsupervised
learner that aims to fit an appropriate probability distribution to its own
data. A hypothesis is derived by choosing, for any unlabeled instance,
the label whose distribution assigns it the higher likelihood.
The motivation for the new learning setting is that the general approach
of fitting separate distributions to each label class, is often used in prac-
tice for classification problems. The set of probability distributions that
is obtained is more useful than a collection of decision boundaries. A
question that arises, however, is whether it is ever more tractable (in
terms of computational complexity or sample-size required) to find a
simple decision boundary than to divide the problem up into separate
unsupervised learning problems and find appropriate distributions.
Within the framework, we give algorithms for learning various simple
geometric concept classes. In the boolean domain we show how to learn
parity functions, and functions having a constant upper bound on the
number of relevant attributes. These results distinguish the new setting
from various other well-known restrictions of PAC-learning. We give an
algorithm for learning monomials over input vectors generated by an un-
known product distribution. The main open problem is whether monomi-
als (or any other concept class) distinguish learnability in this framework
from standard PAC-learnability.

1 Introduction

A standard approach to classification problems (see e.g. Duda and Hart [10]) is
the following. For each class, find a discriminant function that maps elements of
the input domain to real values. These functions can be used to label any input
element x by giving it the class label whose associated discriminant function
takes the largest value on x. The discriminant functions are usually estimates of
the probability densities of points having some class label, weighted by the class
prior (relative frequency of that class label).

In learning theory e.g. PAC learning [2] or more recently support vectors [7]
the approach is to find decision boundaries that optimize some performance guar-
antee. (The guarantee is usually based on observed classification performance in
� Partially supported by the IST Programme of the EU under contract number IST-
1999-14186 (ALCOM-FT).

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 303–319, 2001.
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conjunction with other features of the boundary such as syntactic or combina-
torial complexity, or the number of support vectors and margin of separation.)
The general approach clearly requires examples with different labels to be taken
in conjunction with each other when finding a decision boundary. By contrast,
discriminant functions are constructed from individual label classes in isolation.

There are practical advantages to applying an unsupervised learning method
to each label class, and obtaining estimates of the distribution over that label
class. In contrast with decision boundaries, we obtain for any input vector x,
the values of the probability densities of label classes at x, which provide a
conditional distribution over the class label of x. A predicted class label for x
can then take into account variable misclassification penalties, or changes in the
assumed class priors. There are of course other ways to obtain such distributions,
for example using logistic regression, or more generally (for k-class classification)
neural networks with k real-valued outputs re-scaled using the softmax activation
function (see Bishop [3] for details). Learning using an unsupervised learner for
each class has other advantages over these techniques, notably the first two of
the following observations.

1. For applications such as handwritten digit recognition, it is more natural
to model the data generation process in terms of 10 separate probability
distributions, than as a collection of thresholds between different digits.

2. Label classes can be added without re-training the system. So for example if
the euro symbol were added to a character set, then given a good estimate of
the probability distribution over images of euro symbols, this can be used in
conjunction with pre-existing models for how other symbols are generated.

3. The approach can treat situations where class overlap occurs (as is usually
the case in practice). Standard PAC algorithms do not address this problem
(although there have been extensions such as “probabilistic concepts” [18]
that do so, and of course versions of support vector networks also allow
decision boundaries that do not necessarily agree with all observed data).

Another difficulty with decision boundaries arises specifically in the context
of multiclass classification. It has been noted [1] that multiclass classifiers are
often constructed using multiple 2-class classifiers. How to combine them is a
challenging topic that has itself received much recent attention, see for exam-
ple [13,1]. In practical studies such as [19] that build a multi-class classifier
from a collection of 2-class classifiers, a distinction is made between separating
each class from the union of the others (1-v-r classifiers, where 1-v-r stands for
one-versus-rest) and pairwise separation (1-v-1 classifiers). Neither is entirely
satisfactory – for example it may be possible to perform linear 1-v-1 separation
for all pairs of classes, but not linear 1-v-r separation, while a problem with 1-v-1
classification (as studied in [19]) is the difficulty of combining the collection of
pairwise classifiers to get an overall classification, in a principled way, for exam-
ple ensuring that all classes are treated the same way. In [19], the first test for
any unlabeled input is to apply the separator that distinguishes 0 from 9. Thus
0 and 9 are being treated differently from other digits (which in turn are also
treated differently from each other.)
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1.1 Main Research Questions

In view of the advantages we have noted of using unsupervised learners to solve
classification problems, we propose to search for a gap between the tractability of
classification problems and the tractability of classification problems subject to
the restriction that each class be learned with its own unsupervised learner. Does
there exist a learning problem for which we can both obtain a positive result
for finding a decision boundary, and a negative result for the problem of fitting
appropriate probability distributions to the classes so that maximum likelihood
gives rise to a decision boundary with the same performance guarantees?

We consider this question in the basic Probably Approximately Correct
(PAC) setting of [20,21], since it is well-understood. In PAC learning, the usual
algorithmic challenge is to separate the two classes of examples. It would be re-
markable if it turned out that PAC-learnability were equivalent to PAC-learnabi-
lity using unsupervised learners, in view of the way the PAC criterion seems to
lead to a search for class separation. The main drawback of studying PAC-
learnability is the loss of realism associated with class separability.

There are not many papers on unsupervised learning in the computational
learning theory literature; the topic was introduced in [17], see also [8,11,12,9].
The algorithms we describe here differ substantially from these previous ones
(as well as from the algorithms in the much more extensive general literature on
unsupervised learning). The reason is that our aim is not really to approximate
a distribution over inputs. Rather, it is to construct a discriminant function in
such a way that we expect it to work well in conjunction with the corresponding
discriminant function constructed on data with the opposite class label.

From a theoretical perspective, we address a natural question in asking how
much it hampers learning not to have simultaneous access to examples with
different labels. The topic appears to raise new and interesting research problems.
The main theoretical question (which we leave open) is of course: are all PAC
learnable problems also learnable in this framework, and if not, how does the set
of learnable problems compare with other subsets of PAC learnable problems,
for example Statistical Query (SQ) learnability [16]. (In the case of SQ learning,
we find that parity functions are learnable in this framework but from [16] they
are not learnable using SQs.)

1.2 Formalizing the Learning Framework

In PAC learning there is a source of data consisting of instances generated by a
probability distribution D over a domain X, labeled using an unknown function
f : X −→ {0, 1}. Thus f divides members of X into two sets f−1(0) and f−1(1),
and the learner’s objective is to find good approximations to those sets. As usual
we will let ε and δ denote the target error and uncertainty respectively.

We use the standard convention of referring to the two classes of inputs
associated with the two class labels as the “positive examples” and the “negative
examples”. Each learner has access to a source of examples having one of the
two class labels. More precisely, one learner may (in unit time) draw a sample
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from D restricted to the positive examples, and the other may sample from D
restricted to the negative examples. This formalism loses any information about
the class priors, i.e. the relative frequency of positive and negative examples,
but PAC learnability is in fact equivalent to PAC learnability where the class
priors are concealed from the learner. (Formally, this is the equivalence of the
standard PAC framework with the “two-button” version, where the learner has
access to a “positive example oracle” and a “negative example oracle” [14]. The
two-button version conceals the class priors and only gives the learner access to
the distribution as restricted to each class label.)

We assume that neither unsupervised learner knows whether it is receiving
the positive or the negative examples. Consequently both learners must apply
the same algorithm. Note that for a concept class that is closed under comple-
mentation, output labels are of no help to the learners. For a concept class that
is not closed under complementation (such as rectangles), observe that it is PAC
learnable if and only if its closure under complementation is PAC learnable.
Hence any learning algorithm in our framework which required class labels to
be provided to each of the two learners, would lack a robustness property that
standard PAC algorithms have. That observation also indicates that the main
question of distinguishability from standard PAC-learnability is independent of
the assumption that class labels (positive/negative) are provided. Note however
that for some concept classes (notably monomials, section 3.1) we can (without
much difficulty) find algorithms in our setting that use labeled examples, but we
have so far not found any algorithm that works with unlabeled examples.

The class label which the pair of learners assign to input x is the one asso-
ciated with the data sent to the learner that assigned x the higher likelihood. If
x is given the same likelihood by both distributions generated by the learners,
the tie is broken at random.

1.3 Notation and Terminology

We refer to the unsupervised learners as learners A and B, and we also assume
by convention that learner A is the one receiving the positive examples, however
as we have noted above, learner A (and likewise B) is not told its identity.

Theorem 1 below justifies the design of algorithms in which instead of insist-
ing that the outputs of the unsupervised learners define probability distributions,
we allow unrestricted discriminant functions from domain X to the real numbers
R. The comparison of the two values assigned to any x ∈ X is used to determine
the class label that the hypothesis classifier assigns to x. In what follows we refer
to the “score” assigned to an input vector x by an unsupervised learner to mean
the value taken by its discriminant function on input x.

We will say that learner A (respectively B) “claims” an input x if it gives
x a higher likelihood or score than learner B (respectively A). We say that a
learner “rejects” an input if it assigns a likelihood of 0, or alternatively a score
of minimal value (it is convenient to use −∞ to denote such a score). Thus if
a learner rejects an input, it will be claimed by the other learner provided that
the other learner does not also reject that input.
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2 General Results

In this section we give some general results about the two unsupervised learners
framework. (Then in section 3 we give some algorithms for specific PAC learning
problems. The results of section 3 also serve to distinguish our learning setting
from other restrictions of the PAC setting in terms of what concept classes may
be learned.) We show first that if hypotheses may be any real-valued discrimi-
nant functions, then the algorithm may be modified so that the hypotheses are
probability distributions, and the separation is still PAC. There is no partic-
ular reason to suppose that probability distributions obtained in this way will
approximate the underlying distributions generating the instances, according to
previously-studied metrics such as variation distance or KL-distance.

Theorem 1. Let X be a domain of inputs. If there is a PAC algorithm in which
each unsupervised learner may assign any real number to an element of X, then
there is a PAC algorithm in which the learners must choose numbers that inte-
grate or sum to 1 over the domain (i.e. are a probability distribution).

Proof. Let A be an algorithm that returns any discriminant function. So in a
problem instance, A is applied twice, once to A’s data and once to B’s data,
and we obtain functions fA : X −→ R and fB : X −→ R. (So for example
any x ∈ X with fA(x) > fB(x) would be labeled as positive by the overall
hypothesis, under our convention that A receives the positive examples.)

Our approach is to re-scale any function returned by the algorithm so that the
outcome of any comparison is preserved, but the new functions sum or integrate
to 1. In a case where, for example,

∑
x∈X fA(x) = 1 and

∑
x∈X fB(x) = 2, this

initially appears problematic: fB has to be scaled down, but then the new values
of fB may become less than fA. Note however that we can modify fA by choosing
an arbitrary x̂ in A’s data, and adding 1 to fA(x̂). This can only improve the
resulting classifier (it may cause x̂ to be claimed by A where previously it was
claimed by B). Now the new fA together with fB can both be rescaled down by
a factor of 2, and comparisons are clearly preserved.

Making the above idea general, suppose that algorithm A takes a sample
of data S and returns a function f : X −→ R. Modify A as follows. Define
g(x) = ef(x)/(1 + ef(x)), so the range of g is (0, 1). Let P (X) be a probability
distribution over X that does not vanish anywhere. Let s =

∑
x∈X g(x)P (x),

or
∫
x∈X g(x)P (x)dx for continuous X. s is well-defined and lies in the range

(0, 1). Now for a discrete domain X, the probability distribution returned by
the modified A is D′(x) = g(x)P (x) for all x ∈ X except for some arbitrary
x̂ ∈ S, where D′(x̂) = g(x)P (x)+1−s. For a continuous domain the probability
distribution is the mixture of the continuous density D′(x) = g(x)P (x) with
coefficient s and a point probability mass located at some x̂ ∈ S with probability
1− s. ♦

In view of the above result, we subsequently give algorithms for hypotheses
that may output unrestricted real numbers. The next two results about PAC-
learning with two unsupervised learners provide some further information about
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how it compares with other variants of PAC-learning in terms of which concept
classes become learnable. First, note that the framework can be extended to a
misclassification noise situation by letting each learner have examples that are
(correctly or incorrectly) assigned the class label associated with that learner.

Theorem 2. Any concept class that is PAC-learnable in the presence of uni-
form misclassification noise can be learned by two unsupervised learners in the
presence of uniform misclassification noise if the input distribution is known to
both learners.

Proof. Let D be the known distribution over the input domain X. Let C be
a concept class that is PAC-learnable with uniform misclassification noise. We
may assume that C is closed under complementation (we have noted that if it is
not closed under complementation we can take it closure under complementation
which should still be PAC learnable).

Each learner takes a set of N examples, where N is chosen such that a
standard PAC algorithm would have error bound ε2. Let D+ (resp. D−) be the
probability that an example generated by D belongs to target T (resp. X \ T ).
Let ν be the noise rate. With probability (1−ν)D+

(1−ν)D++νD− an example received by

A belongs to target T ; meanwhile with probability (1−ν)D−

(1−ν)D−+νD+ an example
received by B comes from X \ T .

Each learner labels all its examples as positive, and then generates a set of N
examples from D, each of which is labeled positive with some probability p < 1

2 ,
otherwise negative. For learner A, the union of these two sets consists of a set
of examples from a new probability distribution D′, labeled by the same target
concept T . It may be verified that the examples from T have misclassification
noise with noise rate

(1− p)(D+(1− ν) + D−ν)
(1− p)(D+(1− ν) + D−ν) + 1− ν

and the examples from X \ T have misclassification noise with noise rate

ν + p(D+(1− ν) + D−ν)
ν + (D+(1− ν) + D−ν)

.

It may be verified from these expressions that there is a unique value of p in
the range [0, 12 ] for which these two noise rates are equal, and for that value of
p they are both strictly less than 1

2 .
Hence for some value of p we obtain data with uniform misclassification noise.

An appropriate p can be found by trying all values p = rε for r = 0, . . . , 1/2ε,
and checking whether the hypothesis obtained (using a standard noise-tolerant
PAC algorithm) is consistent with uniform misclassification noise.

The same reasoning applies to learner B using X \ T as the target concept.
Let H be the set of examples labeled positive by the resulting hypothesis.

Each learner assigns discriminant function values as follows. If the observed value
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of D′(H) is at least 1− ε, use a value of 12 for all elements of X. Otherwise use
a value of 1 for elements of H and a value of 0 for elements of X \H.

Let D′A and D′B be the D′’s for learners A and B.
D(T ) is the probability that a random example from D belongs to T . As-

suming D(T ) < 1 − ε, we can say that error O(ε2) with respect to D′A implies
error O(ε) with respect to D. If alternatively D(T ) ≥ 1− ε/2, the hypothesis H
found by A will have a probability D′(H) > 1 − ε as observed on the data. A
learner finding such a hypothesis then gives all examples a score of 12 , allowing
B’s scores to determine the overall classification. A similar argument applies for
low values of D(T ), i.e. ≤ ε/2, (where we expect B to assign scores of 12 ). ♦

It is probably not the case that noise-free distribution-specific learnabil-
ity with two unsupervised learners is actually equivalent to standard PAC-
learnability with uniform misclassification noise. This is because, given the Noisy
Parity Assumption (that it is hard to PAC-learn parity functions in the pres-
ence of random misclassification noise given the uniform distribution over input
vectors), noise-free distribution-specific learning with two unsupervised learners
is tractable (see corollary 2) in a situation where the uniform misclassification
noise situation is intractable.

The following result is a sufficient condition for learning with unsupervised
learners:

Theorem 3. If a concept class is closed under complementation and learnable
from positive examples only, then it is learnable with two unsupervised learners.

Proof. Let X = XA ∪XB be the partition of the domain X where XA is the set
of positive examples and XB the negative examples. Closure under complemen-
tation implies that XB as well as XA is a member of the concept class.

Both learners apply an algorithm that learns from positive examples only.
Consequently A’s hypothesis must be a subset of XA and B’s hypothesis must
be a subset of XB . A and B use discriminant functions fA and fB that are the
indicator functions of their hypotheses. As a result, if fA and fB both have error
at most ε, then A and B correctly claim all but a fraction ε of examples from
XA and XB respectively. ♦

As a consequence we have

Corollary 1. Boolean functions over a constant number of variables are learn-
able using unsupervised learners.

Proof. The class of functions is clearly closed under complementation.
To learn the class from positive examples, suppose k is the number of vari-

ables in the target formula. Given a set S of boolean vectors that constitutes
the observed data (assumed to be positive examples), label a new vector v as
positive if and only if for each set of k attributes in v, there is a member of S
that agrees with v on those attributes.

It can be readily verified that for constant k, the time and sample complexity
of the above rule is polynomial in the total number of variables. ♦
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The following result distinguishes our learning setting from learnability with
uniform misclassification noise, or learnability with a restricted focus of atten-
tion. A parity function [15] has an associated subset of the variables, and an
associated “target parity” (even or odd), and evaluates to 1 provided that the
parity of the number of “true” elements of that subset agrees with the target
parity, otherwise the function evaluates to 0.

Corollary 2. The class of parity functions is learnable by unsupervised learners.

Proof. Once again it is clear that the class is closed under complementation.
To learn a parity function from positive examples only, then similar to the

algorithm of [15], each unsupervised learner finds the affine subspace of GF (2)n

spanned by its examples, and assigns a score of 1 to elements of that subspace
and a score of 0 to all elements of the domain. ♦

3 Examples of Concrete Learning Problems

The algorithms in this section give an idea of the new technical challenges, and
also distinguish the learning setting from various others. We have already dis-
tinguished the learning setting from learnability with uniform misclassification
noise or learnability with a restricted focus of attention, and the result of sec-
tion 3.2 distinguishes it from learnability with one-sided error or learnability
from positive or negative examples only.

3.1 Monomials

Recall that a monomial is a boolean function consisting of the conjunction of a set
of literals (where a literal is either a boolean attribute or its negation). Despite
the simplicity of this class of functions, we have not resolved its learnability in
the two unsupervised learners framework, even for monotone (i.e. negation-free)
monomials. If the unsupervised learners are told which of them has the positive
and which the negative examples, then the problem does have a simple solution (a
property of any class of functions that is learnable from either positive examples
only or else negative examples only). The “negative” unsupervised learner assigns
a score of 12 to all boolean vectors. The “positive” unsupervised learner uses its
data to find a PAC hypothesis, and assigns a score of 1 to examples satisfying
that hypothesis, and 0 to other examples.

Discussion of the Distribution-independent Learning Problem. Given
a monomial f , let pos(f) denote its satisfying assignments. The problem that
arises when the unsupervised learners are not told which one is receiving the
positive examples, is that the distribution over the negative examples could in
fact produce boolean vectors that satisfy some monomial m that differs from
target monomial t, but if D(pos(m) ∩ pos(t)) > ε this may give excessive error.
This problem can of course be handled in the special case where the monomial
is over a constant number k of literals, and corollary 1 applies.
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Learnability of Monomials over Vectors of Attributes Generated by
a Product Distribution. In view of the importance of the concept class of
monomials, we consider whether they are learnable given that the input distri-
bution D belongs to a given class of probability distributions. This situation is
intermediate between knowing D exactly (in which case by theorem 2 the prob-
lem would be solved since monomials are learnable in the presence of uniform
misclassification noise) and the distribution-independent setting. We assume now
that the class priors are known approximately, since we no longer have the equiv-
alence of the one-button and two-button versions of PAC learnability. Formally,
assume each learner can sample from D, but if the example drawn belongs to
the other learner’s class then the learner is told only that the example belonged
to the other class, and no other information about it. Hence each learner has an
“observed class prior”, the observed probability that examples belong to one’s
own class.

Suppose that D is known to be a product distribution. Let x1, . . . , xn be the
boolean attributes in examples. Let di, i = 1, . . . , n, be the probability that the
i-th attribute equals 1. For attribute xi for which one of the literals xi or xi
is in the target monomial t (we assume that they are not both in t), let pi be
the probability that the literal is satisfied, so pi = di for an un-negated literal,
otherwise pi = 1− di.

We say that attribute xi is “useful” if xi or xi is in t, and also pi ∈ [ε, 1−ε/n].
Note that if pi < ε then the probability that any example is positive is also < ε,
and if pi > 1− ε/n then only a very small fraction of examples can be negative
due to their value of xi.
The Algorithm.

We use the fact that for D a product distribution, D restricted to the positive
examples of a monomial is also a product distribution. We apply a test (step 3 of
the algorithm) to see whether the observed data appears to come from a product
distribution. The test identifies negative data when there is more than one useful
attribute. The discriminant function (computed in step 4) also handles the case
when at most one attribute is useful.

1. Draw a sample S of size O((n/ε)3 log( 1δ )).
2. If the observed class prior of the examples is ≤ ε/2, reject all examples.

Otherwise do the following.
3. (product distribution test) For each literal l that is satisfied by at least a

fraction ε/n of elements of S, let Sl denote elements of S which satisfy l,
and for each literal l′ �= l check whether the fraction of examples satisfying
l′ differs by at least ε/n2 from the fraction of examples belonging to Sl that
satisfy l′. If any such l′ exists, the test “fails” and we assume that the negative
examples are being seen, and give all examples a score of 1/2. Otherwise (the
test is “passed”) proceed to step 4:

4. Let L be the set of literals satisfied by all elements of S.
a) If an example satisfies all the literals in L and fails to satisfy all literals

that are satisfied by a fraction < ε/2n of elements of S, give that example
a score of 1.
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b) Otherwise, if the example still satisfies L, assign a score of 1/2.
c) Otherwise assign a score of 0.

Note: step 3 is a test with “one-sided error” in the sense that we may reason-
ably expect all product distributions to pass the test, but there exist distributions
other than product distributions that may also pass. However, we show below
that when a product distribution restricted to the negative data of a monomial
passes the test, then (with probability ≥ 1 − δ) there is at most one useful
attribute.

Proving That the Algorithm is PAC. There must be at least one useful
attribute in order for the frequency of both positive and negative examples to
exceed ε. We consider two cases: first when there is only one useful attribute,
second, when there is more than one.
Case 1: In this case, we expect the distributions over both the positive and
negative examples to be close to product distributions, so that the test of step 3
of the algorithm will be passed in both A’s case and B’s case. Learner A (with
probability 1−O(δ)) gives a score of 1 to examples that satisfy the useful literal l,
with the exception of a small fraction of them due to the additional requirement
in step 4a. Meanwhile, learner B assigns a score of ≤ 1

2 to all examples satisfying
l, since l is not satisfied by any of B’s data. Hence learner A claims all but a
fraction < ε/2 of the positive data. By a similar argument, learner B claims all
but a fraction < ε/2 of the negative data.
Case 2: When there are two useful attributes, the positive examples are still
generated by a product distribution, so A’s data pass the test of step 3. Mean-
while, with probability > 1 − δ, B’s data fail this test, since when we choose
literal l in target t that happens to be useful, and remove elements of S which
satisfy l, then the conditional probability that any other useful literal is satisfied,
changes by > ε/n2. (A Chernoff bound analysis assures that the change will be
detected with probability 1 − δ/2.) All examples are then given scores of 1/2,
and this allows A to claim positives and leave B the negatives.

3.2 Unions of Intervals

Let the domain be the real numbers R, and assume that the target concept
is a union of k intervals in R. We show that this concept class is learnable by
two unsupervised learners. This result shows that learnability with two unsuper-
vised learners is distinct from learnability from positive examples only, or from
negative examples only.

Each learner does the following. Let S be the set of real values that constitutes
its data. Define discriminant function f as

f(r) = −
(

min
s∈S,s>r

(s)− max
s∈S,s<r

(s)
)

if r �∈ S

f(r) = 1 if r ∈ S.
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This choice of discriminant function ensures that when A’s and B’s scores
are combined, the set of all points that are claimed by A consists of a union of at
most k intervals, and this set contains A’s data but not B’s data. Hence we have
a consistent hypothesis of V-C dimension no more than the target concept, so
this method is PAC (with runtime polynomial in k, ε−1 and δ−1). Note that the
value of k needs to be prior knowledge for the purpose of identifying a sufficient
sample size. This is in contrast with PAC learning in the standard setting, where
an appropriate sample size can be identified using the standard on-line approach
of comparing the number of examples seen so far with the complexity of the
simplest consistent classifier, and continuing until the ratio is large enough.

3.3 Rectangles in the Plane with Bounded Aspect Ratio

Let α denote the length of the target rectangle divided by the width, and we give
a PAC-learning algorithm that is polynomial in α as well as the standard PAC
parameters. We do not have a PAC algorithm that works without the bound
on the aspect ratio. A notable feature of this learning problem is that it seems
to require quite a complex method, despite the simplicity of the concept class.
Extensions are discussed in the next section.

The general idea is that each learner partitions the domain into rectangles
containing equal numbers of its data points, and given a query point q, compares
the coordinates of q with other points in the partition element within which q
falls. A high score is given when there exist points in that partition element with
similar coordinate values.
The Algorithm. Each learner does the following.

1. Generate a sample of size N = Θ(α log(δ−1)/ε9).
2. Build a partition P of the domain R2 as follows:

a) Partition the domain into 1/ε2 pieces using lines normal to the y-axis,
such that each piece contains the same number of data points.1

b) Partition each element of the above partition into 1/ε2 pieces using lines
normal to the x-axis, such that each piece contains the same number of
data points.

3. For query point q ∈ R2 the score assigned to q is computed as follows.
a) Let Pq ∈ P be the rectangle in P containing q.
b) Let S(Pq) be the sample points that lie inside Pq.

(So |S(Pq)| = Θ(α log(δ−1)/ε5))
c) Sort S(Pq)∪{q} by x-coordinate. If q is among the first (1ε )

−1 elements
or among the last ( 1ε )

−1 elements, then reject q, i.e. assign q a score of
−∞ and terminate.

d) If q was not rejected, define the x-cost of q to be the difference between
the x-coordinates of the two neighbors of q.

e) Sort S(Pq)∪{q} by y-coordinate. If q is among the first (1ε )
−1 elements

or among the last ( 1ε )
−1 elements, then reject q.

1 Throughout we ignore rounding error in situations where for example an equal par-
tition is impossible; such rounding will only change quantities by a constant.
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f) If q was not rejected, define the y-cost of q to be the difference between
the y-coordinates of the two neighbors of q.

g) Finally, the score assigned to q is the negation of the sum of the x-cost
and y-cost.

Proving That the Algorithm is PAC. Let PA be the partition constructed
by A and let PB be the partition constructed by B. Let µA (respectively µB)
be the measure on R2 induced by the input distribution D restricted to target
T (respectively T ′, the complement of T ) and re-normalised, so that we have
µA(R2) = µB(R2) = 1. So, given region R ⊆ R2, µA(R) is the probability that
a random input x lies within R conditioned on x being an element of T . Let µ̂A
and µ̂B denote the measures µA and µB as observed by A and B respectively
on the random examples used in the algorithm. The well-known V-C theory
of [4] says that for a concept class C of V-C dimension v, given a sample of size2

O(v log(δ−1ε−1)/ε), we have that with probability 1− δ,

|µ̂(C)− µ(C)| ≤ ε for all C ∈ C

where µ is a probability measure and µ̂ is the measure as observed on the sample.
Noting that axis-aligned rectangles in R2 have V-C dimension 4, we deduce that
if learners A and B draw samples of size O(log(δ−1ε−1)/ε), then with probability
1− δ,

|µ̂A(R)− µA(R)| ≤ ε and

|µ̂B(R)− µB(R)| ≤ ε, for all rectangles R.

The following fact emerges automatically from the V-C bounds:

Remark 1. N is chosen such that if learners A and B use samples of size N ,
then with probability 1−O(δ) we have that for all rectangles R:

|µ̂A(R)− µA(R)| ≤ ε9

|µ̂B(R)− µB(R)| ≤ ε9.

From the construction of partition P we note:

Remark 2. PA and PB are each of size (1/ε)4, and each element of PA (respec-
tively PB) contains Θ(α log(δ−1)(1/ε)5) of A’s (respectively B’s) data points.

From remark 2, given rectangle R ∈ PA, µ̂A(R) = ε4, and consequently
|µA(R) − ε4| ≤ ε9 with high probability, using remark 1. Clearly all rectan-
gles in PA intersect target rectangle T (similarly members of PB intersect T ′).
Now consider the potential problem of rectangles in PB that contain positive
examples. We continue by upper-bounding the number of those rectangles, and
2 This is weaker than the known bound — we are using a weak bound to simplify the
presentation.
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upper-bounding the amount of damage each one can do (due to claiming data
examples that should be claimed by A).

Let P ∗A ⊆ PA be elements of PA which intersect T ′ (so are not proper subsets
of T ). Similarly let P ∗B denote elements of PB which intersect T . We show that the
number of elements of P ∗A and P ∗B is substantially smaller than the cardinalities
of PA and PB .

Remark 3. Any axis-aligned line cuts ( 1ε )
2 elements of PA and similarly (1ε )

2

elements of PB .

Corollary 3. The boundary of T intersects at most O(( 1ε )
2) elements of PA and

similarly at most O(( 1ε )
2) elements of PB.

In particular, it intersects at most 4.( 1ε )
2 elements of either partition.

So partition PB has ( 1ε )
4 elements each containing ( 1ε )

5 data points, and only
O(( 1ε )

2) of them intersect T . Now we consider how an element R ∈ PB could
intersect T . We divide the kinds of overlap into

1. An edge overlap, where one edge and no vertices of T are overlapped by R.
2. A two-edge overlap, where 2 opposite edges and no corner of T are overlapped

by R.
3. Any overlap where R contains a corner of T .

We treat these as separate cases. Note that since there are ≤ 4 overlaps
of type 3 we may obtain relatively high bounds on the error they introduce,
by comparison with the edge and two-edge overlaps, of which there may be up
to ( 1ε )

2. Throughout we use the following notation. Let x be a point in target
rectangle T which is being assigned scores using A’s and B’s partitions. Let
x ∈ rectangle RA ∈ PA and x ∈ RB ∈ PB , so that RA intersects T .
Case 1: (edge overlap) RB has an edge overlap with T . Consider steps 3c and 3e
of the algorithm. When x is being compared with the points in RB it will have
either an x-coordinate or a y-coordinate which is maximal or minimal for data
points observed in RB . One of these steps of the algorithm will cause B to reject
x. But x will only have a probability O(ε5) of having a maximal or minimal
coordinate value amongst points in RA (since RA contains ( 1ε )

5 data points and
x is generated by the same distribution that generated those data points).
Case 2: (two-edge overlap) There are at most ( 1ε )

2 two-edge overlaps possible.
Suppose that in fact RB overlaps the top and bottom edges of T (the following
argument will apply also to the other sub-case). Hence all the two-edge overlaps
do in fact overlap the top and bottom edges of T . Let xT and yT denote the
lengths of T as measured in the x and y directions, so we have xT /yT ∈ [1/α, α].
Then the y-cost of RB is at least yT . Meanwhile, all but a fraction ε of boxes in
PA will give a y-cost of ≤ ε · yT . Also, all but a fraction ε of boxes in PA will
have x-costs at most ε · xT . Using our aspect ratio assumption, this is at most
εαyT . Hence, for points in all but a fraction ε of boxes in PA, the y-cost will
dominate, and the score assigned by B will exceed A’s score.
Case 3: (corner overlap) Suppose RB overlaps a corner of T . We show that RB
introduces error O(ε), and since there are at most 4 such rectangles, this case
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is then satisfactory. For RB to introduce error > ε, it must overlap a fraction
Ω(ε) of rectangles in PA, hence > ( 1ε )

3 rectangles in PA. In this situation, RB
contains Ω(( 1ε )

3) recangles in PA in its interior. On average, both the x and y
coordinates of sample points in these interior rectangles will be Ω( 1ε ) closer to
each other than the points in RB . This means that only an ε-fraction of points
in these elements of PA will have coordinates closer to points in RB , than to
some other point in the same element of PA. Hence all but an ε-fraction of these
points will be claimed by A.

Discussion, possible extensions. Obviously we would like to know whether
it is possible to have PAC learnability without the restriction on the aspect
ratio of the target rectangle. The restriction is arguably benign from a practical
point of view. Alternatively, various reasonable “well-behavedness” restrictions
on the input distribution would probably allow the removal of the aspect ratio
restriction, and also allow simpler algorithms.

The extension of this result to unions of k rectangles in the plane is fairly
straightforward, assuming that the aspect ratio restriction is that both the tar-
get region and its complement are expressible as a union of k rectangles all with
bound α on the aspect ratio. The general idea being used is likely to be extend-
able to any constant dimension, but then the case analysis (on the different ways
that a partition element may intersect the region with the opposite class label)
may need to be extended. If so it should generalize to unions of boxes3 in fixed
dimension (as studied in [6] in the setting of query learning, a generalization is
studied in [5] in PAC learning). Finally, if boxes are PAC learnable with two un-
supervised learners in time polynomial in the dimension, then this would imply
learnability of monomials, considered previously.

3.4 Linear Separators in the Plane

Given a set S of points in the plane, it would be valid for an unsupervised learner
to use a probability distribution whose domain is the convex hull4 of S, provided
that only a “small” fraction of elements of S are actually vertices of that convex
hull. For a general PAC algorithm we have to be able to handle the case when
the convex hull has most or all of the points at its vertices, as can be expected
to happen for an input distribution whose domain is the boundary of a circle,
for example. Our general approach is to start out by computing the convex hull
P and give maximal score to points inside P (which are guaranteed to have the
same class label as the observed data). Then give an intermediate score to points
in a polygon Q containing P , where Q has fewer edges. We argue that the way
Q is chosen ensures that most points in Q are indeed claimed by the learner.
3 A box means the intersection of a set of halfspaces whose bounding hyperplanes are
axis-aligned, i.e. each hyperplane is normal to one of the axes.

4 The convex hull of a finite set S of points is the smallest convex polygon (more
generally, polytope) that contains S. Clearly all the vertices of the convex hull of S
are members of S.
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The Algorithm. The general idea is to choose a discriminant function in such a
way that we can show that the boundary between the classes is piecewise linear
with O(

√
N) pieces, where N is sample size. This sublinear growth ensures a

PAC guarantee, since we have an “Occam” hypothesis — the V-C dimension of
piecewise linear separators in the plane with O(

√
N) pieces is itself O(

√
N).

1. Draw a sample S of size N = Θ(log(δ−2ε−2)/ε2).
2. Let polygon P be the convex hull of S.
3. Let Q be a polygon having ≤ 2 +

√
N edges such that

a) Every edge of Q contains an edge of P

b) Adjacent edges of Q contain edges of P that are ≤ √N apart in the
adjacency sequence of P ’s edges.

4. Define discriminant function h as follows.

a) For points in P use a score of 1.
b) For each region contained between P and 2 adjacent edges of Q, give

points in that region a score of the negation of the area of that region.
c) Reject all other points (not in Q).

Regarding step 3: Q can be found in polynomial time; we allow Q to have
2 +
√

N edges since P may have 2 acute vertices that force pairs of adjacent
edges of Q to contain adjacent edges of P .

l

P

Q

P

Q

A

A

B

B

shaded region is
claimed by A

Fig. 1.
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Proving That the Algorithm is PAC. Figure 1 illustrates the construction.
Let PA and PB be the convex hulls initially found by learners A and B respec-
tively. They define subsets of the regions claimed by A and B respectively. Let
QA and QB be the polygons Q constructed by A and B respectively. Let l be a
line separating PA and PB . Observe that QA and QB respectively can each only
have at most two edges that cross l, and at most one vertex on the opposite side
of l from PA and PB respectively, using the fact that each edge of QA contains
an edge of PA, and similarly for QB and PB .

Hence only one of the regions enclosed between PA and two adjacent edges of
QA can cross line l, and potentially be used to claim part of the interior of QB .
If this region contains more than one of the similar regions in QB , then it will
not in fact claim those regions of QB , since the score assigned to its interior will
be lower. Omitting the details, it is not hard to show using these observations
that the region claimed by A is enclosed by a polygon with O(

√
N) edges, and

similarly for B. N was chosen such that the V-C bound of section 3.3 ensures
PAC-ness with parameters ε and δ.

4 Conclusion and Open Problems

The standard requirement of PAC learning that algorithms must work for any
input distribution D, appears to give rise to very novel algorithmic challenges,
even for fairly elementary computational learning problems. At the same time
however, the resulting algorithms do not appear to be applicable to the sort
of class overlap situations that motivated the learning setting. Probably it will
be necessary to model learning situations with an additional assumption that
D should belong to some given class of distributions, as we did in section 3.1.
Our formalisation of this learning setting will hopefully provide insights into
what assumptions need to be made about the distribution of inputs, in order for
standard practical methods of unsupervised learning to be applied.

The main open question is whether there is a PAC-learnable concept class
that is not PAC-learnable in the two unsupervised learners framework. It would
be remarkable if the two learning frameworks were equivalent, in view of the way
the PAC criterion seems to impose a discipline of class separation on algorithms.
Regarding specific concept classes, the most interesting one to get an answer for
seems to be the class of monomials, a special case of nearly all boolean concept
classes studied in the literature. It may be possible to extend the approach in
section 3.1 to the assumption that D is a mixture of two product distributions,
a class of distributions shown to be learnable in [8,11].

Related open questions are: does there exist such a concept class for com-
putationally unbounded learners (where the only issue is sufficiency of informa-
tion contained in a polynomial-size sample). Also, can it be shown that proper
PAC-learnability holds for some concept class but not in the two unsupervised
learners version. (So, we have given algorithms for various learning problems
that are known to be properly PAC-learnable, but the hypotheses we construct
do not generally belong to the concept classes.)
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Abstract. We give a characterization of Maximum Entropy/Minimum
Relative Entropy inference by providing two ‘strong entropy concentra-
tion’ theorems. These theorems unify and generalize Jaynes’ ‘concentra-
tion phenomenon’ and Van Campenhout and Cover’s ‘conditional limit
theorem’. The theorems characterize exactly in what sense a ‘prior’ dis-
tribution Q conditioned on a given constraint and the distribution P̃
minimizing D(P ||Q) over all P satisfying the constraint are ‘close’ to
each other. We show how our theorems are related to ‘universal mod-
els’ for exponential families, thereby establishing a link with Rissanen’s
MDL/stochastic complexity. We then apply our theorems to establish
the relationship (A) between entropy concentration and a game-theoretic
characterization of Maximum Entropy Inference due to Topsøe and oth-
ers; (B) between maximum entropy distributions and sequences that are
random (in the sense of Martin-Löf/Kolmogorov) with respect to the
given constraint. These two applications have strong implications for
the use of Maximum Entropy distributions in sequential prediction tasks,
both for the logarithmic loss and for general loss functions. We identify
circumstances under which Maximum Entropy predictions are almost
optimal.
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Jaynes’ Maximum Entropy (MaxEnt) Principle is a well-known principle for
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“If the information incorporated into the maximum-entropy analysis in-
cludes all the constraints actually operating in the random experiment,
then the distribution predicted by maximum entropy is overwhelmingly
the most likely to be observed experimentally.” [16, Page 1124]

For the case in which a prior distribution over the domain at hand is available,
Van Campenhout and Cover [25,4] have proven the related conditional limit
theorem. In Part I of this paper (Sections 2-4), we provide a strong generalization
of both the concentration phenomenon and the conditional limit theorem. In
Part II (Section 5) we apply this. We first show how our theorems can be used
to construct universal models for exponential families, thereby establishing a
link with Rissanen’s Minimum Description Length Principle. We then extend
an existing game-theoretic characterization of Maximum Entropy due to Topsøe
[24]. Finally we combine the results of Part I with the theory of algorithmic
(Martin-Löf/Kolmogorov) randomness. This allows us to substantiate the often-
heard informal claim that ‘adopting the Maximum Entropy distribution leads
to good predictions if the data are random with respect to the given constraint’
and to make precise informal notions like ‘all constraints actually operating
in an environment’ as used in Jaynes’ statement above. We end by discussing
implications of our results in Part II for (sequential) prediction. We identify
circumstances in which Maximum Entropy distributions lead to almost optimal
predictions. The proofs of Theorem 1 and Theorem 3 are in the paper; proofs
of other theorems, as well as extended discussion, can be found in the technical
report [12].

2 Informal Overview

Maximum Entropy. Let X be a random variable taking values in some set X ,
which (only for the time being!) we assume to be finite: X = {1, . . . ,m}. Let
P,Q be distributions for X with probability mass functions p and q. We define
HQ(P ), the Q-entropy of P , as

HQ(P ) = −EP [log
p(x)
q(x)

] = −D(P ||Q) (1)

In the usual MaxEnt setting1, we are given a ‘prior’ distribution Q and a moment
constraint :

E[T (X)] = t̃ (2)

where T is some function T : X → Rk for some k > 0. We define, if it exists,
P̃ to be the unique distribution over X that maximizes the Q-entropy over all
distributions (over X ) satisfying (2):

P̃ = arg max
{P :EP [T (X)]=t̃}

HQ(P ) = arg min
{P :EP [T (X)]=t̃}

D(P ||Q) (3)

1 More general formulations with arbitrary convex constraints exist [5], but here we
stick to constraints of form (2).
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The MaxEnt Principle then tells us that, in absence of any further knowledge
about the ‘true’ or ‘posterior’ distribution according to which data are dis-
tributed, our best guess for it is P̃ . In practical problems we are usually not
given a constraint of form (2). Rather we are given an empirical constraint of
the form

1
n

n∑
i=1

T (Xi) = t̃ which we always abbreviate to ‘T (n) = t̃’ (4)

The MaxEnt Principle is then usually applied as follows: suppose we are given
an empirical constraint of form (4). We then have to make predictions about
new data coming from the same source. In absence of knowledge of any ‘true’
distribution generating this data, we should make our predictions based on the
MaxEnt distribution P̃ for the moment constraint (2) corresponding to empir-
ical constraint (4). P̃ is extended to several outcomes by taking the product
distribution.

The Concentration Phenomenon and The Conditional Limit Theorem. Why
should this procedure make any sense? Here is one justification. If X is finite, and
in the absence of any prior knowledge beside the constraint, one usually picks
the uniform distribution for Q. In this case, Jaynes’ ‘concentration phenomenon’
applies2. It says that for all ε > 0,

Qn(sup
j∈X

| 1
n

n∑
i=1

Ij(Xi)− P̃ (X = j)| > ε | T (n) = t̃) = O(e−cn) (5)

for some constant c depending on ε. Here Qn is the n-fold product distribution of
Q, and I is the indicator function: Ij(x) = 1 if x = j and 0 otherwise. In words,
for the overwhelming majority among the sequences satisfying the constraint,
the empirical frequencies are close to the maximum entropy probabilities. It
turns out that (5) still holds if Q is non-uniform. For an illustration we refer to
Example 1. A closely related result (Theorem 1, [25]) is the Van Campenhout-
Cover conditional limit theorem3, which says that

lim
n→∞
nt̃∈N

Q1(· | T (n) = t̃) = P̃ 1(·) (6)

where Q1(· | T (n) = t̃) and P̃ 1(·) refer to the marginal distribution of X1 under
Q(· | T (n) = t̃) and P̃ respectively.

Our Results. Both theorems above say that for some sets A,

Qn(A | T (n) = t̃) ≈ P̃n(A) (7)
2 We are referring here to the version in [13]. The theorem in [14] extends this in a
direction different from the one we consider here.

3 This theorem too has later been extended in several directions different from the one
considered here [6]; see the discussion at the end of Section 4.
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In the concentration phenomenon, the set A ⊂ Xn is about the frequencies of
individual outcomes in the sample. In the conditional limit theorem A ⊂ X 1 only
concerns the first outcome. One might conjecture that (7) holds asymptotically
in a much wider sense, namely for just about any set whose probability one may
be interested in. For examples of such sets see Example 1. In Theorems 1 and 2
we show that (7) indeed holds for a very large class of sets; moreover, we give an
explicit indication of the error one makes if one approximates Q(A | T (n) = t̃) by
P̃ (A). In this way we unify and strengthen both the concentration phenomenon
and the conditional limit theorem. To be more precise, let {An}, with Ai ⊂ X i

be a sequence of ‘typical’ sets for P̃ in the sense that P̃n(An) goes to 1 sufficiently
fast. Then broadly speaking Theorem 1 shows that Qn(An | T (n) = t̃) goes to
1 too, ‘almost’ as fast as P̃n(An). Theorem 2, our main theorem, says that, if
m is an arbitrary increasing sequence with limn→∞m/n = 0, then for every
(measurable) sequence {Am} (i.e. not just the typical ones), with Am ⊂ Xm,
P̃n(Am) → Qn(Am | T (n) = t̃). Then, in Section 5, we first connect this to
the notion of ‘universal models’ as arising in the MDL (Minimum Description
Length) approach to inductive inference. We next show in what sense our strong
concentration phenomena really provide a ‘justification’, not just a characteriza-
tion, of MaxEnt. We show first (Theorem 3) that our concentration phenomenon
implies that the MaxEnt distribution P̃ uniquely achieves the best minimax log-
arithmic loss achievable for sequential prediction of samples satisfying the con-
straint. We also show (Theorem 4) that for sequences that are algorithmically
random relative to the constraint, P̃ achieves good loss also for loss functions
other than the logarithmic loss.

3 Mathematical Preliminaries

The Sample Space. From now on we assume a sample space X ⊆ Rl for some
l > 0 and letX be the random vector withX(x) = x for all x ∈ X . We reserve the
symbol Q to refer to a distribution for X called the prior distribution (formally,
Q is a distribution over (X , σ(X)) where σ(X) is the Borel-σ-algebra generated
by X). We will be interested in sequences of i.i.d. random variables X1, X2, . . .,
all distributed according to Q. Whenever no confusion can arise, we use Q also
to refer to the joint (product) distribution of ×i∈NXi. Otherwise, we use Qm to
denote the m-fold product distribution of Q. The sample (X1, . . . , Xm) will also
be written as X(m).

The Constraint Functions T . Let T = (T[1], . . . , T[k]) be a k-dimensional random
vector that is σ(X)-measurable. We refer to the event {x ∈ X | T (x) = t} both
as ‘T (X) = t’ and as ‘T = t’. Similarly we write Ti = t as an abbreviation of
T (Xi) = t and T (n) as short for (T (X1), . . . , T (Xn)). The average of n obser-
vations of T will be denoted by T (n) := n−1

∑n
i=1 T (Xi). We assume that the

support of X is either countable (in which case the prior distribution Q admits
a probability mass function) or that it is a connected subset of Rl for some
l > 1 (in which case we assume that Q has a bounded continuous density with
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respect to Lebesgue measure). In both cases, we denote the probability mass
function/density by q. If X is countable, we shall further assume that T is of the
lattice form (which it will be in most applications):

Definition 1. [9, Page 490] A k-dimensional lattice random vector T =
(T[1], . . . , T[k]) is a random vector for which there exists real-valued b1, . . . , bk
and h1, . . . , hk such that, for 1 ≤ j ≤ k, ∀x ∈ X : T[j](x) ∈ {bj + shj | s ∈ N}.
We call the largest hi for which this holds the span of T[i].

If X is continuous, we shall assume that T is ‘regular’:

Definition 2. We say a k-dimensional random vector is of regular continuous
form if its distribution under Q admits a bounded continuous density with respect
to Lebesgue measure.

Maximum Entropy. Throughout the paper, log is used to denote logarithm to
base 2. Let P,Q be distributions for X . We define HQ(P ), the Q-entropy of P ,
as

HQ(P ) = −D(P ||Q) (8)

This is defined even if P or Q have no densities, see [5]. Assume we are given
a constraint of form (2), i.e. EP [T (X)] = t̃. Here T = (T[1], . . . , T[k]), t̃ =
(t̃[1], . . . , t̃[k]). We define, if it exists, P̃ to be the unique distribution over X
that maximizes the Q-entropy over all distributions (over (X , σ(X))) satisfying
(2). That is, P̃ is given by (3). If Condition 1 below holds, then P̃ exists and is
given by the exponential form (9), as expressed in the proposition below. In the
condition, the notation aT b refers to the dot product between a and b.

Condition 1: There exists β̃ ∈ Rk such that Z(β̃) =∫
x∈X exp(−β̃TT (x))dQ(x) is finite and the distribution P̃ with den-
sity (with respect to Q)

p̃(x) :=
1

Z(β̃)
e−β̃

TT (x) (9)

satisfies EP̃ [T (X)] = t̃.

Proposition 1 ([5]). Assume Condition 1 holds for Constraint (2). Then it
holds for only one β̃ ∈ Rk and inf {D(P ||Q) | P : EP [T (X)] = t̃} is attained
by (and only by) the P̃ given by (9).

If Condition 1 holds, then t̃ determines both β̃ and P̃ . In our theorems, we shall
simply assume that Condition 1 holds. A sufficient (by no means necessary!)
requirement for Condition 1 is for example that Q has bounded support; see
[5] for a more precise characterization. We will also assume in our theorems the
following natural condition:

Condition 2: The ‘T -covariance matrix’ Σ with
Σij = EP̃ [T[i]T[j]]− EP̃ [T[i]]EP̃ [T[j]] is invertible.
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Σ is guaranteed to exist by Condition 1 (see any book with a treatment of
exponential families, for example, [18]) and will be singular only if either t̃j
lies at the boundary of the range of T[j] for some j or if some of the T[j] are
affine combinations of the others. In the first case, the constraint T[j] = t̃j can
be replaced by restricting the sample space to {x ∈ X | T[j](x) = t̃j} and
considering the remaining constraints for the new sample space. In the second
case, we can remove some of the T[i] from the constraint without changing the
set of distributions satisfying it, making Σ once again invertible.

4 The Concentration Theorems

Theorem 1. (the concentration phenomenon for typical sets, lattice
case) Assume we are given a constraint of form (2) such that T is of the lattice
form and h = (h1, . . . , hk) is the span of T and such that conditions 1 and 2
hold. Then there exists a sequence {ci} satisfying

lim
n→∞ cn =

∏k
j=1 hj√

(2π)k detΣ

such that

1. Let A1,A2, . . . be an arbitrary sequence of sets with Ai ⊂ X i. For all n with
Q(Tn = t̃) > 0, we have:

P̃ (An) ≥ n−k/2cnQ(An | T (n) = t̃). (10)

Hence if B1,B2, . . . is a sequence of sets with Bi ⊂ X i whose probability tends
to 1 under P̃ in the sense that 1 − P̃ (Bn) = O(f(n)n−k/2) for some function
f : N → R; f(n) = o(1), then Q(Bn|T (n) = t̃) tends to 1 in the sense that
1−Q(Bn|T (n) = t̃) = O(f(n)).

2. If for all n, An ⊆ {x(n) | n−1∑n
i=1 T (xi) = t̃} then (10) holds with equality.

Theorem 1 has applications for coding/compression, Minimum Description
Length inference and prediction. These are discussed in Section 5. The rela-
tion of the Theorem to Jaynes’ original concentration phenomenon is discussed
at the end of this section.

Proof. We need the following theorem4:

4 Feller gives the local central limit theorem only for 1-dimensional lattice random vari-
ables with E[T ] = 0 and var[T ] = 1; extending the proof to k-dimensional random
vectors with arbitrary means and covariances is, however, completely straightfor-
ward: see XV.7 (page 494) of [9].
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Theorem. (‘local central limit theorem for lattice random variables’, [9],
page 490) Let T = (T[1], . . . , T[k]) be a lattice random vector and h1, . . . , hk be
the corresponding spans as in Definition 1; let EP [T (X)] = t and suppose that
P satisfies Condition 2 with T -covariance matrix Σ. Let X1, X2, . . . be i.i.d. with
common distribution P . Let V be a closed and bounded set in Rk. Let v1, v2, . . .
be a sequence in V such that for all n, P (

∑n
i=1(Ti − t)/

√
n = vn) > 0. Then as

n → ∞,
nk/2∏k
j=1 hj

P (
∑n
i=1(Ti − t)√

n
= vn)− ℵ(vn) → 0.

Here ℵ is the density of a k-dimensional normal distribution with mean vector
µ = t and covariance matrix Σ.

The theorem shows that there exists a sequence d1, d2, . . . with limn→∞ dn = 1
such that, for all n with P (

∑n
i=1(Ti − t) = 0) > 0,

nk/2∏k

j=1
hj

P (
∑n

i=1
(Ti−t)√
n

= 0)

ℵ(0) =

√
(2πn)k detΣ∏k

j=1 hj
P (

1
n

n∑
i=1

Ti = t) = dn (11)

The proof now becomes very simple. First note that P̃ (An | T (n) = t̃) = Q(An |
T (n) = t̃) (write out the definition of conditional probability and realize that
exp(−β̃TT (x)) = exp(−β̃T t̃) = constant for all x with T (x) = t̃. Use this to
show that

P̃ (An) ≥ P̃ (An, T (n) = t̃) = P̃ (An | T (n) = t̃)P̃ (T (n) = t̃) (12)

= Q(An | T (n) = t̃)P̃ (T (n) = t̃).

Clearly, with P̃ in the rôle of P , the local central limit theorem is applicable to
random vector T . Then, by (11), P̃ (T (n) = t̃) = (

∏k
j=1 hj)/

√
(2πn)k detΣdn.

Defining cn := P̃ (T (n) = t̃)nk/2 finishes the proof of item 1. For item 2, no-
tice that in this case (12) holds with equality; the rest of the proof remains
unchanged.

Example 1. The ‘Brandeis dice example’ is a toy example frequently used by
Jaynes and others in discussions of the MaxEnt formalism [13]. Let X =
{1, . . . , 6} and X be the outcome in one throw of some given die. We initially
believe (e.g. for reasons of symmetry) that the distribution of X is uniform.
Then Q(X = j) = 1/6 for all j and EQ[X] = 3.5. We are then told that the
average number of spots is E[X] = 4.5 rather than 3.5. As calculated by Jaynes,
the MaxEnt distribution P̃ given this constraint is given by

(p̃(1), . . . , p̃(6)) = (0.05435, 0.07877, 0.11416, 0.16545, 0.23977, 0.34749). (13)

By the Chernoff bound, for every j ∈ X , every ε > 0, P̃ (|n−1∑n
i=1 Ij(Xi) −

p̃(j)| > ε) < 2 exp(−nc) for some constant c > 0 depending on ε; here



Strong Entropy Concentration, Game Theory, and Algorithmic Randomness 327

Ij(X) is the indicator function for X = j. Theorem 1 then implies that
Q(|n−1∑n

i=1 Ij(Xi) − p̃(j)| > ε|T (n) = t̃) = O(
√
ne−nc) = O(e−nc

′
) for some

c′ > 0. In this way we recover Jaynes’ original concentration phenomenon (5):
the fraction of sequences satisfying the constraint with frequencies close to Max-
Ent probabilities p̃ is overwhelmingly large. Suppose now we receive new infor-
mation about an additional constraint: P (X = 4) = P (X = 5) = 1/2. This
can be expressed as a moment constraint by E[(I4(X), I5(X))T ] = (0.5, 0.5)T .
We can now either use P̃ defined as in (13) in the rôle of prior Q and impose
the new constraint E[(I4(X), I5(X))T ] = (0.5, 0.5)T , or use uniform Q and im-
pose the combined constraint E[T ] = E[(T[1], T[2], T[3])T ] = (4.5, 0.5, 0.5)T , with
T[1] = X,T[2] = I4(X), T[3] = I5(X). In both cases we end up with a new Max-
Ent distribution ˜̃p(4) = ˜̃p(5) = 1/2. This distribution, while still consistent with
the original constraint E[X] = 4.5, rules out the vast majority of sequences sat-
isfying it. However, we can apply our concentration phenomenon again to the
new MaxEnt distribution ˜̃P . Let Ij,j′,ε denote the event that

| 1
n

n∑
i=1

Ij(Xi)−
∑n−1
i=1 Ij′(Xi)Ij(Xi+1)∑n−1

i=1 Ij′(Xi)
| > ε.

According to ˜̃P , we still have that X1, X2, . . . are i.i.d. Then by the Chernoff
bound, for each ε > 0, for j, j′ ∈ {4, 5}, ˜̃P (Ij,j′,ε) is exponentially small. The-
orem 1 then implies that Qn(Ij,j′ε | T (n) = (4.5, 0.5, 0.5)T ) is exponentially
small too: for the overwhelming majority of samples satisfying the combined
constraint, the sample will look just as if it had been generated by an i.i.d. pro-
cess, even though X1, . . . , Xn are obviously not completely independent under
Qn(·|T (n) = (4.5, 0.5, 0.5)T ).

There also exists a version of Theorem 1 for continuous-valued random vectors.
This is given, along with the proof, in technical report [12].

There are a few limitations to Theorem 1: (1) we must require that P̃ (An)
goes to 0 or 1 as n → ∞; (2) the continuous case needed a separate statement,
which is caused by the more fundamental (3) it turns out that the proof technique
used cannot be adapted to point-wise conditioning on T (n) = t̃ in the continuous
case, see [12]. Theorem 2 overcomes all these problems. The price we pay is that,
when conditioning on T (n) = t̃, the sets Am must only refer to X1, . . . , Xm where
m is such that m/n → 0; for example, m = �n/ log n� will work. Whenever in
the case of continuous-valued T we write Q(· | T (n) = t) or P̃ (· | T (n) = t) we
refer to the continuous version of these quantities. These are easily shown to
exist, see [12]. Recall that (for m < n) Qm(· | T (n) = t̃) refers to the marginal
distribution of X1, . . . , Xm conditioned on T (n) = t̃. It is implicitly understood
in the theorem that in the lattice case, n ranges only over those values for which
Q(T (n) = t̃) > 0.

Theorem 2. (Main Theorem: the Strong Concentration Phenomenon/
Strong Conditional Limit Theorem) Let {mi} be an increasing sequence
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with mi ∈ N, such that limn→∞mn/n = 0. Assume we are given a constraint of
form (2) such that T is of the regular continuous form or of the lattice form and
suppose that Conditions 1 and 2 are satisfied. Then as n → ∞, Qmn(· | T (n) = t̃)
converges weakly5 to P̃mn(·).
The proof (using the same key idea, but involving much more work than the
proof of Theorem 1) is in technical report [12].

Related Results. Theorem 1 is related to Jaynes’ original concentration phe-
nomenon, the proof of which is based on Stirling’s approximation of the facto-
rial. Another closely related result (also based on Stirling’s approximation) is in
Example 5.5.8 of [20]. Both results can be easily extended to prove the following
weaker version of Theorem 1, item 1: P̃ (An) ≥ n−|X|cnQ(An|T (n) = t̃) where cn
tends to some constant. Note that in this form, the theorem is void for infinite
sample spaces. In [14] the original concentration phenomenon is extended in a
direction somewhat different from Theorem 1; it would be interesting to study
the relations.

Theorem 2 is similar to the original ‘conditional limit theorems’ (Theorems
1 and 2) of Van Campenhout and Cover [25]. We note that the preconditions for
our theorem to hold are weaker and the conclusion is stronger than for the orig-
inal conditional limit theorems, the main novelty being that Theorem 2 supplies
us with an explicit bound on how fast m can grow as n tends to infinity. The
conditional limit theorem was later extended by Csiszár [6]. His setting is consid-
erably more general than ours (e.g. allowing for general convex constraints rather
than just moment constraints), but his results also lack an explicit estimate of
the rate at which m can increase with n. Csiszár [6] and Cover and Thomas
[4] (where a simplified version of the conditional limit theorem is proved) both
make the connection to large deviation results, in particular Sanov’s theorem.
As shown in the latter reference, weak versions of the conditional limit theorem
can be interpreted as immediate consequences of Sanov’s theorem.

5 Applications

For simplicity we restrict ourselves in this section to countable sample spaces
X and we identify probability mass functions with probability distributions.
Subsections 5.1 and 5.2 make frequent use of coding-theoretic concepts which
we now briefly review (Sections 5.3 and 6 can be read without knowledge of
coding/information theory).

Recall that by the Kraft Inequality [4], for every prefix code with lengths
L over symbols from a countable alphabet Xn, there exists a (possibly sub-
additive) probability mass function p over Xn such that for all x(n) ∈ Xn,
5 That is, for all sequences {Am} where each Am is a measurable continuity set Am ⊆
Xm, Qmn(Amn | T (n) = t̃) → P̃ mn(Amn). A ‘continuity set’ Am is a set such that
the P̃ m-probability of the boundary of the set Am is 0; in our case, all measurable
sets Am are continuity sets. See Theorem 2.1 of [3].
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L(x(n)) = − log p(x(n)). We will call this p the ‘probability (mass) function
corresponding to L’. Similarly, for every probability mass function p over Xn

there exists a (prefix) code with lengths L(x(n)) = �− log p(x(n))�. Neglecting
the round-off error, we will simply say that for every p, there exists a code
with lengths L(x(n)) = − log p(x(n)). We call the code with these lengths ‘the
code corresponding to p’. By the information inequality [4], this is also the most
efficient code to use if data X(n) were actually distributed according to p.

We can now see that Theorem 1, item 2, has important implications for
coding. Consider the following special case of Theorem 1, which obtains by taking
An = {x(n)} and logarithms:

Corollary 1. (the concentration phenomenon, coding-theoretic formu-
lation) Assume we are given a constraint of form (2) such that T is of the lattice
form and h = (h1, . . . , hk) is the span of T and such that conditions 1 and 2
hold. For all n, all x(n) with n−1

∑n
i=1 T (xi) = t̃, we have

− log p̃(x(n)) = − log q(x(n) | 1n
∑n
i=1 T (Xi) = t̃)+

+k
2 log 2πn+ log

√
detΣ −∑k

j=1 log hj + o(1) =

− log q(x(n) | 1n
∑n
i=1 T (Xi) = t̃) + k

2 log n+O(1). (14)

In words, this means the following: let x(n) be a sample distributed according
to Q, Suppose we are given the information that n−1

∑n
i=1 T (xi) = t̃. Then,

by the information inequality, the most efficient code to encode x(n) is the one
based on q(·|T (n) = t̃) with lengths − log q(x(n) | T (n) = t̃). Yet if we encode
x(n) using the code with lengths − log p̃(·) (which would be the most efficient
had x(n) been generated by p̃) then the number of extra bits we need is only of
the order (k/2) logn. That means, for example, that the number of additional
bits we need per outcome goes to 0 as n increases. These and other consequences
of Corollary 1 will be exploited in the next three subsections.

5.1 Connection to MDL, Stochastic Complexity, Two-Part Codes

Universal Models play a fundamental rôle in modern versions of the MDL (Min-
imum Description Length) approach to inductive inference and model selection
[2,22]. For details about universal models and codes as well as all coding-theoretic
concepts appearing in this section, we refer to [2]. The material in the present
section is not needed to understand later sections.

Let Mk = {Pθ(·) | θ ∈ Γk}, where Γk ⊆ Rk is a k-dimensional parametric
class of i.i.d. distributions for sample space X . Let C be a code for alphabet Xn,
with lengths LC and define the regret RC(·) such that for all x(n),

LC(x(n)) = − log pθ̂(x(n))(x
(n)) +RC(x(n)),

where θ̂(x(n)) is the (ML) Maximum Likelihood estimator in Mk for data x(n),
assumed to exist. Roughly speaking, a universal code for sequences of length n is
a code C such that the regret rC(x(n)) is small uniformly for all or (in some sense)
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‘most’ x(n). A universal model is the probability distribution corresponding to
a universal code.

It is well-known [2,22] that, under mild regularity conditions, there exist
universal codes C for Mk with lengths LC(x(n)) = − log pθ̂(x(n))(x

(n))+ k
2 log n+

O(1), leading to regret

RC(x(n)) =
k

2
log n+O(1) (15)

Usually (15) holds uniformly for all sequences x1, x2, . . .. (we sometimes need
to restrict ourselves to a compact subset of Γk in order to make (15) uniformly
true). It is also known that (15) is in some sense (up to O(1)) the best regret that
can be achieved [21,2]. Therefore, every code that achieves (15) is usually called
a ‘universal code’, and its corresponding distribution ‘universal model’. Until
very recently there were four known ways to construct a universal model for a
given class Mk: the two-part code, the Bayesian mixture-code , the Shtarkov-
normalized-maximum-likelihood (NML) code and the predictive or ‘prequential’
code, see [2]. These four methods, while superficially very different, all share
the same asymptotic lengths (15). Under further regularity conditions on Mk

and if the code C that is used is allowed to depend on sample size n, (15) the
Shtarkov-NML and two-part codes can be refined to give [2]:

RC(x(n)) =
k

2
log

n

2π
+ log

∫
Γk

√
det I(θ)dθ + o(1), (16)

where I(θ) is the (expected) Fisher information matrix of θ. Quite recently,
Rissanen [23] showed that the regret (16) is the best that can be achieved under
at least three different definitions of optimality. LC(x(n)) = − log pθ̂(x(n))(x

(n))+
RC(x(n)), with RC(x(n)) given by (16), is called the ‘stochastic complexity of
x(n) relative to Mk’.

In the same recent reference [23], Rissanen implicitly introduced a new type
of universal code that achieves regret (16). We illustrate this kind of code for the
simple case where Mk is a k-dimensional exponential family with finite sample
space X . Let then Mk = {Pθ(·) | θ ∈ Γk} be a k-parameter exponential family
for X with Γk the mean-value parameter space, q the background measure and
sufficient statistic T = (T[1], . . . , T[k]). Then pθ = p̃ with p̃ given by (9), and
Epθ

[T ] = t̃ = θ.
We will encode x(n) in a way similar to (but, as we shall see, still essentially

different from) the two-part coding technique [2]: we first code (describe) a distri-
bution for Xn and then code the data ‘with the help of’ this distribution. In our
case, for data x(n), we first encode the ML estimator θ̂(x(n)) using some code C1
with lengths L1. We then encode x(n) itself using some code C2, making use of
the fact that its ML estimator is θ̂(x(n)). By the Kraft inequality this can be done
using L2(x(n) | θ̂(x(n))) = − log q(x(n) | T (n) = θ̂(x(n))) = − log q(x(n) | θ̂(x(n)))
bits. This leads to a code C∗ that allows us to encode all x(n) ∈ Xn by concate-
nating the code words of θ̂(x(n)) (under C1) and x(n)|θ̂(x(n)) (under C2).
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Since X is finite, n−1
∑n
i=1 T[j](Xi) can only take on n · |X | distinct values.

Therefore, we can choose C1 such that L1(θ̂(x(n))) = k log n + k log |X |. By
Corollary 1 the code L2(·|·) has lengths

L2(x(n) | θ̂(x(n))) = − log pθ̂(x(n))(x
(n))− k

2
log n−O(1). (17)

Summing L1 and L2, we see that the total code length L∗(x(n)) for arbitrary x(n)

is bounded by k
2 log n − log pθ̂(x(n))(x

(n)) + O(1). Therefore, the regret satisfies
(15) which suggests that C∗ is a universal code for Mk. Indeed, in the technical
report [12] we sketch how, by changing C1, we can even refine C∗ such that the
regret (16) is achieved.

Other relations between MDL and Maximum Entropy have been investigated
by Feder [8] and Li and Vitányi [20]. In the next section we will see how Theo-
rem 1 leads to yet another relation between minimum code length and Maximum
Entropy.

5.2 Empirical Constraints and Game Theory

Recall we assume countable X . The σ-algebra of such X is always tacitly taken
to be the power set of X . The σ-algebra thus being implicitly understood, we can
define P(X ) to be the set of all probability distributions over X . For a product
X∞ = ×i∈NX of a countable sample space X , we define P(X∞) to be the set of
all distributions over the product space with the associated product σ-algebra.

In [24,10], a characterization of Maximum Entropy distributions quite differ-
ent from the present one was given. It was shown that, under regularity condi-
tions,

= sup
p∗:Ep∗ [T ]=t̃

inf
p

Ep∗ [− log
p(X)
q(X)

] = inf
p

sup
p∗:Ep∗ [T ]=t̃

Ep∗ [− log
p(X)
q(X)

] (18)

where both p and p∗ are understood to be members of P(X ) andHq(p̃) is defined
as in (1). By this result, the MaxEnt setting can be thought of as a game between
Nature, who can choose any p∗ satisfying the constraint, and Statistician, who
only knows that Nature will choose a p∗ satisfying the constraint. Statistician
wants to minimize his worst-case expected logarithmic loss (relative to q), where
the worst-case is over all choices for Nature. It turns out that the minimax
strategy for Statistician in (18) is given by p̃. That is,

p̃ = arg inf
p

sup
p∗:Ep∗ [T ]=t̃

Ep∗ [− log
p(x)
q(x)

]. (19)

This gives a decision-theoretic justification of using MaxEnt probabilities which
seems quite different from our concentration phenomenon. Or is it? Realizing
that in practical situations we deal with empirical constraints of form (4) rather
than (2) we may wonder what distribution p̂ is minimax in the empirical version
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of problem (19). In this version Nature gets to choose an individual sequence
rather than a distribution6. To make this precise, let

Cn = {x(n) ∈ Xn | n−1
n∑
i=1

T (xi) = t̃}. (20)

Then, for n with Cn �= ∅, p̂n (if it exists) is defined by

p̂n := arg inf
p∈P(Xn)

sup
x(n)∈Cn

− log
p(x1, . . . , xn)
q(x1, . . . , xn)

= arg sup
p∈P(Xn)

arg inf
x(n)∈Cn

p(x(n))
q(x(n))

(21)
p̂n can be interpreted in two ways: (1) it is the distribution that assigns ‘maxi-
mum probability’ (relative to q) to all sequences satisfying the constraint; (2) as
− log(p̂(x(n))/q(x(n))) =

∑n
i=1(− log p̂(xi|x1, . . . , xi−1) + log q(xi|x1, . . . , xi−1)),

it is also the p that minimizes cumulative worst-case logarithmic loss relative to
q when used for sequentially predicting x1, . . . , xn.

One immediately verifies that p̂n = qn(· | T (n) = t̃): the solution to the
empirical minimax problem is just the conditioned prior, which we know by
Theorems 1 and 2 is in some sense very close to p̃. However, for no single n,
p̃ is exactly equal to qn(· | T (n) = t̃). Indeed, qn(· | T (n) = t̃) assigns zero
probability to any sequence of length n not satisfying the constraint. This means
that using q in prediction tasks against the logarithmic loss will be problematic if
the constraint only holds approximately (as we will discuss in more detail in the
journal version of this paper) and/or if n is unknown in advance. In the latter
case, it is impossible to use q(· | T (n) = t̃) for prediction without modification.
The reason is that there exist sequences x(n2) of length n2 > n1 satisfying the
constraint such that q(x(n2)|x(n1) ∈ Cn1) = 0. We may guess that in this case
(n not known in advance), the MaxEnt distribution p̃, rather than q(·|T (n) = t̃)
is actually the optimal distribution to use for prediction. The following theorem
shows that this is indeed so:

Theorem 3. Let X be a countable sample space. Assume we are given a con-
straint of form (2) such that T is of the lattice form, and such that Conditions
1 and 2 are satisfied. Let Cn be as in (20). Then the infimum in

inf
p∈P(X∞)

sup
{n : Cn �=∅}

sup
x(n)∈Cn

− 1
n
log

p(x1, . . . , xn)
q(x1, . . . , xn)

(22)

is achieved by the Maximum Entropy distribution p̃, and is equal to Hq(p̃).

Proof. Let C = ∪∞i=1Ci. We need to show that for all n, for all x(n) ∈ C,

Hq(p̃) = − 1
n
log

p̃(x(n))
q(x(n))

= inf
p∈P(X∞)

sup
{n : Cn �=∅}

sup
x(n)∈Cn

− 1
n
log

p(x(n))
q(x(n))

(23)

6 To our knowledge, we are the first to analyze this ‘empirical’ game.
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Equation (23) implies that p̃ reaches the inf in (22) and that the inf is equal
to Hq(p̃). The leftmost equality in (23) is a standard result about exponen-
tial families of form (9); see for example, [11, Proposition 4.1] or [22]. To
prove the rightmost equality in (23), let x(n) ∈ Cn. Consider the conditional
distribution q(· | x(n) ∈ Cn). Note that, for every distribution p0 over Xn,
p0(x(n)) ≤ q(x(n)|x(n) ∈ Cn) for at least one x(n) ∈ Cn. By Theorem 1 (or
rather Corollary 1), for this x(n) we have

− 1
n
log

p0(x(n))
q(x(n))

≥ − 1
n
log

p̃(x(n))
q(x(n))

− k

2n
log n−O(

1
n
),

and we see that for every distribution p0 over X∞,

sup
{n : Cn �=∅}

sup
x(n)∈Cn

− 1
n
log

p0(x(n))
q(x(n))

≥ sup
{n : Cn �=∅}

sup
x(n)∈Cn

− 1
n
log

p̃(x(n))
q(x(n))

,

which shows the rightmost equality in (23).

5.3 Maximum Entropy and Algorithmic Randomness

In the algorithmic theory of randomness, [20], one (broadly speaking) identifies
randomness of individual sequences with incompressibility of such sequences.
In this section we show that a sequence that is ‘random relative to a given
constraint’ is ‘almost’ random with respect to the MaxEnt distribution P̃ for
the constraint. The reader who is not familiar with Martin-Löf randomness is
urged to move on to Theorem 4 which demonstrates the consequences of this
fact for prediction based on MaxEnt distributions.

Throughout this section we assume X to be finite and Q to be uniform, so
maximizing the entropy reduces to the ‘original’ Maximum (Shannon) Entropy
formalism. Let U := ∪∞i=1X i. For x,y ∈ U , K(x|y) will stand for the prefix
Kolmogorov complexity of sequence x conditional on y; K(x) stands for K(x|λ)
where λ is the empty sequence. For a finite set C ⊂ U , K(x|C) is the prefix
complexity of x conditional on x ∈ C. Kolmogorov complexity is defined here
with respect to some fixed universal reference prefix Turing Machine. For precise
definitions of all these concepts, see Section 3.1 and Exercise 2.2.12. of [20].

Theorem. (Theorem 3.6.1 and Corollary 4.5.2 of [20]) An infinite sequence
(x1, x2, . . .) ∈ X∞ is Martin-Löf random with respect to the uniform distribution
iff there exists a constant c such that for all n, K(x1, . . . , xn) ≥ n− c.

Here, we take this characterization of Martin-Löf randomness as basic. We will
extend the notion of randomness to sequences conditional on constraints in an
obvious manner. Let {Cn} be a sequence of constraints, where Cn ⊆ Xn (we
identify constraints with the set of sequences satisfying them). The theorem
above suggests the following definition:

Definition 3. An infinite sequence (x1, x2, . . .) ∈ X∞ is called random with
respect to the sequence of constraints {Cn} (relative to the uniform distribution)
iff there exists a constant c such that for all n with Cn �= ∅, we have K(x(n)|Cn) ≥
log |Cn| − c.
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In our situation, the constraint is of form (20). Because of this simple form and
since X is finite, there exists a fixed-length program that, for each n, when input
〈n,x〉 with x ∈ Xn, outputs 1 iff x ∈ Cn and 0 otherwise. Therefore the definition
reduces to (x1, x2, . . .) is random iff ∃c∀n : Cn �= ∅ ⇒ K(x(n)|n) ≥ log |Cn| − c.

By Theorem 1, if (x1, x2, . . .) is random with respect to the constraints {Cn},
then for all x(n) ∈ Cn,

K(x(n)|n) ≥ log |Cn| −O(1) = − log p̃(x(n))− k

2
log n−O(1). (24)

In words: (see Corollary 4.5.2 of [20]) If (x1, x2, . . .) is random with respect to
the constraints {Cn} (relative to the uniform distribution) then (x1, x2, . . .) is
‘almost’ Martin-Löf random with respect to the maximum entropy distribution
p̃.

Equation 24 suggests that for the overwhelming majority of sequences sat-
isfying the constraint (namely, those that are random with respect to the con-
straint), sequentially predicting outcomes in the sequence on the basis of the
MaxEnt distribution leads to almost optimal results, no matter what loss func-
tion we use. The following theorem shows that this is indeed so. It holds for
general prior distributions Q and is proved in technical report [12]. Consider a
loss function loss : X × ∆ → [0,∞] where ∆ is some space of predictions or
decisions. A prediction (decision) strategy δ∗ is a function δ∗ : ∪∞i=0X i → ∆.
δ∗(x1, . . . , xn) is to be read as ‘the prediction/decision for Xn+1 based on initial
data (x1, . . . , xn)’. We assume
Condition 3. X is finite. loss(x; ·) is continuous in its second argument for all
x ∈ X . ∆ is a compact convex subspace of Rl for some l > 0.

Under this condition, there exists at least one δ attaining inf EP̃ [loss(X; δ)].
Fix any such optimal (under P̃ ) decision and denote it δ̃.

Theorem 4. Suppose that T is of lattice form and suppose Conditions 1, 2 and
3 hold. Then (letting n reach over all numbers such that Q(T (n) = t̃) > 0), for
all decision strategies δ∗, for all ε > 0, there exists a c > 0 such that

Q(
1
n
(

n∑
i=1

loss(xi; δ̃)−
n∑

i=1

loss(xi; δ∗(x1, . . . , xi−1))) > ε | T (n) = t̃) = O(e−cn).

(25)

6 Consequences for Prediction

We summarize the implications of our results for prediction of individual se-
quences based on Maximum Entropy distributions. In this section X is finite
and Q stands for the uniform distribution. Suppose then you have to make pre-
dictions about a sequence (x1, . . . , xn). You know the sequence satisfies the given
constraint (i.e. for some n, x(n) ∈ Cn, with Cn as in (20)), but you do not know
the length n of the sequence in advance. We distinguish between the special case
of the log loss function loss(x; p) = − log p(x) and the general case of arbitrary
(computable) loss functions.
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1. (log loss) The MaxEnt distribution p̃ is worst-case optimal with respect to
log loss, where the worst-case is over all sequences of all lengths satisfying
the constraint. This is a consequence of Theorem 3.

2. (log loss)Whatever sample x(n) ∈ Cn arrives, the average log loss you make
per outcome when you predict outcomes using p̃ is determined in advance and
will be exactly equal to Hq(p̃) = Ep̃[− log p̃(X)]. This is also a consequence
of Theorem 3.

3. (log loss) For the overwhelming majority of sequences satisfying the con-
straint, p̃ will be asymptotically almost optimal with respect to log loss in
the following sense: the excess loss of p̃ over every other prediction strategy
(including strategies depending on past data) is at most a sub-linear func-
tion of n. This is a consequence of Theorem 4. In Example 1, an example of
an exceptional sequence for which p̃ is not optimal would be any sequence
consisting of 50% fours and 50% fives.

4. (general loss) For every regular loss function loss (satisfying Condition
3), predicting using δ̃, (that is, acting as if the sample had been generated
by p̃) leads to almost optimal predictions for the overwhelming majority of
sequences satisfying the constraint, in the following sense: the excess loss of
δ̃ over every other prediction strategy is at most a sub-linear function of n.
This is a consequence of Theorem 4.

We stress that the fact that items (3) and (4) hold for the overwhelming majority
of sequences certainly does not imply that they will hold on actual, real-world
sequences! Often these will exhibit more regularity than the observed constraint,
and then δ̃ is not necessarily optimal any more.

There are two important points we have neglected so far: (1) in practice, the
given constraints will often only hold approximately. (2) the results of this paper
have important implications for Maximum Likelihood and Bayesian prediction
of sequences based on model classes that are exponential families [1]. The reason
is that the Maximum Entropy model for constraint E[T ] = t̃ is the Maximum
Likelihood model for the (exponential family) model class given by (9) for ev-
ery sequence of data x(n) with n−1

∑n
i=1 T (xi) = t̃ (see e.g. [4] or [11]) . The

connection will be further discussed in the journal version of this paper.
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Abstract. Statistical learning theory considers three main problems,
pattern recognition, regression and density estimation. This paper stud-
ies solvability of these problems (mainly concentrating on pattern recog-
nition and density estimation) in the “high-dimensional” case, where the
patterns in the training and test sets are never repeated. We show that,
assuming an i.i.d. data source but without any further assumptions, the
problems of pattern recognition and regression can often be solved (and
there are practically useful algorithms to solve them). On the other hand,
the problem of density estimation, as we formalize it, cannot be solved
under the general i.i.d. assumption, and additional assumptions are re-
quired.

1 Introduction

We consider the following special case of the standard problem of machine learn-
ing: given a training set

Π = ((x1, y1), . . . , (xl, yl)) (1)

consisting of labelled instances (xi, yi) and given a test unlabelled instance xl+1,
predict xl+1’s label yl+1. (This is a special case because we assume that there is
only one test instance.) It is assumed that every labelled instance (xi, yi), i =
1, . . . , l+1, is generated by some unknown probability distribution P (one and the
same for all instances) independently of other instances; we will call this the i.i.d.
assumption (and we will say general i.i.d. assumption to emphasize that no other
assumptions are made). Sometimes we will say that xi are patterns; a typical
example is where xi are hand-written digits and yi are their classifications, yi ∈
{0, 1, . . . , 9}. Let X be the set of all possible patterns and Y be the set of all
possible labels; therefore, P is a probability distribution in X×Y.

According to Vapnik [10] there are three main problems of statistical learning
theory:

– pattern recognition (or classification), in which the label space Y is finite
(and usually quite small, such as {0, 1});

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 337–353, 2001.
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– regression, where Y = IR is the real line;
– density estimation, where the task is not just to predict yl+1 but to give a

probability distribution for different values of yl+1.

The goal of this paper is to draw a first rough boundary between what can
and what cannot be done under the general i.i.d. assumption. It turns out that
the first two problems can be solved (this is well known) but the third problem
cannot (in non-trivial cases).

As usual, the positive results (solvability of pattern recognition and regres-
sion problems) do not require any general theory; however, to state the negative
result (impossibility of density estimation) in the most natural way we will use
the algorithmic notion of randomness (for details, see [5] and Section 2)1. The
algorithmic theory of randomness asserts that there is a universal statistical test
for checking whether a given data sequence can be generated by a given proba-
bility distribution; and a sequence (z1, . . . , zn) (in the case that interests us every
zi is a labelled instance, zi = (xi, yi) ∈ Z := X×Y) is said to be random w.r. to
a probability distribution P if the universal test does not detect disagreement
between (z1, . . . , zn) and P . We say that a sequence is i.i.d. random (or just
random) if it is random w.r. to some product distribution Pn. More accurately,
for finite sequences ω the crisp notion of randomness has to be replaced by a
function dP (ω), called randomness level, measuring the degree to which ω is ran-
dom w.r. to P : dP (ω) = 1 means complete randomness and dP (ω) = 0 means
complete lack of randomness; here P is either a probability distribution in Zn

(where n is the length of ω) or a probability distribution in Z (in which case
dP (ω) is defined to be the same as dPn(ω)). These definitions are also applicable
to “partial” data sequences such as (Π,xl+1) (where the classification of the last
instance is not given).

Let X and Y be random variables taking values in X and Y respectively
such that (X,Y ) is distributed as P . If Y is finite, we will often use P (y | x),
where x ∈ X and y ∈ Y, as the shorthand for the probability that Y = y given
X = x.

In this paper we are mainly interested in the case Y = {0, 1}. Our informal
statement of the problems of pattern recognition and density estimation is as
follows. Suppose the training set Π is i.i.d. random; consider all probability
distributions P in Z such that the training set Π is δ-random w.r. to P :

Rand(Π,xl+1, δ) := {P : dP (Π,xl+1) > δ} . (2)

Typically δ is a conventional threshold, such as 1%, and Rand(Π,xl+1, δ) is
the set of all probability distributions that can generate Π and xl+1 (all other
distributions are rejected by the universal statistical test at the level δ). Consider
the interval

[a, b] := [inf P (1 | xl+1) , supP (1 | xl+1)] , (3)
1 In principle, it is possible to understand the main result of this paper without algo-
rithmic randomness: the reader can proceed directly to Corollary 1 in Appendix B,
and read only the definitions of notions used there.
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where P ranges over Rand(Π,xl+1, δ). The problem of pattern recognition is
feasible for the training set Π, test pattern xl+1 and significance level δ if

– either b is close to 0, in which case we can confidently predict yl+1 = 0
(all probability distributions P compatible with the training set agree that
P (1 | xl+1) is close to 0),

– or a is close to 1, in which case we can confidently predict yl+1 = 1 (all
probability distributions P compatible with the training set agree that P (1 |
xl+1) is close to 1).

The problem of density estimation is feasible if a and b are close to each other,
i.e., all probability distributions P compatible with the training set have similar
P (1 | xl+1).
Remark 1. The term “density” is most often applied to densities w.r. to the
Lebesgue measure. We consider, instead, densities with respect to counting mea-
sures, such as the counting measure µ on the set {0, 1} (recall that µ{0} =
µ{1} = 1). This is sufficient for our purpose of demonstrating impossibility of
density estimation: it is clear that we cannot hope to be able to estimate den-
sities w.r. to the Lebesgue measure if we cannot do the much simpler task of
estimating densities w.r. to counting measures.

In this paper we are interested in the “high-dimensional” case, where, in
particular, the same pattern never occurs twice among the given patterns
x1, . . . , xl+1 (for example, in a data set of gray-scale 16 × 16 handwritten dig-
its, we do not expect two images to be precise copies of each other). Of course,
the training set will usually contain patterns similar, in some sense, to the test
pattern, and a natural idea would be to use these similar patterns to estimate
the probability that the classification of the test pattern is 1. However, since
i.i.d. is our only assumption, similarity of patterns does not imply at all that
classifications are likely to coincide or be close in any sense. It might even seem
surprising that pattern recognition is possible for real-world high-dimensional
data sets under the general i.i.d. assumption. This is, however, demonstrated
in [8], and can also be seen from older results of PAC theory, such as Littlestone
and Warmuth’s Theorem 4.25 (and its corollary Theorem 6.8) in [2]. The latter
asserts that

b ≤ 1
l − d

(
d ln

el

d
+ ln

l

δ

)
(4)

if Support Vector Machine (see Vapnik [11]) predicts 0 with d support vectors,
and

a ≥ 1− 1
l − d

(
d ln

el

d
+ ln

l

δ

)
(5)

if SVM predicts 1 with d support vectors (this is true for a specific statistical test,
but will be true for the universal test if δ is replaced with δ/c for some constant
c). Littlestone and Warmuth’s result can be generalized to regression problems
as well: see, e.g., [6] and [2] (Theorems 4.26, 4.28 and 4.30). The results of [8]
are stated in a different framework, but in Section 3 we establish connections
between the two frameworks.
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Remark 2. Our only use of the requirement that the data set is “high-
dimensional” is that we do not expect repeated patterns in it. Actually the
latter condition will often be satisfied in low-dimensional cases as well: e.g., if xi
are real numbers generated according to a continuous distribution. Therefore, in
the rest of the paper we will use a more neutral expression, “diverse data set”.

The main result of this paper is that, for a diverse data set and under the
general i.i.d. assumption, density estimation is feasible only in the trivial case
where already pattern recognition is feasible: if the interval [a, b] is non-empty,
a slight increase in δ will make it contain 0 or 1. (In the algorithmic theory
of randomness, δ matters only to within a constant factor, so a slight increase
corresponds to multiplying by a universal constant c.) Therefore, non-trivial
density estimation, where [a, b] ⊆ (0, 1), can only be possible for a narrow range
of δ. (And analysis of the proof will show that one cannot hope to get [a, b] ⊆
(0, 1) even for a narrow range of δ in non-pathological cases: see Corollary 1 on
p. 353.) These results elaborate on a remark in [13].

Remark 3. Since we consider diverse data sets, standard statistical techniques
such as the Glivenko–Cantelli theorem (see, e.g., Vapnik [11], Theorem 1.1 on
p. 42) are not applicable in this context. The Glivenko–Cantelli theorem consid-
ers the case where xi are absent and yi take values in IR; it is equivalent and
will be more convenient for us to assume that all xi are equal to some predefined
“null” element of X. Therefore, our main assumption, that all xi’s are different,
is violated; the Glivenko–Cantelli situation is opposite: all xi coincide. When all
xi coincide and Y is finite, density estimation is also simple: we can estimate
P{Y = y |X = xl+1} = P{Y = y} by the relative frequency of the classification
y in the training set (see, e.g., [3]). Extending the Glivenko–Cantelli theorem in
the Vapnik–Chervonenkis direction (Vapnik [11], Theorem 4.5 on p. 149) does
not help either: since we are interested in estimating conditional probability
given X = xl+1, the corresponding VC dimension will be infinite or too big to
give non-trivial accuracy of estimation.

2 Mathematical Background

We will use the algorithmic notion of randomness only in the case where Y =
{0, 1} and X is a finite set. Our statements are applied to different finite sets X
which are supposed to be subsets of some countable setW (big enough to contain
all objects of interest to us; e.g., W might be the set of all finite sequences of
ASCII symbols). We assume that W is a “constructive space”, in the sense that
all its elements have individual names. Each finite X ⊂ W can be effectively
given by listing all its elements; we assume that such a description of X is given
as an input to all algorithms we are going to consider.

Let Z := X×Y; denote the set of all probability distributions in a measurable
space A as P(A). Notice that P(A) is a finite-dimensional space when A is finite
(e.g., when A = Zn). The following are standard definitions of the algorithmic
theory of randomness. A real-valued function f(u) is called semicomputable from
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above (resp. from below) if there exists a computable function F (i, u), i ranging
over the positive integers, such that:

– for all i and u, F (i, u) ≥ F (i+ 1, u) (resp. F (i, u) ≤ F (i+ 1, u)),
– for all u, f(u) = limi→∞ F (i, u).

A function t : ∪n(Zn × P(Zn)) ×W → [0, 1] is called a conditional statistical
test if, for any n, P ∈ P(Zn), w ∈W and γ ∈ [0, 1]:

P{ω = (z1, . . . , zn) : t(ω, P,w) ≤ γ} ≤ γ.

(It is conventional in the algorithmic theory of randomness to give this definition
“on the log-scale”, in terms of − log t.) Similarly, a statistical test (unconditional)
can be defined as a function t : ∪n(Zn × P(Zn)) → [0, 1] such that, for any n,
P ∈ P(Zn) and γ ∈ [0, 1]:

P{ω ∈ Zn : t(ω, P ) ≤ γ} ≤ γ (6)

(in principle, this notion is superfluous, since we can use conditional tests with
a fixed condition).

A conditional statistical test d is called a universal conditional statistical test
if it is semicomputable from above and, for any other semicomputable from above
conditional statistical test t, there exists a constant c > 0 such that d(ω, P,w) ≤
ct(ω, P,w) for any n, ω ∈ Zn, P ∈ P(Zn) and w ∈W. A universal conditional
test exists by a theorem due to Kolmogorov and Martin-Löf [15,14]. We fix a
universal conditional test d and call dP (ω | w) := d(ω, P,w) the randomness
level of ω w.r. to P when w is known. We also fix some element w0 ∈ W (the
“null” element) and call dP (ω) := dP (ω | w0) the (unconditional) randomness
level of ω w.r. to P . We will usually give our definitions for unconditional level,
although sometimes they will be used in the conditional case as well. Notation
such as dPn(ω) will be sometimes simplified to dP (ω); we will also write tP (ω)
for arbitrary statistical tests (not necessarily universal).

If Q is a family of probability distributions in Zn, we define the randomness
level of ω ∈ Zn w.r. to Q as the supremum

dQ(ω) := sup
P∈Q

dP (ω)

(ω is considered random w.r. to a family if it is random w.r. to at least one
distribution in the family). According to Levin’s theorem, when Q ranges over
(constructively) closed families (possibly with different n), dQ(ω) is semicom-
putable from above and is valid in the sense that always

sup
P∈Q

P {ω : dQ(ω) ≤ γ} ≤ γ;

moreover, it is the minimal, up to a constant factor, function satisfying these
properties.
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If Π is the training set (1), xl+1 is a test pattern and P ∈ P(Z), we define
the randomness level of Π extended by adding the test pattern as the supremum
over all possible classifications of the test pattern:

dP (Π,xl+1) := sup
y∈Y

dP (Π, (xl+1, y)).

Analogously to Levin’s theorem, thus defined function d on the extended se-
quences in Zl ×X, l = 1, 2, . . ., is, up to a constant factor, the minimal upper
semicomputable function such that the probability of the event dP (Π,xl+1) ≤ γ
never exceeds γ, provided the data items (xi, yi) are generated from P indepen-
dently. We will also be using the notation dQ(Π,xl+1) for supP∈Q dP (Π,xl+1)
(we refrain from restating this definition).

We will be especially interested in the randomness level with respect to the
family Q of all probability distributions Pn in Zn, P ∈ P(Z); in this case we
will write diid(·) instead of dQ(·).

3 Pattern Recognition

As we saw in the introductory section (see p. 339), the problem of pattern
recognition is sometimes (when the number of support vectors is small) solvable
in the diverse case. In principle, this answers the main question of this paper for
pattern recognition, and so this section is to some degree an aside. However, one
feature of the solution offered by PAC theory is so worrying that it deserves to
be discussed at length.

This worrying feature of PAC theory is the looseness of the bounds it es-
tablishes. Littlestone and Warmuth’s bound stated in Section 1 is one of the
tightest, but even it usually does not give practically meaningful results. E.g.,
for the US Postal Service database (described in [11], Section 12.2), the error
bound for one out of ten classifiers is something like

1
l − d

(
d ln

el

d
+ ln

l

δ

)
≈ 1

7291− 274
274 ln

7291e
274

≈ 0.17,

even if we ignore the term ln l
δ (274 is the average number of support vectors

for polynomials of degree 3, which give the best predictive performance; see Ta-
ble 12.2 in [11]). Since there are ten classifiers, the bound on the total probability
of mistake becomes 1.7, which is not useful. Even if Littlestone and Warmuth’s
result were applicable to multi-class classifiers, we would still obtain

1
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7291− 1677
1677 ln
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≈ 0.74

(1677 is the total number of support vectors for all ten classifiers for polynomial
kernels; see [11], Table 12.5), not much better than the trivial bound 1. Other
standard theorems known to us give even worse results (see, e.g., [2]).
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Of course, there are practically useful algorithms for pattern recognition: e.g.,
Vapnik ([11], Section 12.2) describes algorithms achieving an error rate close to
3% for the USPS data set. The problem with such algorithms is that they produce
“bare predictions”: at the moment of making a prediction one does not know
anything about its accuracy. The purpose of bounds such as (4) and (5) is to
complement a bare prediction for yl+1 with some measure of confidence: e.g., if
the right-hand side of (5) is 95%, the probability that yl+1 = 1 is at least 95%
(assuming an event of probability δ did not happen). As we saw, the solution
offered by PAC bounds, while theoretically elegant, is unlikely to be practically
useful.

Papers [4,8,13,9,6,7] report practically meaningful results (see below) for pat-
tern recognition and regression with confidence. To distinguish the approach of
those papers from other approaches (such as PAC and Bayesian) we will call it
the “randomness approach”; the attribute “randomness” will similarly be used to
indicate that the concept belongs to the randomness approach. The randomness
approach has two varieties of results: “universal” randomness results (involv-
ing the universal statistical test) and “specific” randomness results (involving
specific non-universal statistical tests).

The specific randomness approach is very simple and in the spirit of the
classical nonparametric statistics (for a discussion of simple parametric cases,
see [1], Section 7.5), in contrast to the sophisticated PAC techniques. Its main
idea, in the case of pattern recognition, is as follows: a prediction ŷl+1 for yl+1
is considered to be reliable if the alternative classifications yl+1 �= ŷl+1 are
excluded by some statistical test, which is required to be valid (i.e., is required to
satisfy (6)) under any i.i.d. distribution. (In the universal randomness approach,
this statistical test is the universal test.) “Excluded” means that the statistical
test takes value less than some threshold; we will take 1% as the threshold. As
the validity condition (6) (with γ = 0.01) shows, it is possible that the true
classification will be excluded, but the probability of this does not exceed 1%.

The recent paper [7] constructs a statistical test based on the Nearest Neigh-
bours procedure which, for the USPS data set mentioned above, gives reliable
predictions for 95% of the test examples (see Table 1 in [7]). In other words, in
95% of all test examples we can exclude all classifications but one at the sig-
nificance level 1%; using the terminology introduced in [4,8,13], we can also say
that in 95% of cases the confidence of our prediction is 99% or more. The use of
a statistical test based on the Nearest Neighbours is not essential here; similar
results can be obtained using, e.g., Support Vector Machine as the underlying
algorithm.

We can see that the randomness framework used in [4,8,13,9,6,7] is different
from that of this paper (see Section 1). However, the following simple theorem
shows that there is a close connection (we are again assuming Y = {0, 1}): if
yl+1 = 1 leads to a low randomness level, P (1 | xl+1) is low, and vice versa (we
state this only for the label 1; the statement for 0 is symmetrical).

Theorem 1. Let Π be a training set of size l and xl+1 be a test pattern. There
exists a constant c > 0 such that:
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– For any constant ε > 0 and probability distribution P ∈ P(Z),

dP (Π, (xl+1, 1) | ε) ≤ ε =⇒ P (1 | xl+1) ≤ cε

dP (Π,xl+1 | ε) . (7)

– For any constant ε > 0 and probability distribution P ∈ P(Z),

P (1 | xl+1) ≤ ε =⇒ dP (Π, (xl+1, 1) | ε) ≤ cεdP (Π,xl+1 | ε). (8)

Proof. Equation (7) can be rewritten as

dP (Π, (xl+1, 1) | ε) ≤ ε =⇒ dP (Π,xl+1 | ε) ≤ cε/P (1 | xl+1);
therefore, it is sufficient to show that the function equal to ε/P (1 | xl+1) if
dP (Π, (xl+1, 1) | ε) ≤ ε and to 1 otherwise is a statistical test. Its semicom-
putability from above obviously follows from semicomputability from above of
dP (Π, (xl+1, 1) | ε); the validity follows from

P {(Π,xl+1) : dP (Π, (xl+1, 1) | ε) ≤ ε& ε/P (1 | xl+1) ≤ γ} ≤ γ.

Equation (8) follows from the fact that the function equal to εdP (Π,xl+1 | ε)
if P (1 | xl+1) ≤ ε and yl+1 = 1 and equal to 1 otherwise is a statistical test in
Zl+1. ��

Let us see what this theorem means in practice. First we need to restate the
theorem in terms of specific tests. Its proof shows that for any statistical test t
(we will take as t essentially the statistical test constructed in [7]) there exists a
statistical test T such that we have the analogue of (7) with c = 1:

tP (Π, (xl+1, 1) | ε) ≤ ε =⇒ P (1 | xl+1) ≤ ε

TP (Π,xl+1 | ε) ;

analogously,

tP (Π, (xl+1, 0) | ε) ≤ ε =⇒ P (0 | xl+1) ≤ ε

TP (Π,xl+1 | ε) .

This can be easily extended to more than 2 labels. Let us take ε = 0.01 and
the test (which does not depend on P and ε at all) constructed in [7] as t(ω) =
tP (ω | w). As we already mentioned, for the 95% of the USPS test examples we
have

t(Π, (xl+1, j)) ≤ 0.01

for all j ∈ {0, . . . , 9} but one (this only j will be denoted ŷl+1). The multi-class
extension of Theorem 1 shows that for any probability distribution satisfying

TP (Π,xl+1 | 0.01) > 0.1

(this will hold with probability 90% or more if P is the true distribution gener-
ating the data) we will have

P (yl+1 �= ŷl+1 | xl+1) < 0.01/0.1 = 0.1.
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We can see that the P -probability of mistake will be bounded by 0.1 (unless an
event of probability 0.1 happens); not an impressive result for such a clean data
set as USPS, but still much better than 1.7 found above.

Our interpretation of the calculation in the previous paragraph is that PAC’s
approach of bounding the probability of error for typical training sets might be
too ambitious for practical problems. We believe that reporting confidence and
credibility (as defined in [8] and [13]) is usually much more informative.

Remark 4. At the beginning of this section we discussed the weakness, from the
practical point of view, of the error bound in Littlestone and Warmuth’s theorem.
In this remark we will briefly discuss similar weaknesses of other results of PAC
theory and statistical learning theory. The confidence measures provided by the
randomness approach can always be extracted from the given data set alone.
This is also true about Littlestone and Warmuth’s theorem and most results
reported in [2], but not true about many other well-known results. For example,
Theorem 10.7 in [11] (p. 415) gives the error bound

ER(αl) ≤
Emin

(
Kl+1,

(
Dl+1
ρl+1

)2)

l + 1
;

this bound might be tighter than that in Littlestone and Warmuth’s theorem,
but there is no way to see from the data set (Π,xl+1) at hand what the expected
value in the right-hand side is going to be. All other theorems in [11] and [12]
giving error bounds for the Support Vector Machine are of this type. Another
common problem preventing one from evaluating theoretical error bounds is us-
ing unspecified constants and imposing conditions on the underlying probability
distribution that are impossible to verify given only the data set (Π,xl+1) (see [2]
for numerous examples).

4 Density Estimation

The following theorem shows that non-trivial estimates of P (1 |xl+1) are impos-
sible: there will always exist a probability distribution under which (Π,xl+1) is
as random as under any other distribution (dP (Π,xl+1) ≥ diid(Π,xl+1)/c) and
for which P (1 | xl+1) is trivial (0 or 1).

Theorem 2. There exists a constant c > 0 which satisfies the following. If Π
is a training set without repeating patterns and xl+1 is a test pattern different
from all training patterns, there exists a probability distribution P ∈ P(Z) such
that

dP (Π,xl+1) ≥ diid(Π,xl+1)/c & P (1 | xl+1) ∈ {0, 1}.

Proof sketch Let Q be a probability distribution in Z such that (Π,xl+1) is
random w.r. to Q. We represent the distribution Q as a mixture of the dis-
tributions P which are “simple” for Q (in the sense that that the marginal
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distributions in X for P and Q coincide and P (1 | x) is always 0 or 1). In-
tuitively, our construction corresponds to the following picture: to generate a
sample (x1, y1), . . . , (xl+1, yl+1) (assuming no two xi coincide) according to the
distribution Q, we can first choose randomly f : X → {0, 1} according to the
conditional distributions of Q (i.e., we set f(x) := 1 with probability Q(1 | x),
independently for all x ∈ X), and then compute yi = f(xi) from xi generated
from the marginal distribution of Q. With every such f we associate the distri-
bution P with the same marginal as Q and with P (1 | x) = f(x) for all x ∈ X.
The randomness of (Π,xl+1) w.r. to Q then implies the randomness of (Π,xl+1)
w.r. to one of the simple P . There are some technical complications connected
with the fact that this argument only works for the samples where xi are not
repeated, whereas randomness tests have to be defined for all samples. For de-
tails, see Appendix A. ��

In the previous section we discussed practical implications of Theorem 1.
Since Theorem 2 is a negative result, we cannot discuss its practical implication
at the same level of concreteness. It shows, however, that attempts to design
general density estimation algorithms are doomed unless the patterns are at
least occasionally repeated (the extreme case being Glivenko–Cantelli) or we
have some prior information about the density P (j | xl+1) (say, a smooth, in
some sense, dependence on xl+1).

As usual for “universal” results (i.e., results using the universal randomness
test), Theorem 2 involves an undefined constant, c. This makes its direct appli-
cation problematic: imagine that, say, c = 100. The proof of Theorem 2 shows,
however, that, roughly speaking, c can be taken equal to 1. For details, see
Appendix B (especially Corollary 1 on p. 353).

5 Regression

The main subjects of this paper are pattern recognition and density estimation,
but in this section we briefly discuss regression, stating an analogue of Theorem 1.
Because of the looseness of PAC bounds, we will again deduce the feasibility
of regression for diverse data sets from the existence of randomness regression
procedures that work in the diverse case; our main reference in this section will be
the recent paper [6]. (Besides their looseness, the PAC results tend to make extra
assumptions about the i.i.d. distribution generating the data: e.g., all theorems
in Section 4.5 “Generalization for Regression” of [2] assume the boundedness of
support for the generating distribution. Such assumptions cannot be verified by
looking at the data set; cf. Remark 4 above.)

Let F be a region estimator, in the sense that F is a function defined on the
sequences

(Π,xl+1) = ((x1, y1), . . . , (xl, yl), xl+1) ∈ (X×Y)l ×X,
for all l = 1, 2, . . ., which takes values in the Borel subsets of the real line:

F (Π,xl+1) ⊆ IR.
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We have two natural measures of quality of region estimators. First we can
say that a region estimator F is (ε, δ)-valid, where ε and δ are (small) pos-
itive constants, if, for any l, any Π (as per (1)), any xl+1 ∈ X and any
P ∈ Rand(Π,xl+1, δ) (see (2)),

P (F (Π,xl+1)) ≥ 1− ε.

This is the notion we are interested in in this paper. The usual randomness
definition (used in [6]) is, however, as follows: we say that F is a (1− ε)-region
estimator, where ε is a (small) positive constant, if, for any l and any P ∈ P(Z),

P l+1 {(Π,xl+1, yl+1) : yl+1 ∈ F (Π,xl+1)} ≥ 1− ε

(Π is defined by (1)).
Paper [6] constructs (1 − ε)-region estimators that work well for artificial

and standard benchmark data sets in the situation where the patterns xi are
never repeated. Therefore, to demonstrate the feasibility of regression in the
framework of this paper ((ε, δ)-validity), we only need to establish the connection
between these two notions of quality for region estimators. The following theorem
establishes this connection in the needed direction. Since we defined randomness
level only in the case Y = {0, 1}, we state it as a theorem of existence of a
statistical test; notice that we do not require Y = IR.

Theorem 3. There exists a conditional statistical test t which satisfies the fol-
lowing. For any ε > 0, any (1− ε)-region estimator F , any l, any training set Π
of size l, any test pattern xl+1, and any probability distribution P ∈ P(Z),

P (F (Π,xl+1) | xl+1) ≥ 1− ε

tP (Π,xl+1 | ε) . (9)

Proof. The inequality in (9) can be rewritten as

P (F c(Π,xl+1) | xl+1) ≤ ε

tP (Π,xl+1 | ε)
(Ec stands for the complement of E) and, therefore, as

tP (Π,xl+1 | ε) ≤ ε

P (F c(Π,xl+1) | xl+1) .

We can see that it is sufficient to show that the function in the right-hand side
of this inequality is a statistical test:

P

{
ε

P (F c(Π,xl+1) | xl+1) ≤ γ

}
≤ γ.

If this inequality were violated,

P

{
P (F c(Π,xl+1) | xl+1) ≥ ε

γ

}
> γ,
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we would have

P l+1 {(Π,xl+1, yl+1) : yl+1 /∈ F (Π,xl+1)} > ε,

which contradicts F being a (1− ε)-region estimator. ��
The notion of (ε, δ)-validity of region estimators can be adapted to non-

universal tests: “(ε, δ)-valid w.r. to a statistical test t” is defined in the same way
as “(ε, δ)-valid” but using t instead of the randomness level d. Theorem 3 shows
that if ε and δ are fixed positive constant and F is a (1− ε)-region estimator, it
will be an (ε/δ, δ)-valid w.r. to t(· | ε) region estimator. In particular, it will be
a (
√
ε,
√
ε)-valid region estimator.

Remark 5. The problem of regression, as understood in this section, is to predict
yl+1 ∈ IR (giving, e.g., a predictive region F (Π,xl+1), hopefully containing yl+1).
There is another understanding of the problem of regression, however. According
to Vapnik [11] (p. 26), the problem of regression estimation is to estimate the
regression function

r(x) := E(Y |X = x),

which maps x ∈ X to the expected value (w.r. to the true distribution P gener-
ating the pairs (xi, yi)) of Y conditional on X = x; in our current context, the
problem of regression estimation is to estimate the value r(xl+1) of the regression
function at the test pattern. We can see that the problem of regression estima-
tion is simpler than the problem of density estimation (where we are required
to estimate the full conditional distribution of Y given X = xl+1 rather than
its mean value). However, in the special case Y = {0, 1} considered in Section 4
the difference disappears; therefore, our results show that the problem of density
estimation is infeasible in the diverse case even for binary yi, unless r(xl+1) is
close to 0 or 1.

6 Open Problems

The following are open problems naturally arising from the results of this paper:

– Prove impossibility of density estimation in the case where the training set
can contain repeating patterns but there are no patterns identical to the test
one.

– It is clear that density estimation is possible when the training set contains
many patterns identical to the test one (cf. Remark 3 above). It would be
interesting to prove a general result containing this positive result and The-
orem 2 as special cases.

– As discussed in Section 3, it is important (if possible) to find practically
meaningful PAC error bounds for diverse data sets (ideally, approaching the
quality of the measures of confidence offered by the randomness approach).
This might require abandoning the most appealing feature of the usual PAC
bounds: logarithmic dependence on δ (as in (4) and (5)).
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7 Conclusion

In this paper we argued that, in the “diverse” case where the patterns xi are
never repeated in the given data set:

– The problems of pattern recognition and regression can be feasible (more-
over, they are often feasible in practice).

– The problem of density estimation is never feasible even in the case Y =
{0, 1} (see Section 4 and Corollary 1).
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Appendix A. Proof of Theorem 2

First we give several definitions. Any probability distribution P in Z := X×Y
(remember that Y = {0, 1}) defines a probability distribution mP in the set X
and a function fP : X→ [0, 1] in the following way: for any E ⊆ X,

mP (E) := P{(x, y) : x ∈ E, y ∈ Y}

(i.e., mP is the marginal distribution of P ) and

fP (x) := P (1 | x) :=
P{(x, 1)}

P{(x, 0)}+ P{(x, 1)}
(i.e., fP (x) is the conditional probability that Y = 1 given X = x; when
P{(x, 0)}+ P{(x, 1)} = 0, we can set, for example, fP (x) := 1/2).

Conversely, any probability distribution m in X and function f : X→ [0, 1]
define a probability distribution Pm,f in Z with the marginal distribution m and
the conditional probabilities f :

mPm,f
= m, m{x} �= 0 =⇒ fPm,f

(x) = f(x).

Consider any probability distribution P in Z. We will say that a probability
distribution R in Z is simple for P if mR = mP and fR(x) ∈ {0, 1} for any
x ∈ X such that mR{x} > 0. We say that R is simple if it is simple for some P
(i.e., if fR(x) ∈ {0, 1} for any x ∈ X such that mR{x} > 0).

For any n = 1, 2, . . ., define

Zn := {((x1, y1), . . . , (xn, yn)) ∈ Zn : ∀i, j : xi = xj ⇒ yi = yj}

(in particular, all data sequences with no repeated patterns are in Zn).
For any probability distribution P in Z we define a measure (not necessarily

a probability distribution) Pn on Zn as the restriction of Pn to Zn:

Pn{ω} :=
{
Pn{ω} if ω ∈ Zn,

0 otherwise.
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Notice that for a simple R ∈ P(Z) we always have Rn = Rn. More generally, for
any P ∈ P(Zn) we define P to be the restriction of P to Zn.

We will derive the statement of the theorem from the following lemma.

Lemma 1. There exists a constant c > 0 such that for any n, any ω ∈ Zn and
any probability distribution P ∈ P(Z), there exists another probability distribu-
tion R ∈ P(Z) which is simple for P and satisfies

dR(ω) ≥ dP (ω)/c.

To prove this result, we need another two lemmas. In the first of these, we use
randomness level w.r. to a measure which is not necessarily a probability distri-
bution; this generalized definition is analogous to the definition for probability
distributions.

Lemma 2. There exists a constant c > 0 such that, for any n, ω ∈ Zn and
P ∈ P(Z),

dPn(ω) ≥ dPn(ω)/c.

Proof. We will prove the statement of the lemma for all Q ∈ P(Zn), not just
for the powers Pn. Define tQ(ω) = dQ(ω) if ω ∈ Zn and tQ(ω) = 1 otherwise. It
is easy to check that t is a statistical test, and by the definition of the universal
test we have, for ω ∈ Zn,

dQ(ω) = tQ(ω) ≥ dQ(ω)/c. ��

Lemma 3. For any n, ω ∈ Zn and P ∈ P(Z),

Pn(ω) =
∑

g:X→{0,1}
PnmP ,g(ω)πP (g),

where

πP (g) =
∏
x∈X

fP (x)[g(x)] and a[b] =
{

a if b = 1,
1− a if b = 0.

Notice that
∑
g:X→{0,1} πP (g) = 1.

Proof. Let ω = ((x1, y1), . . . , (xn, yn)); without loss of generality we assume
ω ∈ Zn. We have

PnmP ,g(ω) =mP (x1) . . .mP (xn)y
[g(x1)]
1 . . . y[g(xn)]

n ;

therefore,
∑
g

PnmP ,g(ω)πP (g) =mP (x1) . . .mP (xn)
∑
g

y
[g(x1)]
1 . . . y[g(xn)]

n

∏
x∈X

fP (x)[g(x)]

=mP (x1) . . .mP (xn)
∑

g:g(xi)=yi,∀i

∏
x∈X

fP (x)[g(x)] =mP (x1) . . .mP (xn)
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×

 ∑
g:X\{x1,...,xn}→{0,1}

∏
x∈X\{x1,...,xn}

fP (x)[g(x)]
n∏
i=1

fP (xi)[yi]




=mP (x1) . . .mP (xn)
n∏
i=1

fP (xi)[yi] = Pn(ω). ��

We will derive the statement of Lemma 1 from Lemmas 2 and 3.

Proof of Lemma 1. Define

tPn(ω) = sup
R is simple for P

dRn(ω). (10)

We will show that this function is a statistical test in the following sense: the
validity condition (6) is satisfied for measures of the form Pn and t is semicom-
putable from above inside its domain. First notice that it satisfies the condition

Rn{ω = (z1, . . . , zn) : tPn(ω) ≤ γ} ≤ γ

for any R which is simple for P . Using Lemma 3, we obtain that it also satisfies
the required validity condition

Pn{ω = (z1, . . . , zn) : tPn(ω) ≤ γ} ≤ γ,

since Pn is a mixture of Rn. Semicomputability from above follows from the
fact that for fixed Pn and ω the supremum in (10) involves only finitely many
R. It can be shown (a simple argument omitted) that tPn can be extended to a
statistical test tQ (where Q are not necessarily of the form Pn).

Hence, tPn(ω) ≥ dPn(ω)/c1 for some constant c1 > 0, and there exists such
R (on which the supremum is reached) that

dRn(ω) = dRn(ω) ≥ dPn(ω)/c1,

and, by Lemma 2, we have

dPn(ω) ≥ dPn(ω)/c2. ��
The statement of the theorem can be easily derived from Lemma 1. Indeed,
there exists a measure P ∈ P(Z) such that dP (Π,xl+1) = diid(Π,xl+1); without
loss of generality we assume diid(Π,xl+1) > 0. Then by Lemma 1 there exists
a measure R which is simple for P and such that dR(Π,xl+1) ≥ diid(Π,xl+1)/c
for some constant c > 0. Because the distribution R is simple for P , we have
R(1 | xl+1) ∈ {0, 1} (the case mP {xl+1} = 0 is excluded by diid(Π,xl+1) > 0).

Appendix B. Specific form of Theorem 2

In this appendix we will see that the following specific (i.e., not involving the
universal test) version of Theorem 2 holds.
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Theorem 4. For any statistical test t there exists a statistical test T such that
the following holds. If Π is a training set without repeating patterns and xl+1
is a test pattern different from all training patterns, then for any probability
distribution P ∈ P(Z) there exists a probability distribution R ∈ P(Z) which is
simple for P and satisfies

tR(Π,xl+1) ≥ TP (Π,xl+1).

The proof immediately follows from the following specific version of Lemma 1.

Lemma 4. For any statistical test t there exists a statistical test T such that
the following holds. For any n, any ω ∈ Zn and any probability distribution
P ∈ P(Z), there exists a probability distribution R ∈ P(Z) which is simple for
P and satisfies

tR(ω) ≥ TP (ω).

Proof. This proof follows the proof of Lemma 1. Define

t′
Pn(ω) = sup

R is simple for P
tRn(ω).

We already know that this is a statistical test (the universality of d was not
used in the proof of Lemma 1). There exists such R (on which the supremum is
reached) that

tRn(ω) = tRn(ω) = t′
Pn(ω).

It remains to define TP (ω) as t′p(ω) if ω ∈ Zn and as 1 otherwise. ��
To see the relevance of Theorem 4 to the practical problem of density esti-

mation, define (analogously to (2))

Randt(Π,xl+1, δ) := {P : tP (Π,xl+1) > δ} ,
where t is any (not necessarily the universal) statistical test; this is the set of
probability distributions that the statistical test t deems compatible with the
data set (Π,xl+1). We also define

DEt(Π,xl+1, δ) :=

[
inf

P∈Randt(Π,xl+1,δ)
P (1 | xl+1), sup

P∈Randt(Π,xl+1,δ)
P (1 | xl+1)

]

(set to ∅ if Randt(Π,xl+1, δ) = ∅); this is the interval (denoted [a, b] in Sec-
tion 1) for possible values of the conditional probability that yl+1 = 1. One
performs non-trivial density estimation when DEt(Π,xl+1, δ) is an interval that
does not contain 0 and 1. Theorem 4 shows that non-trivial density estimation
is impossible, in the following sense.

Corollary 1. For any statistical test t there exists a statistical test T such that
the following holds. If Π is a training set without repeating patterns and xl+1 is
a test pattern different from all training patterns, then

DEt(Π,xl+1, δ) ⊆ (0, 1) =⇒ DET (Π,xl+1, δ) = ∅.
Therefore, we can do non-trivial density estimation at significance level δ only
in trivial cases where all i.i.d. distributions can be excluded at the level δ.
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José L. Balcázar1, Jorge Castro1, and David Guijarro2��

1 Dept. LSI, Universitat Politècnica de Catalunya,
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Abstract. We introduce a new combinatorial dimension that gives a
good approximation of the number of queries needed to learn in the exact
learning model, no matter what set of queries is used. This new dimension
generalizes previous dimensions providing upper and lower bounds for all
sorts of queries, and not for just example-based queries as in previous
works. Our new approach gives also simpler proofs for previous results.
We present specific applications of our general dimension for the case of
unspecified attribute value queries, and show that unspecified attribute
value membership and equivalence queries are not more powerful than
standard membership and equivalence queries for the problem of learning
DNF formulas.

1 Introduction

This paper is about query complexity, i.e. counting the number of queries needed
to learn in any exact query learning model such as those defined in [1]. We do not
deal with time complexity issues but, instead, concentrate our efforts in giving
a unique combinatorial notion that characterizes the query complexity for any
set of queries.
In the exact learning model there is a special type of queries whose answers

can be always modeled with sets of examples: the example-based queries. In
this case, there is a lot of work done for specific cases: certificates [11] and
consistency dimension [4] for membership and equivalence queries, approximate
fingerprints [2,7] and strong consistency dimension [4] for equivalence queries and
extended teaching dimension [10] for membership queries. Furthermore, there is
a unifying concept, the abstract identification dimension (AIdim) [3], that gives
a unique characterization for any set of example-based queries.
However, there are queries that do not fit in the notion of example-based
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supply a counterexample) and unspecified attribute value queries [9] (UAVs).
There are works on lower bounds for UAVs [5,12] but, as far as we know, there
is no general learning dimension for UAVs comparable to AIdim in the case of
example-based queries.
In this work we introduce a new combinatorial notion, Gdim, that gives a

good approximation of the number of queries needed to learn with any set of
queries in the exact learning model. We show that AIdim is the natural deriva-
tion of Gdim in the case of example-based queries. And finally, we present two
applications of Gdim for UAVs: (a) the first characterizations of the UAV pro-
tocols with membership and equivalence queries and for membership queries
alone, which are a straightforward but nice generalization of their standard coun-
terparts and (b) the number of standard membership and equivalence queries
needed to learn DNF formulas, which we prove to be polynomially bounded by
the number of UAV membership and equivalence queries. This last result shows
that, in a query complexity sense, UAVs do not help in learning DNF formulas.

2 Notation and the Abstract Setting for Exact Learning

We focus on exact learning of Boolean functions and we fix all along the paper
n as the number of variables. A Boolean function of arity n is a function from
{0, 1}n → {0, 1}. The set of all Boolean functions of arity n is denoted by Bn.
An element x of {0, 1}n is called an assignment. A pair (x, b), where b ∈ {0, 1}

is a binary label, is called example for function f ∈ Bn if f(x) = b. A sample
is a collection of examples for some function f ∈ Bn. We denote by ‖X‖ the
cardinality of set X.
A partial assignment α is a word from {0, 1, 	}n. A complete assignment

x ∈ {0, 1}n satisfies a partial assignment α if they coincide in the positions where
α is not 	. The hypercube Hα of a partial assignment α is the set of all complete
assignments that satisfy α. Given b ∈ {0, 1}, the expression α ∪ v ← b denotes
the partial assignment such that for any variable u it holds u(α∪ v ← b) = u(α)
when u �= v and u(α ∪ v ← b) = b if u = v. We also denote by tα the term that,
when applied to a complete assignment x, evaluates to 1 if x satisfies α and to 0
otherwise and by cα the clause such that cα = tα.
Each function f ∈ Bn can be formalized as an assignment in {0, 1}2n

. In
this way, we identify the set of Boolean functions from Bn → {0, 1} with B2n .
Functions in B2n have a variable for each assignment y in {0, 1}n, which we
denote by λy. We will make the following natural interpretation: f ∈ Bn satisfies
the positive (resp. negated) literal with variable λy when (y, 1) (resp. (y, 0)) is
an example of f ; this is naturally denoted by λy(f). For S ⊆ B2n and f ∈ Bn,
the expression S(f) is

∧
Λ∈S Λ(f).

We use an abstract generalization of the exact learning model via queries of
Angluin [1]. In our abstract setting, queries are atomic objects. Answers pro-
vide some partial knowledge of the target. Since our target concepts are always
Boolean functions of arity n, we assume that such partial knowledge is always
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modeled as a function in B2n that is interpreted as a property that the target
function satisfies. That is, answers correspond to functions in B2n .
Thus, in any abstract learning protocol we have two participants: the set

Q of queries and the set of all possible answers. Since the set of answers will
be specifically defined by each learning protocol, we only write explicitly the
dependence of the protocol onQ. A protocol Protocol(Q) is a subset of {〈q, Λ〉∣∣q ∈
Q,Λ ∈ B2n}.
For instance, if we want to talk about learning with the usual equivalence

queries with hypothesis coming from a subset H ⊆ Bn, we define Protocol≡(H)
as the set

{〈h, λy〉
∣∣h ∈ H, y ∈ {0, 1}n, h(y) = 0} ∪ {〈h, λy〉

∣∣h ∈ H, y ∈ {0, 1}n, h(y) = 1}

∪
{〈h, (

∧
y

λy) ∧ (
∧
z

λz)〉
∣∣h ∈ H, y, z ∈ {0, 1}n, h(y) = 1, h(z) = 0}

where the first two sets correspond to counterexamples and the last set to YES
answers.
Angluin defined in [1] equivalence queries without counterexamples. These

queries, called restricted equivalence queries, have as possible answers YES or
NO. We can consider this protocol in our setting as follows. For restricted equiv-
alence queries with hypothesis H ⊆ Bn the set Protocol≡r

(H) is

{〈h, (
∧
y

λy) ∧ (
∧
z

λz)〉
∣∣h ∈ H, y, z ∈ {0, 1}n, h(y) = 1, h(z) = 0}

∪
{〈h, (

∨
y

λy) ∨ (
∨
z

λz)〉
∣∣h ∈ H, y, z ∈ {0, 1}n, h(y) = 1, h(z) = 0}

where the first set corresponds to a YES answer and the second one to a NO
answer. Observe that this protocol cannot be formalized in the framework pre-
sented in [3].
For a protocol P and a query q, Pq denotes the set of all answers associated,

in P , to query q; formally, Pq = {Λ∣∣〈q, Λ〉 ∈ P}. For f ∈ Bn we use P f
q to

denote the set of answers to query q in P that are satisfied by f ; formally,
P f
q = {Λ∣∣Λ ∈ Pq ∧ Λ(f)}. We require all protocols P to be complete for the set
of queries Q, which means that for all q ∈ Q and for all f ∈ Bn, P f

q �= ∅. We
also use P f to denote the set {〈q, Λ〉∣∣q ∈ Q ∧ 〈q, Λ〉 ∈ P ∧ Λ(f)}. The notation
is extended to apply it to subsets of P .
An answering scheme T of a protocol P is a subset of P that for all q ∈ Q

the set of answers Tq is non empty. The set of all answering schemes of P
is denoted as T (P ). The notation is also extended to apply it to answering
schemes of answering schemes. For any answering scheme T , TQ denotes the set
{Λ∣∣q ∈ Q ∧ 〈q, Λ〉 ∈ T}, i.e. the set of potential answers to all queries.
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A protocol whose answers are always Boolean functions that can be expressed
as terms, i.e. conjunctions of literals, is a conjunctive protocol. The answers of
conjunctive protocols provide a partial knowledge of the target concept that can
be modeled as the values of the target function on a subdomain. Thus, each
answer is just a sample of the target. We note that queries that give this kind of
answers are sometimes called example-based queries (see [8], for example). Some
of the most popular protocols such as membership queries, equivalence queries
and subset queries are conjunctive.

3 Exact Learning and the General Dimension

The learning game is defined as follows. A teacher answers with respect to f ∈ Bn
and using P = Protocol(Q) if for each query q ∈ Q, it outputs some Λ ∈ P f

q .
A function class C ⊆ Bn is learnable with d queries under P = Protocol(Q) if
there exists an algorithm A such that for any f ∈ C and for any teacher B that
answers with respect to f using P , the only remaining function in C that satisfies
the answers received after at most d interactions is f . For a class C ⊆ Bn and
a protocol P = Protocol(Q) we define the learning complexity, LC(C,P ), as the
smallest d ≥ 0 such that C is learnable with d queries under P . If no such integer
exists then LC(C,P ) =∞.
A combinatorial parameter that captures the learning complexity can be de-

fined using a chain of alternating quantifiers of queries and answers. We describe
it here, as a way of introducing the idea, and also for the sake of comparison
with the much nicer “flat” version we will describe below.
Given a protocol P with query set Q and a target class C ⊆ Bn we define

the alternating dimension as the smallest integer d ≥ 0 such that

(∃q1 ∈ Q)(∀Λ1 ∈ Pq1) . . . (∃qd ∈ Q)(∀Λd ∈ Pqd
)(‖{c ∈ C

∣∣∧Λi(c)}‖ ≤ 1)

If no such integer exists then Adim(C,P ) =∞.
Now, the following theorem can be easily proved by a fully standard adversary

argument:

Theorem 1. For any protocol P and any class C ⊆ Bn,

LC (C,P ) = Adim(C,P )

In the next part of the section we present a nicer dimension without alternat-
ing quantifiers that gives an approximation, up to a logarithm of the cardinality
of the target class, of the learning complexity.
Given a target class C ⊆ Bn and a protocol P on a query set Q, we define

the general dimension, Gdim(C,P ), as the minimum integer d ≥ 0 such that

(∀T ∈ T (P )) (∃S ⊆ TQ) (‖S‖ ≤ d ∧ ‖{c ∈ C
∣∣S(c)}‖ ≤ 1)

If no such integer exists then Gdim(C,P ) =∞.
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That is, no matter what answering scheme is chosen there exists some set of
at most d answers such that at most one function in the target class satisfies all
those answers.
The following lemma will be central in the proof of our main result in this

section and is interesting in its own right.

Lemma 1. Let D ⊆ C ⊆ Bn such that ‖D‖ > 1, P = Protocol(Q) and
Gdim(C,P ) = d. There exists q ∈ Q such that for any Λ ∈ Pq, at least

‖D‖−1
d

functions from D do not satisfy Λ.

Proof. (sketch) Suppose that for each q ∈ Q there exists some Λq ∈ Pq such that
less than ‖D‖−1d functions do not satisfy Λq. A contradiction with Gdim(C,P ) =
d can be easily obtained simply considering the answering scheme T with Tq =
{Λq}. •
Our main contribution of this section is the following characterization:

Theorem 2. For any concept class C ⊆ Bn and any protocol P on a query set
Q,

Gdim(C,P ) ≤ LC (C,P ) ≤ Gdim(C,P )�ln ‖C‖�
Proof. (sketch) We will start showing that if Gdim(C,P ) > k then any learning
algorithm must ask more than k queries. Let T be the answering scheme such
that

(∀S ⊆ TQ)(‖S‖ ≤ k ⇒ ‖{c ∈ C
∣∣S(c)}‖ > 1)

obtained by negation of the definition of Gdim. We answer all queries from a
learner using T . After k interactions, the learner knows a set of given answers
S ⊆ TQ, and by the choice of T , there exist two different functions in C that
satisfy all answers in S.
Now we show the upper bound. Let Gdim(C,P ) = k. The case k = 0 is

easy. If k = 1 the theorem follows easily because Lemma 1 guarantees that
LC(C,P ) = 1. Otherwise, let V be the version space consisting of functions in
C that satisfy all the answers received so far (initially V = C). Now we make
the query whose existence is guaranteed by Lemma 1 when D = V such that no
matter what the answer is, at least ‖V‖−1k functions from V do not satisfy that
answer. A standard calculus shows that the number of such queries needed to
reduce the number of surviving candidates to 1 is bounded by k�ln ‖C‖�. •
Observe that the algorithm implicit in the previous proof is simpler than its

counterpart in [3] because it relies on a more abstract lemma. The key difference
is that while the algorithm of [3] needed to make a majority vote strategy the
present algorithm does not.
Next we show a necessary and sufficient condition for Gdim(C,P ) being ∞

and a trivial upper bound when the dimension is finite (proof omitted).

Theorem 3. For any C ⊆ Bn and for any P = Protocol(Q),

1. Gdim(C,P ) �= ∞ if and only if for all f, g ∈ C with f �= g, there exists
q ∈ Q such that P f

q ∩ P g
q = ∅.

2. If Gdim(C,P ) �=∞ and C �= ∅ then Gdim(C,P ) ≤ ‖C‖ − 1.



A General Dimension for Exact Learning 359

4 Abstract Identification Dimension Revisited

We present now how to relate Gdim with the abstract identification dimension
(AIdim) [3]. This concept is defined now by weakening the universal quantifier
over answering schemes in the definition of Gdim and relaxing it to cover only
answering schemes for which the conjunction of all of its answers is satisfiable
by some function in Bn.
Formally, given a class C ⊆ Bn and a protocol P on the query set Q,

AIdim(C,P ) is the minimum integer d ≥ 0 such that

(∀f ∈ Bn) (∀T ∈ T (P f )) (∃S ⊆ TQ) (‖S‖ ≤ d ∧ ‖{h ∈ C
∣∣S(h)}‖ ≤ 1)

If no such integer exists then AIdim(C,P ) =∞.
In [3], we showed that AIdim is a crucial notion in the sense that it unifies

all learning dimensions of example-based query models. However, AIdim cannot
replace Gdim as a general notion of learning dimension. There are protocols
where AIdim does not characterize learning complexity. For instance, consider
the following example.

Example 1. Let us consider P as the protocol of restricted equivalence queries
with hypothesis in Bn. For any class C ⊆ Bn, it holds AIdim(C,P ) ≤ 1. We
note that any answering scheme T in T (P f ) has, as answer to the query f , the
conjunction (

∧
f(y)=1 λy) ∧ (

∧
f(y)=0 λy) that represents a YES answer. Exactly

one function satisfies this answer, f itself.
However, it is well known that if C has N functions and N > 0, the learn-

ing complexity is N − 1. In fact, the following answering scheme T shows that
Gdim(C,P ) > N − 2: each query is answered in T negatively (with the clause).
Note that each of those answers is unsatisfied by one function from Bn, namely
the function being queried. Therefore each of those answers is falsified by at
most one function from C which implies that with N − 2 answers there will be
at least two satisfying functions from C. ◦
The next theorem shows how AIdim corresponds with Gdim in conjunctive

protocols. We recall that conjunctive protocols are the formalization in our ab-
stract framework of the example-based query models.

Theorem 4. Let P be a conjunctive protocol and C ⊆ Bn. Then

Gdim(C,P ) ≤ max(2,AIdim(C,P ))

Proof. Let T be any answering scheme. If for some function f ∈ Bn it holds
T ∈ T (P f ), we simply choose as set S ⊆ TQ in the definition of Gdim the set S
promised by AIdim(C,P ). If T cannot be satisfied by any function in Bn then
there are two answers that already are not satisfied by any function. This is
so because (a) a conjunction cannot be satisfied if and only if it contains two
complemented literals and (b) the conjunction of conjunctive answers is still a
conjunction. So this proves that Gdim(C,P ) ≤ max(2,AIdim(C,P )). •
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Observe that it is always the case that AIdim(C,P ) ≤ Gdim(C,P ) which is
tantamount to say that they are equal if AIdim(C,P ) ≥ 2. When AIdim(C,P ) ≤
1, Gdim and AIdim can be different. Consider the target class of all Boolean
functions Bn and the protocol of equivalence queries with counterexamples where
the set of hypothesis is also Bn. It is easy to prove that in this case AIdim is 1
and Gdim is 2.
The main difference between AIdim and Gdim relies in the fact that AIdim

only considers answering schemes that contain answers that all together are
satisfiable by, at least, one function. Theorem 4 shows that for conjunctive pro-
tocols we only need to take into account adversary strategies that give answers
according to some function and discard all other possibilities because they can
be discovered to be cheating with just two answers. This contrasts with the re-
sults shown in Example 1 where the learner has to make too many queries (more
than a constant) to discover a cheating teacher and therefore we cannot rule out
the answering schemes that are not satisfiable.

5 Unspecified Attribute Value Protocols

In this section we present our results for a concrete query set: the Unspecified
Attribute Value (UAV) queries from [9,5,6]. Following [9], given a function f ∈
Bn and a partial assignment α ∈ {0, 1, 	}n, we define f(α) = 1 if and only if
f is the constant 1 in Hα. Similarly, we define f(α) = 0 if and only if f is the
constant 0 in Hα. Otherwise, we say that f(α) =? (for unknown).
For a target concept f and a partial assignment α, the UAV membership

query α returns YES when f(α) = 1, NO if f(α) = 0, and ? otherwise. In
response to a UAV equivalence query with hypothesis h, the learner either is
told that h ≡ f or else is given a counterexample α, along with its classification,
for which f(α) �= h(α). Note that the target function is a ternary function and
all three values are distinct. So, for example, if h(α) = 1 and f(α) =? then α
could serve as a counterexample for h.
Below we formalize these queries in our framework and we show several

results using our machinery.

5.1 Unspecified Attribute Value Membership Queries

Let Hα be the hypercube associated to the partial assignment α. The three
possible answers to the UAV membership query α are modeled as follows

– YES corresponds to
∧
y∈Hα

λy,
– NO corresponds to

∧
y∈Hα

λy,
– ? corresponds to (

∨
y∈Hα

λy) ∧ (
∨
y∈Hα

λy).

In a similar way as we did in the previous section we can get rid of the
answering schemes that are not satisfiable. Let PUAV∈ be the protocol for UAV
membership queries.
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Theorem 5. For any C ⊆ Bn,

Gdim(C,PUAV∈) ≤ max(3,AIdim(C,PUAV∈))

Proof. As in the proof of Theorem 4 it is enough to show that any answering
scheme T can be discovered to be unsatisfiable with at most 3 answers. Since
T must be complete it must contain answers for all UAV queries on complete
assignments (that do not contain 	s). If any of those answers is the corresponding
function for ? then this single answer shows already the unsatisfiability (it will
be λy ∧ λy for some complete assignment y).
Otherwise we have a unique function that satisfies all the answers of the UAV

membership queries with complete assignments. Call this function f . Now we
proceed in a bottom up manner. We consider the answers to the UAV queries
that contain 	s both from T and from f and we consider them by levels: first
the queries with only one 	, then with two, and so on and so forth. We know,
by the assumption made on the unsatisfiability of T , that at some point and for
some query α the answer from T and the answer from f are different while all
the answers to queries inside Hα coincide. Now let us consider some cases:

1. If T answers YES or NO to the query α and f YES or NO or ? (but not the
same as T ), then two answers suffice: the answer to α and some answer to a
complete assignment in Hα.

2. If T answers ? and f answers YES or NO, then three answers suffice: the
answer to α and the two answers to α∪v ← 1 and α∪v ← 0, for any variable
v such that v(α) = 	. •
The extended teaching dimension [10] (see also [11] and [3]) characterizes the

number of queries needed to learn in the standard membership queries learning
protocol. We present below the counterpart of the extended teaching dimension
for the PUAV∈ protocol.
We need some new notation first. For a function f ∈ Bn and a partial as-

signment α ∈ {0, 1, 	}n we say that f is single valued on α if f is constant on
Hα. We denote by SVf the set of all pairs (α, b) such that f is single valued on
α and f(α) = b. Given S ⊆ SVf and g ∈ Bn we define S(g) as

((
∧

y∈Hα∧(α,1)∈S
λy) ∧ (

∧
z∈Hβ∧(β,0)∈S

λz))(g).

Let C ⊆ Bn. We define the UAV extended teaching dimension, uavetdim(C),
as the smallest integer d ≥ 0 such that

(∀f ∈ Bn) (∃S ⊆ SVf ) ((‖S‖ ≤ d) ∧ (‖{c ∈ C
∣∣S(c)}‖ ≤ 1)).

Note that this is a straightforward generalization of the extended teaching di-
mension where complete assignments have been replaced by single valued hy-
percubes. A similar approach will be taken in 5.3 below.

Theorem 6. For any C ⊆ Bn,

AIdim(C,PUAV∈) ≤ uavetdim(C) ≤ 2AIdim(C,PUAV∈)
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Proof. First observe that any choice of S in the definition of uavetdim(C) is a
valid choice for AIdim(C,PUAV∈) which implies directly the first inequality.
To prove the second inequality consider a function f ∈ Bn, an answering

scheme T in PUAVf∈ and 〈α, ?〉 ∈ T . Let A be the set of target concepts that are
not single valued on Hα. Let x and y two assignments that satisfy α and such
that f(x) �= f(y). Clearly, the set of target concepts which agree with function
f on x and y is a subset of A. This implies that we can substitute any ? answer
by two conjunctive answers (YES or NO) to two UAV queries and the set of
surviving functions from C does not grow. So if the set S of answers that shows
AIdim(C,PUAV∈) = d contains some ? answers, we can replace each of them
by two YES and NO answers corresponding to two examples in SVf , which
concludes the proof. •
Note that all this trick has consisted in removing the non conjunctive answers.
The following corollary is immediate.

Corollary 1. For any class C ⊆ Bn,

uavetdim(C)
2

≤ LC (C,PUAV∈) ≤ (uavetdim(C) + 2)�ln ‖C‖�

Our point is that with the abstract dimension uavetdim the proofs of many
results are simplified a lot as we show in the next examples.

Example 2. Let P be the protocol of standard membership and equivalence
queries with hypothesis in H (see [3]). The certificate size or consistency di-
mension [11] [4] of a target class C (C ⊆ H ⊆ Bn), denoted by cdim(C,H), is
the smallest integer d ≥ 0 such that

(∀f ∈ Bn)(f /∈ H ⇒ (∃S ⊆ P f
Q)(‖S‖ ≤ d ∧ {c ∈ C

∣∣S(c)} = ∅)).
It is known that cdim(C,H) is a good approximation of LC(C,P ).
The CDNF size of a Boolean function is the maximum among their CNF and

DNF sizes. We fix the hypothesis class H as the set of functions with CDNF
size at most m. Let C ⊆ H be any target class. The next theorem states that
cdim(C,H) is related to uavetdim(C).

Theorem 7. For classes C and H just defined, it holds

uavetdim(C) ≤ max(2m, cdim(C,H))

Proof. Let f be any function in Bn. If f ∈ H we choose as set S in the definition
of uavetdim a set of cardinality at most 2m whose elements are

{(α, 1)∣∣f =∨ tα} ∪ {(β, 0)∣∣f =∧ cβ}.

Here, tα and cβ are the term and the clause defined in section 2.
If f /∈ H we can choose as S the set of literals (examples) promised by the

definition of cdim. •
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As a consequence of this theorem we have,

Corollary 2. If C is polynomially query learnable by membership and equiva-
lence queries in the CDNF size, then C is polynomially UAV-MQ query learnable.

A stronger version of this Corollary is shown in [6], where a time efficient trans-
formation is also proved. ◦

Example 3. We consider C ⊆ Bn as the set of functions with CDNF size at most
m. In [6] is shown that the target class C is polynomially query learnable in the
protocol PUAV∈. The proof is based on Corollary 2 and in a result in [11] that
shows that C is polynomially query learnable by membership and equivalence
queries. We give here an direct proof of this fact using our abstract machinery.
First, we introduce some new notation.
Given a partial assignment α and a function f ∈ Bn we denote by f[α] the

projection of f ∈ Bn with respect to α. On input x, f[α](x) = f(xα) where xα
is the assignment in Hα of minimum Hamming distance with respect to x.

Theorem 8. Let C be the class of functions in Bnwith CDNF size at most m,
it holds

uavetdim(C) ≤ 4m
Proof. (sketch) Let f be a function in Bn. If f has CDNF size at most 2m, we
proceed as in the first part of the proof of Theorem 7.
If f has CDNF size greater than 2m we use a projection trick. We choose

a partial assignment α such that the CDNF size of f[α], denoted by |f[α]|cdnf, is
greater than 2m and for some variable v both projections f[α∪v←0] and f[α∪v←1]
have CDNF size bounded by 2m. Because of f[α] = (v∧f[α∪v←0])∨(v∧f[α∪v←1]),
and f[α] = (v ∨ f[α∪v←1]) ∧ (v ∨ f[α∪v←0]), at least one of the two projections
must have CDNF size greater than m. Therefore there exists b ∈ {0, 1} such that
|f[α∪v←b]|cdnf > m. Let β be the partial assignment α ∪ v ← b, let tγ1 , . . . , tγi be
the terms of tβ∧f[β] and let cδ1 , . . . , cδj

the clauses of cβ∨f[β]. As |f[β]|cdnf ≤ 2m
we can assume that i + j ≤ 4m. Now we choose as set S in the definition of
uavetdim the set whose elements are (γ1, 1), . . . , (γi, 1) and (δ1, 0), . . . , (δj , 0).
These labeled examples reveal the values of f in Hβ and rule out all functions in
C because of: (1) f[β] /∈ C, (2) The projection g[β] of any function g that agrees
with f on Hβ is f[β] and (3) C is projection closed. ◦

5.2 Unspecified Attribute Value Equivalence Queries

We can formalize the UAV equivalence queries with hypothesis coming from
H ⊆ Bn as the protocol PUAV≡(H) whose answers to query h ∈ H are:

– Positive counterexamples:
∧
y∈Hα

λy where α is such that h(α) �= 1.
– Negative counterexamples:

∧
y∈Hα

λy where α is such that h(α) �= 0.
– ? counterexamples: (

∨
y∈Hα

λy)∧ (
∨
y∈Hα

λy) where α is such that h(α) �=?.
– YES answer: (

∧
h(y)=1 λy) ∧ (

∧
h(z)=0 λz).
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With respect to AIdim this protocol has a different behavior from PUAV∈.
The example below shows that AIdim is not a proper notion of dimension for
PUAV≡(H).

Example 4. We consider as target class C = SINGn, as hypothesis class H =
Bn and we denote by P the protocol PUAV≡(H). It is not difficult to see
that AIdim(C,P ) = 1. Each answering scheme T in T (P f ) has the formula
(
∧
f(y)=1 λy)∧ (

∧
f(z)=0 λz) as answer to the hypothesis f . At most one function

in C satisfies this answer, f itself.
However, the following adversary shows that LC(C,P ) is 2n− 1. Each UAV-

EQ query with hypothesis h �= 0 is answered (x, 0) being x a complete assignment
such that h(x) = 1. If h is the constant 0 the adversary returns (	n, ?). Note
that each of these answers discards at most one function in SINGn. ◦

5.3 UAV Queries and the Learnability of DNF Boolean Formulas

Finally, we study the protocol PUAV∈,≡(H) that considers UAV membership
and UAV equivalence queries with hypothesis in H ⊆ Bn. First, we observe that
once again AIdim is a proper notion of dimension for PUAV∈,≡(H). As in this
protocol we can do UAV membership queries, minor changes on the proof of
Theorem 5 also shows

Theorem 9. Let P be the protocol PUAV∈,≡(H). For any C ⊆ Bn,

Gdim(C,P ) ≤ max(3,AIdim(C,P ))

The certificate size or consistency dimension [11] [4], formally defined in Ex-
ample 2, characterizes the query complexity in the protocol of standard member-
ship and equivalence queries. Theorem 9 is the key that allows us to extend this
notion into the protocol PUAV∈,≡(H). Similarly as we did in 5.1 introducing the
UAV extended teaching dimension, we define the UAV consistency dimension
for a target class C ⊆ Bn and hypothesis class H, C ⊆ H ⊆ Bn, as the smallest
integer d ≥ 0 such that

(∀f ∈ Bn)(f /∈ H ⇒ (∃S ⊆ SVf )(‖S‖ ≤ d ∧ {c ∈ C
∣∣S(c)} = ∅)).

We denote by uavcdim(C,H) this number. Again, this is a direct generalization
of the consistency dimension.

Theorem 10. Let P be the protocol PUAV∈,≡(H). For any target class C ⊆ Bn
and hypothesis class H ⊆ Bn such that C ⊆ H, if uavcdim(C,H) > 0 then

AIdim(C,P ) ≤ uavcdim(C,H) ≤ 2AIdim(C,P ) + 1

Proof. (sketch) We consider the first inequality. Let f ∈ Bn be any function.
If f ∈ H, the only answer of P f to the equivalence query with hypothesis f
discards all functions but at most one in C. Otherwise we choose the set of
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answers promised by the definition of uavcdim(C,H) to rule out all functions in
C.
We prove now the second inequality. Let f /∈ H be a Boolean function and

let S be the set of answers that shows AIdim(C,P ) = d. Using the same trick
as in the proof of Theorem 6, we can replace each ? answer in S by two answers
YES and NO, and in such a way that the set of functions ruled out does not
decrease. Finally, if there is still one function c in C such that S(c), we can get
rid of c adding to S a labeled example (literal) that shows f �= c. •
The learnability of DNF formulas using membership and equivalence queries

is an important open problem. In [9,5] is shown that PUAV∈,≡ is stronger than
the standard protocol for membership and equivalence queries. One may think
that replacing the standard protocol by PUAV∈,≡ some progress could be ob-
tained. Below we show that for DNF the consistency and UAV consistency di-
mensions are close. So, as the learnability problem is equivalent in both protocols
(recall that we are talking about query complexity only), we do not get any es-
sential advantage of using UAV membership queries. We fix C as the class of
m-term DNF where m ≥ 4, and we present a chain of technical lemmas that
lead to the proof of that result.

Lemma 2. Let α1, . . . , αl and β1, . . . , βk partial assignments such that no func-
tion in C can evaluate 1 on ∪iHαi and 0 on ∪jHβj . Then, there exists a set S
of complete assignments, S ⊆ ∪iHαi such that

(∀γ ∈ {0, 1, 	}n)(‖Hγ ∩ S‖ > ‖S‖n/m ⇒ Hγ ∩ (∪jHβj ) �= ∅)

Proof. For the sake of contradiction assume that for all S ⊆ ∪iHαi
there exists

a partial assignment γ such that ‖Hγ ∩ S‖ > ‖S‖n/m and Hγ ∩ (∪jHβj ) = ∅.
Let S1 = ∪iHαi and let γ1 be the the partial assignment promised above.

Then, the term tγ1 (see definition in Section 2) evaluates 1 in Hγ1 and 0 in
∪jHβj . Now, we consider S2 = S1− (Hγ1 ∩S1) and we repeat the process. After
m iterations we have a m-term DNF tγ1 ∨ . . . ∨ tγm

that evaluates 1 on ∪iHαi

and 0 on ∪jHβj
. •

Lemma 3. Let T be a set of complete assignments and let β1, . . . , βk be partial
assignments such that

(∀γ ∈ {0, 1, 	}n)(‖Hγ ∩ T‖ ≥ ‖T‖/(m2n)⇒ Hγ ∩ (∪jHβj ) �= ∅),

then there exists a set S ⊆ T of cardinality ‖S‖ ≤ m2n/3 such that

(∀γ ∈ {0, 1, 	}n)(‖Hγ ∩ S‖ ≥ ‖S‖/m ⇒ Hγ ∩ (∪jHβj ) �= ∅).

Proof. We choose S ⊆ T of size �m2n/3 at random and let p be the probability
of the event

(∃γ ∈ {0, 1, 	}n)(‖Hγ ∩ S‖ ≥ ‖S‖/m ∧Hγ ∩ (∪jHβj ) = ∅).



366 J. Balcázar, J. Castro, and D. Guijarro

By the union bound p is at most 3nq, where q is the probability of the event
‖Hγ ∩S‖ ≥ ‖S‖/m∧Hγ ∩ (∪jHβj ) = ∅ for a fixed γ ∈ {0, 1, 	}n. By hypothesis,

Hγ ∩ (∪jHβj
) = ∅ ⇒ ‖Hγ ∩ T‖ < ‖T‖/(m2n).

The bound
(
n
k

)
pk for the probability of obtaining at least k heads in n trials of

a p biased coin shows that q is at most
( ‖S‖
�‖S‖/m�

)(
1

m2n

)
‖S‖/m�
.

This bound for q shows that p < 1. •

Lemma 4. Given y ∈ {0, 1}n and β ∈ {0, 1, 	}n there exists yβ ∈ Hβ such that:

(∀γ ∈ {0, 1, 	}n)(y ∈ Hγ ∧Hγ ∩Hβ �= ∅ ⇒ yβ ∈ Hγ).

Proof. Consider the translation σy : {0, 1}n → {0, 1}n defined by σy(x) = x ⊕
y ⊕ 1n. Note that σy ◦ σy is the identity function. Let zβ the maximum of the
hypercube σy(Hβ) and let yβ = σy(zβ). Note that yβ belongs to Hβ .
Let γ be a partial assignment such that y ∈ Hγ and Hγ ∩Hβ �= ∅. As we see

below, these assumptions force yβ ∈ Hγ :

yβ ∈ Hγ ⇔ tγ(yβ) = 1⇔ tγ ◦ σy(zβ) = 1.

We note that tγ ◦σy(zβ) = 1 must be true because of: (1) y ∈ Hγ implies tγ ◦σy
is a monotone term, (2) zβ is the maximum of the hypercube σy(Hβ) and (3)
Hγ ∩Hβ �= ∅ implies that tγ ◦ σy is not the null function in σy(Hβ). •

Theorem 11. Let C be the class of m-term DNF and let D be the class of s-
term DNF where m > s2n2 and s ≥ 4. Let H be any hypothesis class such that
C ⊆ H. It holds

cdim(D,H) ≤ (s2n/3)uavcdim(C,H)

Proof. (sketch) Let f ∈ Bn be a Boolean function and let {(αi, 1)
∣∣1 ≤ i ≤

k} ∪ {(βj , 0)
∣∣1 ≤ j ≤ l} be the set of pairs in SVf promised by the UAV

consistency dimension. Thus, no function in C can evaluate 1 on ∪iHαi
and 0

on ∪jHβj
.

Apply Lemma 2 on α1, . . . , αk and β1, . . . , βl, and afterwards, Lemma 3 re-
placing m by s (note that fraction n/m from Lemma 2 is less than 1/(s2n)).
We obtain a set S ⊆ ∪iHαi

of complete assignments of cardinality bounded by
s2n/3 such that no term can evaluate 1 on a fraction 1/s of S and 0 on ∪jHβj

.
Finally, for each pair y ∈ S and βj , 1 ≤ j ≤ l, we choose the assignment yβj

promised by Lemma 4. It is easy to see that no function in D can evaluate 1 on
S and 0 on {yβj

∣∣y ∈ S ∧ 1 ≤ j ≤ l}. •
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4. José Luis Balcázar, Jorge Castro, David Guijarro, and Hans Ulrich Simon. The con-
sistency dimension and distribution-dependent learning from queries. In ALT’99,
volume 1720, pages 77–92. LNAI. Springer, 1999. Revised version to appear in
TCS.

5. Andreas Birkendorf, Norbert Klasner, Christian Kuhlmann, and Hans Ulrich Si-
mon. Structural results about exact learning with unspecified attribute values. J.
of Comput. Syst. Sci., 60(2):258–277, 2000. Special Issue for COLT ’98.

6. Nader H. Bshouty and David K. Wilson. On learning in the presence of unspecified
attribute values. In Proc. 12th Annu. Conf. on Comput. Learning Theory, pages
81–87. ACM Press, New York, NY, 1999.
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Abstract. We derive new margin-based inequalities for the probability
of error of classifiers. The main feature of these bounds is that they can be
calculated using the training data and therefore may be effectively used
for model selection purposes. In particular, the bounds involve quantities
such as the empirical fat-shattering dimension and covering number mea-
sured on the training data, as opposed to their worst-case counterparts
traditionally used in such analyses, and appear to be sharper and more
general than recent results involving empirical complexity measures. In
addition, we also develop an alternative data-based bound for the gener-
alization error of classes of convex combinations of classifiers involving an
empirical complexity measure that is more easily computable than the
empirical covering number or fat-shattering dimension. We also show an
example of efficient computation of the new bounds.

1 Introduction

Suppose the feature space X is a measurable set and the observation X and its
label Y form a pair (X, Y ) of random variables taking values in X × {0, 1}. Let
F be a class of real measurable functions on X . For f ∈ F , let L(f) denote the
probability of error of the prediction rule obtained by thresholding f(X) at 1/2,
that is,

L(f) = P
(
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where

sgn(t) =

{
1 if t ≥ 0
0 if t < 0.

The margin of f on (x, y) ∈ X × {0, 1} is defined by

margin(f(x), y) =

{
f(x)− 1/2 if y = 1
1/2− f(x) if y = 0.

Let the data Dn = ((X1, Y1), . . . , (Xn, Yn)) consist of independent and identi-
cally distributed (i.i.d.) copies of (X, Y ). For f ∈ F and γ > 0, define the sample
error of f on Dn with respect to γ as

L̂γ
n(f) =

1
n

n∑
i=1

I{margin(f(Xi),Yi)<γ}

where IA denotes the indicator of an event A.
It is well known that in many cases L(f) may be upper bounded by the

margin error L̂γ
n(f) plus a quantity that typically decreases with increasing γ,

see, e.g., Bartlett [6], Anthony and Bartlett [2], Shawe-Taylor et al. [15]. In
particular, covering numbers and fat-shattering dimensions of F at scale γ have
been used to obtain useful bounds on the probability of error of classifiers. In this
paper we develop improved, data-dependent bounds. We show that the empirical
versions of the fat-shattering dimensions and covering numbers may also be used
to bound the probability of error. Our bounds are closely related to results of
Shawe-Taylor and Williamson [16] who obtained generalization bounds in terms
of the margin error L̂γ

n(f) and empirical covering numbers, but the new bounds
are sharper and more general. The improvement was made possible by some
recent concentration inequalities for combinatorial entropies [7].

The rest of the paper is organized as follows: In Sections 2 and 3 we present
the main data-dependent upper bounds for the probability of misclassification.
In Section 4 we also develop an alternative data-based bound which provides
a more easily computable data-dependent bound on the generalization error of
classes of convex combinations of classifiers. In section 5 we provide a nontrivial
example of a function class for which the data-dependent quantities appearing in
the main inequalities of Section 2 may be computed efficiently. Section 6 contains
proofs of selected theorems.

2 Bounding by the Random Fat-Shattering Dimension

For γ > 0, a sequence xn1 = (x1, . . . , xn) ∈ Xn is said to be γ-shattered by F if
there is an (r1, . . . , rn) ∈ R

n such that for each (b1, . . . , bn) ∈ {0, 1}n there is
an f ∈ F satisfying for all i = 1, . . . , n,

f(xi) ≥ ri + γ if bi = 1, and f(xi) ≤ ri − γ if bi = 0
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or, equivalently,

(2bi − 1)(f(xi)− ri) ≥ γ. (1)

The (empirical) fat-shattering dimension (γ-dimension) of F in a sequence xn1 =
(x1, . . . , xn) ∈ Xn is defined for any γ > 0 by

fatF,xn
1
(γ) = max{m : F γ-shatters a subsequence of length m of xn1}.

Note that for Xn
1 = (X1, . . . , Xn), fatF,Xn

1
(γ) is a random quantity whose value

depends on the data. The (worst-case) fat-shattering dimension

fatF,n(γ) = sup
xn
1∈Xn

fatF,xn
1
(γ)

was used by Kearns and Schapire [11], Alon et al. [1], Shawe-Taylor et al. [15],
and Bartlett [6] to derive useful bounds. In particular, Anthony and Bartlett [2]
show that if d = fatF,n(γ/8), then for any 0 < δ < 1/2, with probability at least
1− δ, all f ∈ F satisfies

L(f) < L̂γ
n(f) + 2.829

√
1
n

(
d log2

(
32en

d

)
ln(128n)

)
+ 2.829

√
ln(4/δ)

n
. (2)

(Throughout this paper logb denotes the logarithm to the base b and ln denotes
the natural logarithm.)

Before stating the first two main theorems, we need to introduce the notion
of covering and packing numbers. Let (S, ρ) be a metric space. For ε > 0, the
ε-covering number Nρ(ε, S) of S is defined as the minimum number of open balls
of radius ε in S whose union covers S. (If no such finite cover exists, we formally
define Nρ(ε, S) =∞.)

A set W ⊂ S is said to be ε-separated if ρ(x, y) ≥ ε for all distinct x, y ∈W .
The ε-packing number Mρ(ε, S) is defined as the maximum cardinality of an ε
separated subset of S.

For xn1 = (x1, . . . , xn) ∈ Xn and a family G of functions mapping X into R,
let Gxn

1
denote the subset of R

n given by

Gxn
1
=

{
(g(x1), . . . , g(xn)) : g ∈ G}.

Let ρ∞ denote the l∞ metric on R
n, given for any un1 , vn1 ∈ R

n by ρ∞(un1 , vn1 ) =
max1≤i≤n |ui−vi| and, for ε > 0 and xn1 ∈ Xn, defineN∞(ε,G, xn1 ) = Nρ∞(ε,Gxn

1
)

andM∞(ε,G, xn1 ) = Mρ∞(ε,Gxn
1
). For γ > 0, let πγ : R→ [1/2− γ, 1/2 + γ] be

the “hard-limiter” function

πγ(t) =



1/2− γ if t ≤ 1/2− γ

t if 1/2− γ < t < 1/2 + γ

1/2 + γ if t ≥ 1/2 + γ

and set πγ(F) = {πγ ◦ f : f ∈ F}.
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The next result improves (2) in various ways. The most important improve-
ment is that we are able to replace the worst-case fat-shattering dimension
fatF,n(γ/8) by its empirical counterpart fatF,Xn

1
(γ/8). Since for certain “lucky”

distributions of the data the improvement is significant, such an empirical bound
can play a crucial role in model selection.

Theorem 1. Let F be a class of real measurable functions on X , let γ > 0, and
set d(Xn

1 ) = fatF,Xn
1
(γ/8). Then for any 0 < δ < 1/2, the probability that all

f ∈ F satisfies

L(f) < L̂γ
n(f) + 2.355

√
1
n

(
1 + d(Xn

1 ) log2
(
16en
d(Xn

1 )

)
log2(64n)

)
+ 6.364

√
ln(2/δ)

n

is greater than 1− δ. Also, the probability that all f ∈ F satisfies

L(f) < L̂γ
n(f) + 2.829

√
lnN∞(γ/8,F , Xn

1 )
n

+ 6.364

√
ln(2/δ)

n

is greater than 1− δ.

The following result, improves Theorem 1 if L̂γ
n(f) is very small.

Theorem 2. Consider the notation of Theorem 1. Then for any 0 < δ < 1/2
and α > 0, the probability that all f ∈ F satisfies

L(f) < (1 + α) L̂γ
n(f) +

28
n · 1+αα

(
1 + d(Xn

1 ) log2
(
16en
d(Xn

1 )

)
log2(64n) + 4.1 ln 8δ

)

is greater than 1− δ. Also, with probability greater than 1− δ, for all f ∈ F ,

L(f) ≤ (1 + α) L̂γ
n(f) +

40
n
· 1 + α

α

(
lnN∞(γ/8,F , Xn

1 ) + 4.1 ln
8
δ

)
.

The proofs of Theorems 1 and 2 are found in Section 6.
The result of Shawe-Taylor and Williamson [16] assumes L̂γ

n(f) = 0 and in
that case states an inequality similar to the second inequality of Theorem 2,
though we were able to get rid of some extra logarithmic factors present in the
main result of [16].

3 An Alternative Data-Based Bound

In this section we propose another new data-dependent upper bound for the
probability of error. The estimate is close, in spirit, to the recently introduced
estimates of Koltchinskii and Panchenko [12] based on Rademacher complexities,
and the maximum discrepancy estimate of Bartlett, Boucheron, and Lugosi [4].

Assume that n is even, and, for each f ∈ F , consider the empirical error

L̂
(2)
n/2(f) =

2
n

n∑
i=n/2+1

I{sgn(f(Xi)−1/2) 
=Yi}
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measured on the second half of the data. This may be compared with the sample
error of f , with respect to margin γ, measured on the first half of the data

L̂γ
n/2(f) =

2
n

n/2∑
i=1

I{margin(f(Xi),Yi)<γ} .

We have the following data-based estimate for the probability of error of any
classifier in F :
Theorem 3. Let F be a class of real measurable functions on X , let γ > 0.
Then for any 0 < δ < 1/2, the probability that all f ∈ F satisfies

L(f) < L̂γ
n(f) + sup

f ′∈F

(
L̂
(2)
n/2(f

′)− L̂γ
n/2(f

′)
)
+ 3

√
ln(2/δ)
2n

is at least 1− δ.

The proof uses ideas similar to Theorem 6 of [4].

Remark 1. Theorem 3 is, modulo a small constant factor, always at least as
good as Theorem 1. This may be seen by observing that by concentration of
supf∈F

(
L̂
(2)
n/2(f)− L̂γ

n/2(f)
)
(which can be easily quantified using the bounded

difference inequality [14]),

sup
f∈F

(
L̂
(2)
n/2(f)− L̂γ

n/2(f)
)
≈ E sup

f∈F

(
L̂
(2)
n/2(f)− L̂γ

n/2(f)
)

with very large probability. This is essentially the same quantity as
E supf∈F

(
L′n(f)− L̂γ

n(f)
)
appearing in the proof of Theorem 2; only the sam-

ple size n has now been replaced by n/2.

4 Convex Hulls

In this section we consider an important class of special cases. Let H be a class
of “base” classifiers, that is, a class of functions h : H → {0, 1}. Then we may
define the class F of all (finite) convex combinations of elements of H by

F =

{
f(x)=

N∑
i=1

wihi(x) : N ≥ 1, w1, . . . , wN ≥ 0,

N∑
i=1

wi=1, h1, . . . , hN ∈ H
}

.

(3)

Voting methods such as bagging and boosting choose a classifier from a class
of classifiers of the above form. A practical disadvantage of the upper bounds
appearing in Theorems 1, 2, and 3 is that their computation may be prohibitively
complex. For example, the bound of Theorem 3 involves optimization over the
whole class F . In the argument below we show, using ideas of Koltchinskii and
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Panchenko [12], that at the price of weakening the bound of Theorem 3 we may
obtain a data-dependent bound whose computation is significantly less complex
than that of the bound of Theorem 3. Observe that to calculate the upper
bound of the theorem below, it suffices to optimize over the “small” class of base
classifiers H.
Theorem 4. Let F be a class of the form (3). Then for any 0 < δ < 1/2 and
γ > 0, the probability that all f ∈ F satisfy

L(f) < L̂γ
n(f) +

1
γ
sup
h∈H

(
L̂
(2)
n/2(h)− L̂

(1)
n/2(h)

)
+

(
3 +
√
2 +
√
2

γ

)√
ln(4/δ)
2n

is at least 1− δ, where L̂
(1)
n/2(h) =

2
n

∑n/2
i=1 I{sgn(h(Xi)−1/2) 
=Yi}.

The proof is based on arguments of [12] and concentration inequalities.

Remark 2. To interpret this new bound note that, for all δ > 0, by the bounded
difference inequality [14], with probability at least 1− δ,

sup
h∈H

(
L̂
(2)
n/2(h)− L̂

(1)
n/2(h)

)
≤ E sup

h∈H

(
L̂
(2)
n/2(h)− L̂

(1)
n/2(h)

)
+

√
2 log(1/δ)

n
.

The expectation on the right-hand side may be further bounded by the Vapnik-
Chervonenkis inequality (see [9] for this version):

E sup
h∈H

(
L̂
(2)
n/2(h)− L̂

(1)
n/2(h)

)
≤

√
8E logSH(Xn

1 )
n

where SH(Xn
1 ) is the random shatter coefficient, that is, the number of different

ways the data points X1, . . . , Xn can be classified by elements of the base class
H. We may convert this bound into another data-dependent bound by recalling
that, by [7, Theorem 4.2], logSH(Xn

1 ) is strongly concentrated around its mean.
Putting the pieces together, we obtain that, with probability at least 1− δ, all
f ∈ F satisfy

L(f) < L̂γ
n(f) +

4
γ

√
logSH(Xn

1 )
n

+

(
3 +
√
2 +

5
√
2 + 2
γ

)√
ln(8/δ)
2n

.

Remark 3. The bound of Theorem 4 may be significantly weaker than that of
Theorem 3. As an example, consider the case when X = [0, 1], and let H be the
class of all indicator functions of intervals in R. In this case, [2, Theorem 12.11]
shows that fatF,n(γ) ≤ 2/γ + 1, and therefore Theorem 1 (and even (2)) yields

a bound of the order O

(√
log2 n/(γn)

)
. Thus, the dependence of the bound of

Theorem 4 on γ is significantly worse than those of Theorems 1 and 3. This is
the price we pay for computational feasibility.
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5 Measuring Empirical Fat-Shattering Dimension: An
Example

As noted in the previous section, the empirical fat-shattering dimension and the
alternative bound of Theorem 3 may be difficult to compute in general. However,
in certain special cases, the computation is practically feasible. In this section
we offer a simple example of a class F for which the empirical fat-shattering
dimension may be calculated efficiently in polynomial time. While we realize
that the practical importance of this example is limited, our purpose is to point
out that the bounds of Theorems 1 and 3 may be important tools in practice and
may give significant improvements over their non-data-dependent counterparts.

Consider the problem of measuring the empirical fat-shattering dimension
of a simple function class, the class of convex combinations of one-dimensional
“piecewise-linear sigmoids” with bounded slope. Our results here show that,
at least in one-dimension, it is possible to measure the empirical fat-shattering
dimension in polynomial time, and that the empirical fat-shattering dimension
measured on a given data set can be considerably lower than the worst-case
fat-shattering dimension.

Consider the family Gα of one-dimensional piecewise-linear sigmoids with
bounded slope. Formally, for xa, xb, ya, yb ∈ R such that xa < xb, let

g(xa,xb,ya,yb)(x) =




ya if x ≤ xa

yb if x ≥ xb

ya + yb−ya

xb−xa
(x− xa) otherwise

and let Gα = {g(xa,xb,ya,yb) :
∣∣∣ yb−ya

xb−xa

∣∣∣ ≤ 2α}. Let Fα be the set of functions
constructed by (3) using Gα as the set of base classifiers. The next lemma will
serve as a basis for a constructive algorithm that can measure fatFα,xn

1
(γ) on

any data set xn1 = {x1, . . . , xn} ⊂ R.

Lemma 1. An ordered set xn1 = {x1, . . . , xn} ⊂ R, xi < xi+1, i = 1, . . . , n− 1,
is γ-shattered by Fα if and only if

n∑
i=2

1
di
≤ α

γ
(4)

where di = xi − xi−1.

The proof of Lemma 1 is found in Section 6.
Lemma 1 shows that to find the empirical fat-shattering dimension of a data

set xn1 , we have to find the largest subset of xn1 for which (4) holds. Suppose
that the points of xn1 are indexed in increasing order, and let dij = xi−xj . First
consider the problem of finding a subsequence of xn1 of length k that minimizes
the cost

∑k−1
i=1

1
dji+1,ji

over all subsequences of length k. Let S(k; p, r) = (xp =

xj1 , . . . , xjk+1 = xr) denote the optimal subsequence of length k + 1 between
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xp and xr, and let C(k; p, r) =
∑k

i=1
1

dji,ji+1
be the cost of S(k; p, r). Observe

that any subsequence (xji
, . . . , xji+	−1) of S(k; p, r) of length + is optimal over

all subsequences of length + between xji
and xji+	−1 , so C(k; p, r) can be defined

recursively as

C(k; p, r) =




1
dp,r

if k = 1

min
q:p+k−1≤q≤r−1

(
C(k − 1; p, q) + C(1; q, r)

)
if k > 1.

Observe also that if C(k−1; 1, r) is known for all the O(n) different indices r, then
C(k; 1, r) can be calculated in O(n2) time for all r. Thus, by using a dynamic pro-
gramming approach, we can find the sequence C(1; 1, n), C(2; 1, n), . . . , C(k; 1, n)
in O(n2k) time. To compute fatFα,xn

1
(γ), notice that fatFα,xn

1
(γ) = k if and only

if C(k − 1; 1, n) ≤ α
γ and either C(k; 1, n) > α

γ or k = n. The algorithm is given
formally in Figure 1.

FatLinearSigmoid(X, α, γ)

1 n← X.length
2 for p← 1 to n− 1 do
3 for r ← p + 1 to n do
4 C[1, p, r]← 1

X[r]−X[p]
5 k ← 1
6 while C[k, 1, n] ≤ α

γ
do

7 k ← k + 1
8 if k = n then
9 return k
10 for r ← k + 1 to n do
11 C[k, 1, r]←∞
12 for q ← k to r − 1 do
13 c← C[k − 1, 1, q] + C[1, q, r]
14 if c < C[k, 1, r] then
15 C[k, 1, r]← c
16 return k

Fig. 1. FatLinearSigmoid(X, α, γ) computes fatFα,xn
1

(γ) in O(n2 fatFα,xn
1

) time. The
input array X contains the data points in increasing order.

It is clear from Lemma 1 that the worst-case fat-shattering dimension
fatFα,n(γ) =∞ for all γ > 0 if the data points may take any value in R. Thus,
the data-dependent dimension fatFα,xn

1
(γ) presents a qualitative improvement.

If the data points x1, . . . , xn are restricted to fall in the an interval of length A
then it follows from Lemma 1 and the inequality between arithmetic and har-
monic means that fatFα,n(γ) =

⌊√
Aα/γ

⌋
+ 1. This upper bound is achieved

by equispaced data points. Even in this case, the empirical fat-shattering di-
mension may be significantly smaller than its worst-case upper bound, and the
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difference is larger if the data points are very unevenly distributed. To exper-
imentally quantify this intuition, we compared the fat-shattering dimension of
data sets drawn from different distributions over [0, 1]. Figure 2(a) shows that
even in the case of uniform distribution, for high α/γ ratio we gain approxi-
mately 20% over the data-independent fat-shattering dimension. As the points
become more and more unevenly distributed (Gaussian distributions with de-
creasing standard deviations), the difference between the data-independent and
data-dependent fat-shattering dimensions increases.

Fig. 2. The first figure shows the empirical fat-shattering dimensions of different data
sets as a function of the class complexity α and the margin γ. The second figure
indicates the upper bound (5) based on the empirical diameter An of the data. The solid
lines in both figures show the data-independent fat-shattering dimension fatFα,n(γ) =⌊√

Aα/γ
⌋

+ 1 achieved by equispaced data points. We generated data sets of 1000
points drawn from the uniform distribution in [0, 1], and from the mixture of two
identical Gaussians with means 1/4 and 3/4, and standard deviations indicated by the
figure. The Gaussian mixtures were truncated to [0, 1] to keep their data-independent
fat-shattering dimension finite.

The empirical diameter An = maxi xi − mini xi can also be used to bound
the data-dependent fat-shattering dimension from above since

fatFα,xn
1
(γ) ≤

⌊√
Anα/γ

⌋
+ 1. (5)

The computation of (5) is, of course, trivial. Figure 2(b) shows that if the em-
pirical diameter An is significantly smaller then the a-priori diameter A, the
bound (5) can provide an improvement over the data-independent fat-shattering
dimension. Such simple upper bounds for the empirical fat-shattering dimension
may be useful in practice and may be easy to obtain in more general situations
as well. However, if the data is unevenly distributed in the empirical support
[mini xi,maxi xi], fatFα,xn

1
(γ) can be much smaller than the empirical diameter-

based bound (5).
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6 Selected Proofs

Proof of Theorem 1

The following result from [2] is instrumental in proving Theorem 1. The version
given here improves on the constants of the inequality given in [2].

Theorem 5. Suppose F is a set of real-valued functions defined on X . Then
for any positive integer n and γ > 0,

E sup
f∈F

(
L(f)− L̂γ

n(f)
)
≤ E

√
2 lnN∞(γ/2, πγ(F), X2n

1 )
n

.

The following well-known lemma is used in the proof (see, e.g., [9]):

Lemma 2. Let σ > 0, N ≥ 2, and let Z1, . . . , ZN be real-valued random vari-
ables such that for all s > 0 and 1 ≤ i ≤ N , E

[
esZi

] ≤ es
2σ2/2. Then

E
[
max
i≤N

Zi

]
≤ σ
√
2 lnN .

Proof of Theorem 5. Let (Xi, Yi), i = n+1, . . . , 2n, be i.i.d. copies of (X, Y ),
independent of Dn, and define, for each f ∈ F ,

L′n(f) =
1
n

2n∑
i=n+1

I{sgn(f(Xi)−1/2) 
=Yi} .

Then

E sup
f∈F

(
L(f)− L̂γ

n(f)
)
= E sup

f∈F
E
[
L′n(f)− L̂γ

n(f)
∣∣∣Dn

]

≤ E

[
E

[
sup
f∈F

(
L′n(f)− L̂γ

n(f)
) ∣∣∣Dn

]]

= E sup
f∈F

(
L′n(f)− L̂γ

n(f)
)

.

To bound this quantity, consider a minimal γ/2-cover G of πγ(F). Thus, G is
a set of functions with |G| = N∞(γ/2, πγ(F), X2n

1 ) elements such that for any
f ∈ F there exists a g ∈ G such that maxi≤2n |πγ(f(Xi))−g(Xi)| < γ/2. Observe
that if f and g are such that maxi≤2n |πγ(f(Xi))− g(Xi)| < γ/2, then

I{sgn(f(Xi)−1/2) 
=Yi} ≤ I{margin(g(Xi),Yi)<γ/2} , i = 1, . . . , 2n

and

I{margin(f(Xi),Yi)<γ} ≥ I{margin(g(Xi),Yi)<γ/2} , i = 1, . . . , 2n .
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Thus, we see that

E sup
f∈F

(
L′n(f)− L̂γ

n(f)
)

= E sup
f∈F

1
n

(
2n∑

i=n+1

I{sgn(f(Xi)−1/2) 
=Yi} −
n∑

i=1

I{margin(f(Xi),Yi)<γ}

)

≤ Emax
g∈G

1
n

(
2n∑

i=n+1

I{margin(g(Xi),Yi)<γ/2} −
n∑

i=1

I{margin(g(Xi),Yi)<γ/2}

)
.

The proof is finished by applying Lemma 2 if we observe that, by Hoeffding’s
inequality (Hoeffding [10]), for each g ∈ G, the zero-mean random variable

Z(g) =
n∑

i=1

(
I{margin(g(Xn+i),Yn+i)<γ/2} − I{margin(g(Xi),Yi)<γ/2}

)

satisfies E
[
esZ(g)

] ≤ ens
2/2. �

Proof of Theorem 1 The quantized version of a real number u, with step-size
α > 0 is

Qα(u) = α

⌊
u− 1/2

α

⌋
+ 1/2

where �t� denotes the greatest integer less than or equal to t. (Similarly, �t�
denotes the least integer greater than or equal to t.) Let H = πγ(F) and define

Qα(H) = {Qα ◦ h : h ∈ H}.
By a well-known relation between covering and packing numbers, for all xn1 ∈ Xn,

N∞(γ/2,H, xn1 ) ≤M∞(γ/2,H, xn1 ). (6)

Moreover, it is not hard to show (see [2, Lemma 12.3]) that for all xn1 ∈ Xn and
0 < α ≤ γ/2,

M∞(γ/2,H, xn1 ) ≤M∞(γ/2, Qα(H), xn1 ) (7)

and thus

M∞(γ/2,H, xn1 ) ≤M∞(γ/2, Qγ/2(H), xn1 ). (8)

Setting T (xn1 ) =M∞(γ/2, Qγ/2(H), xn1 ), Theorem 5 implies

E sup
f∈F

(
L(f)− L̂γ

n(f)
)
≤

√
2E lnT (X2n

1 )
n

. (9)

for all γ > 0.
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Now observe that each h ∈ H maps X into [1/2 − γ, 1/2 + γ], Qγ/2 maps
[1/2−γ, 1/2+γ] into C = {1/2, 1/2±γ/2, 1/2±γ}, and hence each g ∈ Qγ/2(H)
maps X into C. Thus by the special choice α = γ/2 of the quantization step-size,
T (xn1 ) is just the cardinality of the set Qγ/2(H)xn

1
⊂ R

n. More explicitly,

T (xn1 ) =
∣∣{(g(x1), . . . , g(xn)) ∈ Cn : g ∈ Qγ/2(H)}

∣∣ (10)

implying (since |C| = 5) that log5 T (xn1 ) is a combinatorial entropy in the sense
of [7]. Thus by [7, Theorem 2], the random variable log5 T (Xn

1 ) satisfies the
concentration inequality

P
(
log5 T (Xn

1 ) ≤ E[log5 T (Xn
1 )]− t

)
≤ exp

(
− t2

2E[log5 T (Xn
1 )]

)
. (11)

Thus, for any u > 0 and v > 0, using (9), we obtain

P

(
sup
f∈F

(
L(f)− L̂γ

n(f)
)
≥

√
8 lnT (Xn

1 )
n

+

√
8v

n
+ u

)

≤ P

(
sup
f∈F

(
L(f)− L̂γ

n(f)
)
≥ E sup

f∈F

(
L(f)− L̂γ

n(f)
)
+ u

)

+P

(√
2E lnT (X2n

1 )
n

>

√
8 lnT (Xn

1 )
n

+

√
8v

n

)
.

The first probability on the right-hand side may be bounded by e−2nu
2
, by a

simple application of the bounded difference inequality (see, e.g., McDiarmid
[14]). To bound the second probability of the right-hand side, first note that
T (X2n

1 ) ≤ T (Xn
1 )T (X2n

n+1), and therefore E lnT (X2n
1 ) ≤ 2E lnT (Xn

1 ). Combin-
ing this with the lower-tail inequality (11) gives

P

(√
2E lnT (X2n

1 )
n

>

√
8 lnT (Xn

1 )
n

+

√
8v

n

)

≤ P

(√
4E lnT (Xn

1 )
n

>

√
8 lnT (Xn

1 )
n

+

√
8v

n

)

≤ P
(

E[lnT (Xn
1 )] > 2 lnT (Xn

1 ) + 2v

)

≤ exp

(
− 1
ln 5

( 1
2E[lnT (Xn

1 )] + v
)2

2E[lnT (Xn
1 )]

)

< e−v/4. (12)

Setting u =
√
(1/(2n)) ln(2/δ) and v = 4 ln(2/δ) in these bounds, we obtain

P

(
sup
f∈F

(
L(f)− L̂γ

n(f)
)
≥

√
8 lnT (Xn

1 )
n

+ (
√
32 + 1/

√
2)

√
ln(2/δ)

n

)
< δ.

(13)
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To obtain the second inequality of Theorem 1, simply observe that for all
xn1 ∈ Xn,

T (xn1 ) =M∞(γ/2, Qγ/2(H), xn1 )
≤M∞(γ/2, Qγ/8(H), xn1 ) (since Qγ/2(H) ⊂ Qγ/8(H))
≤ N∞(γ/4, Qγ/8(H), xn1 )
≤ N∞(γ/8,H, xn1 )

(since for all u, v ∈ R, |Qγ/8(u)−Qγ/8(v)| ≤ |u− v|+ γ/8)
≤ N∞(γ/8,F , xn1 ). (14)

In the last part of the proof we relate T (Xn
1 ) =M∞(γ/2, Qγ/2(H), Xn

1 ) to
fatF,Xn

1
(γ/8) using the following result:

Lemma 3 ([2, Lemma 12.9]). Let G be a family of real functions functions
mapping X into the finite set {0, 1, . . . , b}. Then for all xn1 ∈ Xn,

M∞(2,G, xn1 ) ≤ 2(nb2)�log2 y�

where, with d = fatG,xn
1
(1),

y =
d∑

i=1

(
n

i

)
bi.

Now notice that Qγ/4(Qγ/2(H)) = Qγ/4(H), and hence by (7)

M∞(γ/2, Qγ/2(H), xn1 ) ≤M∞(γ/2, Qγ/4(H), xn1 ).

Since each g ∈ Qγ/4(H) is a mapping from X into the finite set {1/2 + jγ/4 :
j = 0,±1, . . . ,±4}, after simple shifting and rescaling, Lemma 3 with b = 8 and
d = fatQγ/4(H),xn

1
(γ/4) implies

M∞(γ/2, Qγ/4(H), xn1 ) ≤ 2(64n)�log2 y�

where

y =
d∑

i=1

(
n

i

)
bi ≤ bd

(en

d

)d
=

(
8en

d

)d

and hence

�log2 y� ≤ d log2

(
16en

d

)
.

It can be shown (see [2, equation (12.4)]) that for all 0 < α < 2ε,

fatQα(H),xn
1
(ε) ≤ fatH,xn

1
(ε− α/2)
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and thus

fatQγ/4(H),xn
1
(γ/4) ≤ fatH,xn

1
(γ/8) ≤ fatF,xn

1
(γ/8)

where the second inequality holds because H = πγ(F). Setting d(Xn
1 ) =

fatF,xn
1
(γ/8), we obtain

lnT (Xn
1 ) ≤ ln 2

(
1 + d(Xn

1 ) log2

(
16en

d(Xn
1 )

)
log2(64n)

)
. (15)

Substituting this bound into (13) completes the proof of Theorem 1. �

Proof of Theorem 2

The proof combines elements of the proof of Theorem 1 with a version of a
classical “relative difference” inequality of Vapnik and Chervonenkis [17]. The
first lemma is such an inequality which takes margin error into account. Bartlett
[6] gives a similar inequality with the only difference that his result involves
worst-case covering numbers. We omit the proof of this lemma as its proof is
almost identical to that of [6, Theorem 6]. (The proof is based on Anthony
and Shawe-Taylor’s proof [3] of the above-mentioned inequality of Vapnik and
Chervonenkis [17].)

Lemma 4. Using the notation of the proof of Theorem 1, for any γ > 0 and
ε > 0,

P

(
sup
f∈F

L(f)− L̂γ
n(f)√

L(f)
> ε

)
≤ 4EN∞(γ/2, πγ(F), X2n

1 )e−nε
2/4.

Proof of Theorem 2. First observe that for any α > 0,

P
(
∃f ∈ F : L(f) > (1 + α) L̂γ

n(f) + ε2
1 + α

α

)
≤ P

(
sup
f∈F

L(f)− L̂γ
n(f)√

L(f)
> ε

)

(see Bartlett and Lugosi [5] for the elementary argument). Thus, Lemma 4 im-
plies that, with probability at least 1− δ/2, for all f ∈ F ,

L(f) ≤ (1 + α) L̂γ
n(f) +

4
n
· 1 + α

α

(
lnEN∞(γ/2, πγ(F), X2n

1 ) + ln
8
δ

)
.

As in the proof of Theorem 1, we upper bound N∞(γ/2, πγ(F), X2n
1 ) by T (X2n

1 ).
Recall that by (12), for any v > 0,

P
(
E[lnT (X2n

1 )] > 4 lnT (Xn
1 ) + 4v

)
< e−v/4.

Also, by [7, Theorem 4.2], log5 T (Xn
1 ) satisfies the concentration inequality

log5E[T (Xn
1 )] ≤

4
ln 5

E[log5 T (Xn
1 )]
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and therefore lnE[T (X2n
1 )] ≤ 2.5E[lnT (X2n

1 )]. Thus, setting v = 4 ln(2/δ) and
using the union bound, we obtain that with probability at least 1 − δ, for all
f ∈ F ,

L(f) ≤ (1 + α) L̂γ
n(f) +

4
n
· 1 + α

α

(
10 lnT (Xn

1 ) + 41 ln
8
δ

)
.

Substitute (15) and (14) into the inequality above to recover the two inequalities
of Theorem 2. �

Proof of Lemma 1

First we show that if (4) holds, Fα γ-shatters xn1 . Let (b1, . . . , bn) ∈ {0, 1}n
be an arbitrary binary vector, and let b̃i = 2bi − 1 for i = 1, . . . , n. For j =

2, . . . , n we define wj =
1

dj∑n
i=2

1
di

and gj = g(xj−1,xj ,−b̃jαdj+r,−b̃j−1αdj+r) where

r = α∑n
j=2

1
dj

∑n
i=1 b̃i. By the definitions of Gα and di it is clear that gj ∈ Gα for

j = 2, . . . , n. Since
∑n

j=2 wj = 1, f(x) =
∑n

j=2 wjgj(x) ∈ Fα.
We show by induction that b̃if(xi) = α∑n

j=2
1

dj

for all i = 1, . . . , n. This

together with (4) means that b̃if(xi) ≥ γ for all i = 1, . . . , n; hence (1) is
satisfied with ri = 0 for all i = 1, . . . , n. For x1 we have

b̃1f(x1) = b̃1

n∑
i=2

wigi(x1)

= b̃1

n∑
i=2

1
di∑n

j=2
1
dj

(−b̃iαdi + r)

= −b̃1
α∑n

j=2
1
dj

n∑
i=2

b̃i + b̃1r
1∑n

j=2
1
dj

n∑
i=2

1
di

= −b̃1
α∑n

j=2
1
dj

n∑
i=2

b̃i + b̃1r

= −b̃1
α∑n

j=2
1
dj

n∑
i=2

b̃i + b̃1
α∑n

j=2
1
dj

n∑
i=1

b̃i

=
α∑n

j=2
1
dj

.

In the inductive step we assume that b̃i−1f(xi−1) = α∑n
j=2

1
dj

. Since the only base

function that can change between xi−1 and xi is gi, we have

b̃if(xi) = b̃if(xi−1) + b̃iwi (gi(xi)− gi(xi−1))

= b̃if(xi−1) + b̃iwi

(
−b̃i−1αdi + b̃iαdi

)

= b̃if(xi−1) + wiαdi(1− b̃ib̃i−1).
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If b̃i−1 = b̃i then b̃if(xi) = b̃if(xi−1) = b̃i−1f(xi−1) = α∑n
j=2

1
dj

. If b̃i−1 �= b̃i then

b̃if(xi) = −b̃i−1f(xi−1) + 2wiαdi

= − α∑n
j=2

1
dj

+ 2
α∑n

j=2
1
dj

=
α∑n

j=2
1
dj

.

Next we show that if Fα γ-shatters xn1 , (4) holds. Consider the two alternating
labelings b̃+i = −b̃−i = (−1)i, i = 1, . . . , n. If Fα γ-shatters xn1 then by (1), there
exists f+, f− ∈ Fα such that for a given real vector (r1, . . . , rn),

b̃+i f+(xi) ≥ b̃+i ri + γ,

b̃−i f−(xi) ≥ b̃−i ri + γ,

for i = 1, . . . , n, so by setting f(x) = 1
2 (f

+(x)− f−(x)),

(−1)if(xi) ≥ γ.

By the definition of Gα, if g ∈ Gα then −g ∈ Gα, so f ∈ Fα, which means that
f can be written in the form

f =
N∑
j=1

wjg
(xaj

,xbj
,yaj

,ybj
)

where
∑N

j=1 wj = 1. Let αj = 1
2

∣∣∣ yb−ya

xb−xa

∣∣∣ and sj = sgn
(
yb−ya

xb−xa

)
for j = 1, . . . , N .

Since (−1)i(f(xi)−f(xi−1)) ≥ 2γ for all i = 2, . . . , n, and since f is continuous,
there must be a point x′i between xi−1 and xi where (−1)i times the (left)
derivative of f is not less then 2γ

xi−xi−1
. Therefore,

(−1)if ′(x′i) = (−1)i
∑

j:xaj
<x′

i≤xbj

wj2sjαj ≥ 2γ

di

for i = 2, . . . , n. Taking the sum of both sides from i = 2 to n yields

γ
n∑

i=2

1
di
≤

n∑
i=2

(−1)i
∑

j:xaj
<x′

i≤xbj

wjsjαj

=
N∑
j=1

wjsjαj

∑
i:xaj

<x′
i≤xbj

(−1)i

≤
N∑
j=1

wjαj (since x′2 < . . . < x′n)

≤ α.

�
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Abstract. This paper considers the embeddability of general concept
classes in Euclidean half spaces. By embedding in half spaces we refer to
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embedding for some class may be used to learn it using an algorithm for
the class it is embedded into. The Support Vector Machines paradigm
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We show that an overwhelming majority of the family of finite con-
cept classes of constant VC dimension d cannot be embedded in low-
dimensional half spaces. (In fact, we show that the Euclidean dimension
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this result even further by showing that an overwhelming majority of the
family of finite concept classes of constant VC dimension d cannot be em-
bedded in half spaces (of arbitrarily high Euclidean dimension) with a
large margin. (In fact, the margin cannot be substantially larger than the
margin achieved by the trivial embedding.) Furthermore, these bounds
are robust in the sense that allowing each image half space to err on a
small fraction of the instances does not imply a significant weakening of
these dimension and margin bounds.
Our results indicate that any universal learning machine, which trans-
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1 Introduction

Half spaces, or hyper-planes, have been at the center of the computational learn-
ing theory research since the introduction of the Perceptron algorithm by Rosen-
blatt [11,12,8]. This interest in half spaces has led to a multitude of results con-
cerning the learnability of these classes. In an attempt to harness the results
achieved for this concept class in more general cases, one may consider a (more
or less) universal learning paradigm that works by embedding other concept
classes in half spaces. E.g., Support Vector Machines (SVMs) are based on the
idea of embedding complex concept classes into half spaces and then applying
efficient half-spaces learning algorithms.

However, there may be a cost to pay for learning via such embeddings. The
best known sample-independent bounds on the generalization ability of a hy-
pothesis generated by a learning algorithm depend on the VC-dimension of the
concept class from which hypotheses are drawn. For half-spaces this equals the
Euclidean dimension over which these half-spaces are defined. The first question
addressed by this research is:

Given a training sample and a concept class, what is the minimal dimen-
sion of half-spaces into which they can be embedded?

SVM theory offers a partial remedy to this problem. The margins of a hy-
pothesis half-space w.r.t. a given training sample can be used to compute a
bound on the generalization quality of the hypothesis. If classification occurs
with large enough margins then good generalization can be guaranteed regard-
less of the Euclidean dimension of these half-spaces (e.g., [13,6,7]). This leads us
to the second question that we discuss:

Given a training sample and a concept class, can the sample and the class
of concepts be embedded in some class of half-spaces (of arbitrarily high
Euclidean dimension) in such a way that there will be some significant
margin separating the images of the sample points from the half-spaces
that are the images of the concepts of the class?

In this work we obtain strong negative answers to both questions. We prove
that for ‘most classes’ no embedding can obtain either a dimension or mar-
gins that are significantly better than those obtained by the trivial embedding.
For classes that exhibit this kind of behavior, the generalization that can be
guaranteed by SVM’s is too weak to be of any practical value. Such examples
exist also for classes of small VC-dimension, in which case learning by empirical
risk minimization over the original class would yield much better generalization
bounds.

Before we elaborate any further on our results, let us explain the basic frame-
work that we work in. Consider an SVM specialist faced with some learning task.
The first significant decision she makes is the choice of kernel (or embedding)
to be used for mapping the original feature vectors of the training set into a
Euclidean space (where later half-space learning algorithms will be applied). As-
suming no prior knowledge on the nature of the learning task, one can readily
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see that the best possible embeddings are those mapping each example into a
separate Euclidean dimension. We call such an embedding a trivial embedding.
It is easy to see that trivial embeddings cannot yield any useful generalization.
The other extreme case is when the learner bases her choice of embedding on
the full knowledge of the sample labels. In this case the redundant function that
maps all positively labeled examples to one point and all the negatively labeled
examples to another, achieves perfect loading of the data, alas, once again it
yields no generalization. Practical reality is somewhere between these two ex-
tremes: the learner does assume some prior knowledge and uses it for the choice
of embedding. It is not at all clear how to model this prior knowledge. In this
work we consider the case where the prior knowledge available to the learner is
encapsulated as a collection of possible dichotomies of the domain feature vec-
tors. The learner assumes that the correct labeling of the examples is close to
one of these dichotomies. This modeling is very common in COLT research, and
the collection of dichotomies is known as the concept class. Given such a class,
the learner wishes to find an embedding of the instance space into a Euclidean
space, so that every dichotomy in the class will be realized by a half-space over
the images of the examples.

We assume that both the instance space and the concept class are finite, and
denote their cardinalities by n and m respectively.

In section 3 we show that, as n and m grow unboundedly, an overwhelming
majority of the family of finite concept classes of any constant VC dimension,
d, cannot be embedded in the class of r-dimensional half spaces, unless r >
n1−1/d−1/2

d

(assuming m ≥ n). Note that, for large values of d, this lower bound
approaches the trivial upper bound n achieved by the trivial embedding. Thus,
for large values of d, our lower bound is (almost) tight for fairly trivial reasons.
For some small values of d, namely d = 4 or d = 6, we are also able to prove (in
a less trivial manner) that our lower bound is essentially tight.

In section 4 we address the issue of the margins obtainable by embeddings.
We show that an overwhelming majority of the family of finite concept classes
of constant VC dimension d cannot be embedded in the class of half spaces (of
arbitrarily high dimension) with margin µ, unless µ (as a function in m,n and
assuming m ≥ n) is asymptotically smaller than

√
ln(nm)/n1−1/d−1/2d . Note

that, for large values of d, this upper bound on µ approaches the trivial lower
bound 1/

√
n achieved by the trivial embedding.

Furthermore, we show that our impossibility results remain qualitatively the
same if the notion of embedding is relaxed, so that for every concept in the
original class there exist a half-space that classifies almost all of the embedded
points like the original concept (rather than demanding the existence of a half
space that achieves perfect fit with the concept dichotomy).

Our results indicate that any universal learning machine, which transforms
data to a Euclidean space and then applies linear (or large margin) classification,
cannot preserve good generalization bounds in general. Although we address only
two generalization bounds (namely, the VC dimension and margin bounds), we
believe that the phenomena that we demonstrate applies to other generalization
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bounds as well. Our results may be interpreted as showing that for an ‘average’
(or ‘random’ or ‘common’) concept class of samll VC dimension, an embedding
of the class into a class of linearly separable dichotomies, inevitably introduces
a significant degree of over-fitting.

To clarify the implications of our results, we would like to mention that these
results do not, of course, render learning machines of this type (like SVMs)
useless. In fact, if most of the important classes could be nicely embedded, who
cares about the vast majority? Instead, our results indicate that the design of a
“universal” learning machine (based on embeddings in half spaces) is an overly
ambitious goal if it is pursued without further restrictions.

Most of our results are based on counting arguments and therefore only show
the existence of ‘hard-to-embed’ classes (and that, indeed, they are the common
case). However, in Section 4.1 we discuss the (non-)embeddability of specific
concept classes.

We believe that the design of analytic tools, that allow the study of embed-
dability of a given concept class, will deepen the understanding of the embed-
dability question further. (See [4,5] as first steps in this direction.)

2 Definitions

The central notion discussed in this paper is the notion of embedding of one
concept class into another.
Definition 1. A concept class C ⊆ 2X over a domain X is embeddable in
another concept class C′ ⊆ 2X

′
over a domain X ′ iff there exists a function

ψ : X �→ X ′ such that

∀f ∈ C, ∃g ∈ C′, ∀x ∈ X f(x) = g(ψ(x)).

We also present some results on approximate embeddings. These are embed-
dings in which some of the points in every concept class may be mis-classified
by the embedding. Formally:
Definition 2. A concept class C ⊆ 2X over a domain X is η-approximately
embeddable in another concept class C′ ⊆ 2X

′
over a domain X ′ iff there exist a

function ψ : X �→ X ′ such that

∀f ∈ C , ∃g ∈ C′ |{x ∈ X : g(ψ(x)) = f(x)}| ≤ η|X |.
We use binary matrices to represent concept classes of boolean functions. A

class C is represented by a matrix F of size m× n, where |C| = m, |X | = n, and
Fi,j is the value of the ith concept on the instance j.

Definition 3. Let D(m,n, d) denote the family of binary matrices with m rows
and n columns that have VC dimension smaller than d.

Definition 4. Let E(m,n, r) denote the family of binary matrices with m rows
and n columns that can be embedded into the class of half spaces of Euclidean
dimension r.
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Our basic approach will be to derive a lower bound on the Euclidean dimen-
sion r from the inequality |D(m,n, d)| ≤ |E(m,n, r)| (or slight variations of this
inequality).

Another notion that is in the focus of this paper is the notion of the margins
of a half space with respect to a sample.

Definition 5. The margin of a homogeneous half space with normal vector w
over a set X is defined as:

min
x∈X

|w · x|
‖w‖‖x‖

When speaking of margins we will usually normalize w to be of length one, and
assume all points x are on the unit sphere, in which case the margin becomes
simply minx∈X |w · x|. The definition of a margin is naturally extended to a set
of half spaces C, by defining the margin of C to be the minimum margin achieved
by any w ∈ C.

We conclude this collection of definitions with two technical notions that
shall be needed in our proofs in Section 3.

Definition 6. For natural numbers m,n, s, t, we define the following parame-
ters:

– Z(m,n, s, t) denotes the family of binary matrices with m rows and n
columns that do not contain a generalized rectangle of all 1’s (a 1-
monochromatic rectangle) of size s× t.

– z(m,n, s, t) denotes the maximum number of 1-entries in any matrix in
Z(m,n, s, t).

Note that we may interpret z(m,n, s, t) as the maximum number of edges in a
bipartite graph G, whose vertex classes have size m and n, respectively, subject
to the condition that G does not contain a complete bipartite s× t subgraph.

The following observation relates these combinatorial notions to classes of
small VC dimesion.

Lemma 1. Z(m,n, 2d, d) ⊆ D(m,n, 2d).

Proof. Consider a matrix F that shatters a set Y = {y1 . . . y2d} of size |Y | = 2d.
By the definition, it means that F contains concepts with every possible as-
signment in those 2d places, including 2d concepts that assign 1 to y1 . . . yd
and any other combination to the rest of the y’s. These concepts define a 1-
monochromatic rectangle in F with 2d rows and d columns. Therefore, any ma-
trix that does not contain such a rectangle has VC dimension smaller than 2d.

3 An Asymptotic Lower Bound on the Euclidean
Dimension Needed by Embeddings in Half Spaces

This section presents our results concerning the minimal dimension required
to embed general concept classes of fixed VC dimension in half spaces. Our
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proofs use known results for a combinatorial problem known as “the problem of
Zarankiewicz”.

In order to provide lower bounds on the dimensions of half spaces needed
for embeddings, we shall show that there are many classes of any fixed VC
dimension. We shall compare these bounds with known upper bounds on the
number of classes that can be embedded into half spaces in any fixed dimension
Euclidean space.

The problem of determining z(m,n, s, t) was first suggested (for specific val-
ues of s, t), by Zarankiewicz [14], and later became known as “the problem of
Zarankiewicz”. Bollobás [3] provides the following bounds, which are valid for
all 2 ≤ s ≤ m, 2 ≤ t ≤ n:

z(m,n, s, t) < (s− 1)1/t(n− t+ 1)m1−1/t + (t− 1)m (1)

z(m,n, s, t) ≥ l(m,n, s, t) �=
⌊(

1− 1
s!t!

)
m1−αn1−β

⌋
(2)

where
α = α(s, t)

�
=
s− 1
st− 1

and β = β(s, t)
�
=
t− 1
st− 1

. (3)

Since the class Z(m,n, s, t) of matrices (viewed as bipartite graphs) is closed
under edge deletion, the following inequality obviously holds:

|Z(m,n, s, t)| ≥ 2z(m,n,s,t) ≥ 2l(m,n,s,t) = 2�(1− 1
s!t! )m1−αn1−β� (4)

Assume that at least a fraction 0 < λ ≤ 1 of the matrices in Z(m,n, s, t) is
embeddable in the class of r-dimensional half spaces. It follows that

|E(m,n, r)| ≥ λ2z(m,n,s,t) ≥ λ2l(m,n,s,t). (5)

If inequality (5) is violated for every r < r0, we may conclude that less than a
fraction λ of the matrices in Z(m,n, s, t) can be embedded in the class of half
spaces unless we embed into at least r0 Euclidean dimensions. We will use this
basic counting argument several times in what follows.

On the other hand, there are known bounds on the number of matrices of
size m× n that may be embedded into half spaces.
Theorem 1 (Alon et al. [1]). For every n,m, r:

|E(m,n, r)| ≤ min
h≤mn

(
8
⌈mn
h

⌉)(n+m)r+h+m
(6)

The remainder of this section is devoted to a first application of the basic
counting argument. For sake of simplicity, we restrict ourselves to the casem = n.
The (more or less straightforward) generalizations to the case m ≥ n will be
presented in the full paper.

We consider the parameters s, t or d as arbitrary but fixed constants and work
towards statements that are asymptotically valid when n approaches infinity.
More specifically, let γ be an arbitrary but fixed constant such that α+β < γ < 1,
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let h = n2−γ , and λ = 2−l(n,n,s,t)/2. Then (5) and (6) lead (after some algebraic
manipulations) to the following inequality:

(2r + n1−γ + 1) log (8 �nγ�) ≥ 1
2

⌊(
1− 1

s!t!

)
n1−α−β

⌋

From this inequality, the following is immediate:
Theorem 2. Let s, t ≥ 2 be arbitrary but fixed constants. Then, for all suffi-
ciently large n, the following holds. Only a vanishing fraction 2−l(n,n,s,t)/2 of the
matrices from the family Z(n, n, s, t) is embeddable in the class of half spaces of
Euclidean dimension r unless

r = Ω

(
n1−α(s,t)−β(s,t)

log n

)
= ω

(
n1−1/s−1/t

)
.

With some additional effort, Theorem 2 can be generalized to approximate
embeddings:
Corollary 1. Let s, t ≥ 2 be arbitrary but fixed constants, and let γ be an ar-
bitrary constant such that α(s, t) + β(s, t) < γ < 1. (γ = 1/s + 1/t would be
a possible choice.) Then, for all sufficiently large n, the following holds. Only
a vanishing fraction 2−l(n,n,s,t)/2 of the matrices from the family Z(n, n, s, t) is
n−γ-approximately embeddable in the class of half spaces of Euclidean dimension
r unless

r = Ω

(
n1−α(s,t)−β(s,t)

log n

)
= ω

(
n1−1/s−1/t

)
.

Proof. Suppose that K is an arrangement of n halfspaces and n vectors in IRr

that represents a matrix F of Z(n, n, s, t). Then K represents a matrix F ′ n−γ-
approximately if, for all i = 1, . . . , n, the Hamming distance between the ith row
in F and the ith row in F ′ is at most n−γn = n1−γ . The number of the matrices
that are n−γ-approximately represented by K is therefore upper-bounded by(

nn
1−γ
)n

= nn
2−γ

.

In order to complete the proof, we may therefore perform similar calculations
as before, except that we have to expand the upper bound in Theorem 1 by
the additional factor nn

2−γ

. These calculations lead to an Euclidean dimension
r that exhibits the same asymptotic growth as before.

Combined with Lemma 1, this implies:
Corollary 2. Let d ≥ 2 be arbitrary but fixed. Let γ be an arbitrary constant
such that α(2d, d) + β(2d, d) < γ < 1. (γ = 1/d + 1/2d would be a possible
choice.) Then, for all sufficiently large n, the following holds. Only a vanishing
fraction 2−l(n,n,2

d,d)/2 of the concept classes from the family D(n, n, 2d) is n−γ-
approximately embeddable in the class of half spaces of Euclidean dimension r
unless

r = Ω

(
n1−α(2

d,d)−β(2d,d)

log n

)
= ω

(
n1−1/2

d−1/d
)
.
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4 Upper Bounds on the Margin Attainable by
Embeddings in Half Spaces

In this section we prove some upper bounds on the margin that an embedding
of an arbitrary class into half spaces may yield. We are going to employ two
different techniques: a bound based on a concrete parameter of the class, and a
combinatorial counting argument over the family of classes.

4.1 A Concrete Bound as a Function of Online Mistake Bounds

We present a rather simple technique that yields non-trivial upper bounds on
the margins that can be obtained for certain specific classes. The idea is to use
the online learning complexity of the class.

Recall that the online (or Mistake Bound) learning task for a class C of
functions from some domain X to {0, 1} is defined as a game between a ‘teacher’
and a ‘student’. The teacher picks some function c ∈ C. Now the game runs
in steps. At each step i the teacher picks some xi ∈ X and presents it to the
student. The student returns a label li ∈ {0, 1} and passes it to the teacher, who
then tells the student the value c(xi) and picks xi+1. The cost of such a run of
the game is |{i : li = c(xi)}|. The Mistake Bound complexity of a class C is the
minimum over all students strategies of the maximum over all teacher strategies
of the cost of the run that is produced by these playing strategies. We denote it
by MB(C).

Now, how does it relate to embeddings and margins? Let us recall the fol-
lowing well known result:

Theorem 3 (Novikoff [9]). Let S = ((x1, b1), . . . , (xs, bs)) be a sequence of
{0, 1} labeled points in the unit ball in IRn. If there exists a hyperplane that
separates {xi : bi = 0} from {xi : bi = 1} with margin ≥ γ, then the online

Perceptron algorithm makes at most
(
2
γ

)2
many mistakes on S.

Tying these notions together we readily get:

Theorem 4. Pick any γ > 0. If a class C can be embedded in half-spaces (in
any dimension) so that every dichotomy that is induced by a member of C can
be realized by a half-space that has margin ≥ γ (with respect to the images of the
points in the instance space over which C is defined), then MB(C) ≤ 4/γ2.

Proof. The trick is to apply Novikoff’s theorem about the Perceptron algorithm.
Let ψ : X �→ IRn be an embedding that achieves margins above γ for the class C.
Now let the learner use the following strategy: upon receiving a point xi+1 run
the perceptron algorithm on (ψ(x1), c(x1)), . . . (ψ(xi), c(xi)) and let li+1 be the
label given to ψ(xi+1) by the half-space that the perceptron algorithm produces.
By Novikoff’s theorem, if there exists a half-space that separates the images of
the points that c labels 1 from the images of the points that c labels 0 with
margin ≥ γ, then the perceptron algorithm (and therefore, our student) will
make at most 4/γ2 mistakes.
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The above simple result can be readily applied to demonstrate that some of
the simplest classes cannot be embedded in half-spaces with good margins. For
example, let In be the class of all initial segments of (1, . . . , n). Note that the
VC dimension of In is 1 regardless of the value of n. Just the same, it is not
hard to see that MB(In) = �log(n)�.
Corollary 3. For any embedding of n points to some unit ball in a Euclidean
space, if every dichotomy in In can be realized as a half-space over the images
of the points, then there exists some c ∈ In so that the image of the dichotomy
it defines cannot be realized by a half-space with margin below 2/

√
log(n).

In spite of the simplicity of the above result, it has quite striking consequences
for learning methods. Namely, for some of the most simple concept classes, while
Empirical Risk Minimization suffices for learning them efficiently (due to their
constant VC dimension and simple structure), once they are embedded into half-
spaces, the generalization bound that relies on margins will grow to infinity with
the size of the instance space!

Note however that, as the mistake bound of a class C is always bounded from
above by log(|C|) (due to the Halving algorithm), the above idea cannot be used
for obtaining larger upper bounds on the values of obtainable margins.

In the following subsection, we turn to a counting technique, that yields
stronger bounds, but shows only existence of classes (rather then providing
bounds for concrete classes).

4.2 Strong Margin Bounds for the Majority of Classes

In this section we are going to translate the lower bounds of Section 3 on the
dimension of embeddings, into bounds on obtainable margins. The translation
is done via the random projections technique. We use the following result:

Lemma 2. (Arriaga and Vempala [2]) Let u ∈ IRr be arbitrary but fixed.
Let R = (Ri,j) be a random (k × r)-matrix such that the entries Ri,j are i.i.d.
according to the normal distribution N(0, 1). Consider the random projection

uR
�
= 1√

k
(Ru) ∈ IRk. Then the following holds for every constant µ > 0:

Pr
R

[∣∣‖uR‖2 − ‖u‖2∣∣ ≥ µ‖u‖2] ≤ 2e−µ
2k/8.

Corollary 4. Let w, x ∈ IRr be arbitrary but fixed. Let R = (Ri,j) be a ran-
dom (k × r)-matrix such that the entries Ri,j are i.i.d. according to the normal
distribution N(0, 1). Then the following holds for every constant µ > 0:

Pr
R

[
|wR · xR − w · x| ≥ µ

2
(‖w‖2 + ‖x‖2)] ≤ 4e−µ

2k/8.

Proof. Consider the events
∣∣‖wR + xR‖2 − ‖w + x‖2∣∣ < µ‖w + x‖2 (7)∣∣‖wR − xR‖2 − ‖w − x‖2∣∣ < µ‖w − x‖2. (8)
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According to Lemma 2 (applied to u = w + x and u = w − x, respectively), the
probability of a violation of (7) or (8) is upper-bounded by 4e−µ

2k/8. It suffices
therefore to derive |wR · xR − w · x| < µ

2 (‖w‖2 + ‖x‖2) from (7) and (8). From

‖w + x‖2 = ‖w‖2 + 2w · x+ ‖x‖2 and ‖w − x‖2 = ‖w‖2 − 2w · x+ ‖x‖2, (9)

we conclude that
‖w + x‖2 − ‖w − x‖2 = 4w · x. (10)

Clearly, the analogous relation holds for the random projections:

‖wR + xR‖2 − ‖wR − xR‖2 = 4wR · xR. (11)

Applying (10), (11), the triangle inequality, (7), (8), and (9) (in this order), we
accomplish the proof as follows:

|wR · xR − w · x| =
1
4

∣∣‖wR + xR‖2 − ‖w + x‖2 + ‖w − x‖2 − ‖wR − xR‖2
∣∣

≤ 1
4
(∣∣‖wR + xR‖2 − ‖w + x‖2∣∣+

∣∣‖wR − xR‖2 − ‖w − x‖2∣∣)

<
µ

4
(‖w + x‖2 + ‖w − x‖2)

=
µ

2
(‖w‖2 + ‖x‖2) .

From Lemma 2 and Corollary 4, the following results are easily obtained:
Corollary 5. Let C be a set of m = |C| homogeneous half spaces of dimension
r, and let X be a set of n = |X | points in IRr, such that the margin of C over
X is µ. Let R be a random (k × r)-matrix such that the entries Ri,j are i.i.d.
according to the normal distribution N(0, 1). Then the following holds:

1. PrR
[∃w ∈ C, ∃x ∈ X : sgn(w · x) = sgn(RTw ·RTx)

] ≤ 4mne−µ
2k/8.

2. If µ >
√

8 ln(4mn)/k, then C can be embedded in the class of k-dimensional
half spaces.1

Note that this result is independent of the original dimension r, and depends only
on the margin µ and the dimension into which we embed, k. From Corollaries 5
and 2, we immediately obtain the main result of this section:
Theorem 5. Let d ≥ 2 be arbitrary but fixed. Then, for all sufficiently large
n, the following holds. Only a vanishing fraction 2−l(n,n,2

d,d)/2 of the concept
classes from the family D(n, n, 2d) is embeddable in the class of half spaces (of
arbitrarily large dimension) with a margin µ unless

µ = O

(√
ln(n) log(n)

n1−α(2d,d)−β(2d,d)

)
= o

(√
ln(n)

n1−1/2d−1/d

)
.

1 Note that µ >
√

8 ln(4mn)/k is equivalent to 4mne−µ2k/8 < 1. The second state-
ment is therefore an immediate consequence of the first statement.
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We briefly note (without proof) that one can derive the following result from
Corollary 5 and the counting arguments given in the paper [1] of Alon, Frankl,
and Rödl.

Theorem 6. For all sufficiently large n, the following holds. Only a vanishing
fraction of the Boolean matrices of size n× n is embeddable in the class of half
spaces (of arbitrarily large dimension) with a margin µ unless

µ = O

(√
ln(n)
n

)
.

5 Tight Bounds for Classes of Low VC Dimension

We turn now to the question of what positive results can be achieved to comple-
ment our negative results on the dimension required for embedding. The type of
results we seek is:

For some fixed d, all matrices (or classes) of size n×n and VC-dimension
2d may be embedded in half spaces of dimension r(d, n), for some func-
tion r(d, n) = O(n1−1/2

d−1/d).

Obviously, such a result would be interesting primarily for low values of d,
where the difference between r(d, n) and n (the dimension required by the trivial
embedding) is significant. While we cannot present a general positive result, we
do show that, for specific values of s, t, there exist subfamilies of Z(n, n, s, t) that
can be embedded into half spaces of a dimension matching the corresponding
lower bound. Although this result is weaker than can ideally be hoped for, it
shows that there are non-trivial cases, where the smallest Euclidean dimension
needed to embed a family of matrices can be determined quite accurately.

The main results in this section are as follows:

Theorem 7. For all n, the class of matrices Z(n, n, 2, 2) contains a subfamily
F2×2(n) that can be embedded in half spaces of dimension O(n1/2). Furthermore,
this class cannot be embedded into half spaces of dimension o(n1/2/ log(n)).

Theorem 8. For all n, the family of matrices Z(n, n, 3, 3) contains a subfamily
F3×3(n) that can be embedded in half spaces of dimension O(n2/3). Furthermore,
this class cannot be embedded into half spaces of dimension o(n2/3/ log(n)).

The proofs of these theorems are given in section 5.1 and 5.2. As in section 3, the
lower bounds are obtained by the basic counting argument. The upper bounds
are obtained by exploiting the relationship between communication complexi-
ty and embeddings (see [10]). Section 5.1 presents the subfamilies F2×2(n) and
F3×3(n) and applies the basic counting argument to them. Section 5.2 presents
the corresponding embeddings.
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5.1 Lower Bounds for Classes of Low VC Dimension

We would like to demonstrate that the bound we achieve for the Zarankiewicz
matrices can be matched by an actual embedding for matrices of this type. The
reason such results can only be expected for specific (small) values of s and t is
that, as commented in [3], the general lower bound for the Zarankiewicz problem
is far from being tight. We therefore consider specific values of s, t for which
better lower bounds are known. Furthermore, for these cases, constructions of the
graphs that demonstrate the lower bound on z(m,n, s, t) are also known (unlike
the general lower bound, whose proof is not constructive). We consider two such
specific cases, and show that for these cases we can construct an embedding
into dimension close to our lower bound (using the improved results for the
Zarankiewicz problem available for these cases).

The first case we tackle concerns the class of graphs Z(n, n, 2, 2), namely,
bipartite graphs with two vertex sets of equal cardinality that do not contain a
quadrilateral. For this specific case, [3] shows the following construction:

Let q be a prime power, and let PG(2, q) be the projective plane over a field
of order q. Let V1 be the set of points in PG(2, q) and V2 be the set of lines in
PG(2, q). An edge (v1, v2) is included in the graph iff the point v1 is incident
to the line v2. It is immediate to verify that this graph indeed does not contain
quadrilaterals (as any two points can only be incident to a single line).

The number of points, as well as the number of lines, in the projective plane,
assuming we take q = p, a prime, is:

n =
p3 − 1
p− 1

= p2 + p+ 1.

It is well-known that each point is incident to exactly p − 1 lines. We conclude
that, for each prime p and n = p2 + p+ 1, there exists a Boolean (n×n)-matrix
Fn with (p−1)n 1-entries that does not contain a 1-monochromatic rectangle of
size 2 × 2. Note that the latter property is preserved by flipping 1-entries to 0.
Denote by F2×2(n) the family of all matrices of size n×n, where n = p2+p+ 1,
that are constructed from Fn by flipping some of the 1-entries into zeros. We
conclude that F2×2(n) ⊆ Z(n, n, 2, 2) and

z(n, n, 2, 2) ≥ n(p− 1) ≥ n3/2(1− o(1))

A straightforward application of our basic counting argument shows that r =
Ω(n1/2/ log n) Euclidean dimensions are needed to embed each matrix from
F2×2(n) in the class of r-dimensional half spaces. In the next subsection, we
show that O(n1/2) Euclidean dimensions are enough.

Another specific construction that appears in [3] is tailored to the case s =
t = 3. Again the construction is via geometry spaces over finite fields. This
time the affine geometry space AG(3, p) of dimension 3 over the field GF(p) is
used. For the construction we choose an element q in GF(p) which is a quadratic
residue if and only if −1 is not a quadratic residue. We then define S(x), for a
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point x ∈ AG(3, p), to be the sphere consisting of points y that satisfy:

3∑
i=1

(xi − yi)2 = q. (12)

We can now construct a bipartite graph, with n = p3 vertices in each of
the vertex sets V1 and V2. We connect the edge between vertices x ∈ V1 and
y ∈ V2 iff x ∈ S(y) (or, equivalently, y ∈ S(x)). The resulting matrix, say F ′n,
contains no 1-monochromatic rectangle of size 3 × 3. The number of 1-entries
in F ′n is p5 − p4. Let us denote the family of matrices of size n × n obtained
from F ′n by flipping some of 1-entries into zeros by F3×3(n). Again, we have,
F3×3(n) ⊆ Z(n, n, 3, 3), and a straightforward application of our basic counting
argument shows that r = Ω(n2/3/ log n) Euclidean dimensions are needed to
embed each matrix from F3×3(n) in the class of r-dimensional half spaces. In
the next subsection, we show that O(n2/3) Euclidean dimensions are enough.

5.2 Constructing Embeddings through Communication Protocols

To construct embeddings we use a well-known connection between probabilistic
communication complexity and embedding in half spaces. We use the model of
unbounded error, two sided, communication complexity (see [10]). In this model,
two players P0 and P1 are trying to compute a Boolean function f(x, y), where
P0 is given x ∈ {0, 1}n as input and P1 is given y ∈ {0, 1}n as input. Each
player has unlimited computational power, and may realize any distribution on
the messages it transmits to the other player. A protocol is said to calculate a
function f(x, y), if for any possible input pair (x, y), with probability exceeding
1/2 (over the randomness of the players), the protocol will output the value of
f(x, y). For a communication protocol A, we denote C(A) its communication
complexity, defined as the maximum over all possible inputs of the number of
bits exchanged between P0 and P1 during the run of the protocol. For a function
f , we define its unbounded error communication complexity to be:

Cf
�
= min
Af

C(Af )

where the minimum is taken over all protocols Af that correctly compute f .
The function f to be computed in such a communication protocol may also

be represented by a square binary matrix F , where the entry F (x, y) contains
the value of f(x, y). Paturi and Simon prove the following result (which is cited
here with terminology adapted to this paper):

Theorem 9. (Paturi and Simon [10]) Let F be the matrix of a Boolean
function f . Let r be the smallest dimension in which there is an embedding of the
class represented by F into hyper-planes. Then, the unbounded error probabilistic
communication complexity Cf for the function f satisfies:

�log(r)� ≤ Cf ≤ �log(r)�+ 1
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Therefore, each communication protocol in this model for a function f with
matrix F implicitly represents an embedding of F into the class of half spaces
of dimension exponential in the communication complexity of the protocol (and
vice versa). Let us now present communication protocols for the functions whose
matrices were introduced in the previous subsection.

Recall that Fn ∈ F2×2(n) denotes the matrix from the family F2×2(n), n =
p2 + p + 1, that indicates the incidences between points and lines in PG(2, p).
Assume processor P0 has as input a (binary encoding of the) point x in PG(2, p),
while P1 has as input a (binary encoding of the) line y in PG(2, p). Our protocol
for the matrix Fn is based on the following observation:
Fn has a 1 in position (x, y) if and only if the point x is incident to the line y.

If we represent a point (a 1-dimensional vector subspace of (GF(p))3) by a vector
in that subspace, and a line (a 2-dimensional vector subspace of (GF(p))3) by
a vector that is orthogonal to the subspace, we have that x is incident to y if
and only if x · y = 0 (where “·” denotes the inner product of the vector space
(GF(p))3).

We can therefore use the following probabilistic communication protocol for
the matrix Fn:
Protocol 1

1. Processor P0 normalizes its input: if x1 = 0, let x̂ = x/x1. Otherwise, let
x̂ = x.

2. Processor P0 sends the value of x̂1 (one bit).
3. Processor P0 sends the value of x̂2.
4. Processor P1 solves the equation

∑3
i=1 x̂iyi = 0 for x̂3. Denote this solution

by z.
5. The processors run the protocol, EQ, for testing the equality of z and x̂3

(see [10]) and output the same bit as the EQ-protocol.

Theorem 10. Protocol 1 is a probabilistic communication protocol for the ma-
trix Fn that uses 3 + �log(p)� = 1

2 log(n) +O(1) bits of communication.

Proof. The correctness of the protocol is immediate: in step 4, processor P1 has
the values for y1, y2, y3, x̂1, and x̂2 and can therefore solve the linear equation.
From the observation above, a 1 in the matrix Fn corresponds to a solution of
this equation. The EQ-protocol is then used to check whether x̂ indeed solves
this equation.

As for communication complexity, communicating the value of x̂1 takes just
1 bit (since its value is either 0 or 1). Communicating the value of x̂2 takes
�log(p)� bits, and the EQ-protocol of Paturi and Simon requires two additional
bits.

Note that a slight modification of this protocol can be used in the case that
some of the 1-entries in the matrix were changed to zeros:
In step 4 above, a check should be made to see if the entry represented by the
solution to this equation is 0. If this is the case, we can immediately output zero,
even without running the EQ-protocol.
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It follows that each matrix of the family F2,2(n) can be computed by a proto-
col that exchanges 1

2 log n + O(1) bits. According to Theorem 9, each matrix
from the family F2,2(n) can be embedded into half spaces of dimension O(n1/2).
Theorem 7 immediately follows.

Let us now move to matrices from the class F3×3(n), n = p3, described in
subsection 5.1. Recall that F ′n is the matrix from F3×3(n) that has a 1-entry in
position (x, y) iff x and y satisfy relation (12). Assume, once more, that processor
P0 has as input a point x ∈ AG(3, p) while processor P1 has as input a point
y ∈ AG(3, p).

Before we describe a protocol for this matrix, let us mention a protocol for
a problem we call EQ2 (for Equality-2). In this problem, processor P0 is given
an l-bit number x and processor P1 is given two different l-bit numbers2 (z, z′).
The function EQ2 is given by

EQ2(x, z, z′) = 1 ⇐⇒ (x = z ∨ x = z′).

Note that we assumed z = z′.
Lemma 3. There exists a probabilistic communication protocol for EQ2 that
uses 5 bits of communication (regardless of l).

Proof. Paturi and Simon provided a two-dimensional half space embedding for
the matrix induced by the equality function, EQ, that checks whether two given
l-bit numbers x and z are equal. Clearly, this embedding can be converted
into a three-dimensional homogeneous half space embedding of EQ or, alter-
natively, ¬EQ. In other words, we may represent x as (ξ1, ξ2, ξ3) ∈ IR3 and z as
(ζ1, ζ2, ζ3) ∈ IR3 such that

x = z ⇐⇒
3∑
i=1

ξiζi < 0 and x = z ⇐⇒
3∑
i=1

ξiζi > 0.

Making use of z = z′, it follows that

(x = z ∨ x = z′) ⇐⇒
3∑
i=1

3∑
j=1

ξiξjζiζ
′
j =

(
3∑
i=1

ξiζi

)
·

 3∑
j=1

ξjζ
′
j


 < 0. (13)

Equation (13) shows that the matrix induced by the function EQ2 can be em-
bedded in the class of 9-dimensional half spaces. According to Theorem 9, there
must be a probabilistic communication protocol that uses at most 5 bits of com-
munication.

We refer to the protocol for function EQ2 as the EQ2-protocol in what fol-
lows. Now that we have the EQ2-protocol (exchanging at most 5 bits), we are
ready to introduce our protocol for the matrix F ′n:
2 While the model of Paturi and Simon require inputs to both processors to be of the
same length, we may assume that P0 is given two l-bit numbers, and ignores one of
them in its computation.
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Protocol 2

1. Processor P0 sends the values of x1 and x2 to processor P1.
2. Given x1, x2, y1, y2, y3, Processor P1 solves equation (12) for x3 and finds (at

most) two solutions. If no solutions exist, output 0. Otherwise, denote the
solutions by z and z′. Processor P1 informs P0 whether z = z′ or z = z′ (one
bit).

3. If z = z′, the processors run the EQ-protocol such as to check whether
x3 = z. If z = z′, the processors run the EQ2-protocol such as to check
whether x3 = z or x3 = z′. They output the same bit as the EQ-protocol or
the EQ2-protocol, respectively, does.

Theorem 11. Protocol 2 is a probabilistic communication protocol for the ma-
trix F ′n, and uses 6 + 2�log(p)� = (2/3) logn+O(1) bits of communication.

Proof. The communication complexity of Protocol 2 is immediate: Processor P0
sends x1 and x2, which are both elements of GF(p) and therefore require �log(p)�
bits each. Processor P1 sends one bit in order to inform P0 of whether z = z′ or
not. Afterwards, the processors either run the EQ-protocol (at the expense of 2
bits) or the EQ2-protocol (at the expense of 5 bits). This sums up to at most
6 + 2�log(p)� bits of communication.

The correctness of the protocol is also immediate. Equation (12), solved by
P1 in step 2 of the protocol, coincides with the equation that was used to define
the 1-entries of the matrix F ′n.

Again, a slight modification of the protocol may be used for matrices in
F3×3(n) that had some of their 1-entries flipped to 0:
Either P1 knows, after receiving x1 and x2, that the result is 0 (if all solutions
to the equation of step 2 correspond to entries that have been flipped to 0), or it
knows that one of the two possible solutions to this equation (say, w.l.o.g., z′),
corresponds to an entry that was flipped to 0. In the latter case, the EQ-protocol
can be used to check whether x3 = z.
It follows that each matrix of the family F3,3(n) can be computed by a protocol
that exchanges (2/3) logn + O(1) bits. According to Theorem 9, each matrix
from the family F3,3(n) can be embedded into half spaces of dimension O(n2/3).
Theorem 7 immediately follows.
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Abstract. Concept classes can canonically be represented by matrices
with entries 1 and −1. We use the singular value decomposition of this
matrix to determine the optimal margins of embeddings of the concept
classes of singletons and of half intervals in homogeneous Euclidean half
spaces. For these concept classes the singular value decomposition can
be used to construct optimal embeddings and also to prove the corre-
sponding best possible upper bounds on the margin. We show that the
optimal margin for embedding n singletons is n

3n−4 and that the optimal

margin for half intervals over {1, . . . , n} is π
2 ln n

+ Θ
(

1
(ln n)2

)
. For the

upper bounds on the margins we generalize a bound given in [6]. We also
discuss the concept classes of monomials to point out limitations of our
approach.

1 Introduction

Recently there has been a lot of interest in maximal margin classifiers. Learning
algorithms that calculate the hyperplane with the largest margin on a sample
and use this hyperplane to classify new instances have shown excellent empirical
performance (see [5]). Often the instances are mapped (implicitly when a kernel
function is used) to some possibly high dimensional space before the hyperplane
with maximal margin is calculated. If the norms of the instances are bounded and
a hyperplane with large margin can be found, a bound on the VC-dimension can
be applied (Vapnik [12]; [5], Theorem 4.16). A small VC-dimension means that
a concept class can be learned with a small sample (Vapnik and Chervonenkis
[13]; Blumer et. al. [4]; [8], Theorem 3.3).

The success of maximal margin classifiers raises the question which concept
classes can be embedded in half spaces with a large margin. For every concept
class there is a trivial embedding into half spaces. Ben-David, Eiron and Simon
[2] show that most concept classes cannot be embedded with a margin that is
much larger than the trivial margin. They use counting arguments that do not
give upper bounds on the margins of particular concept classes. Vapnik [12] also
showed an upper bound on the margin in terms of the VC-dimension. A stronger
result was shown by Forster [6]: A concept class C over an instance space X can
be represented by the matrix M ∈ {−1, 1}X×C for which the entry Mxc is 1

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 402–415, 2001.
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if x ∈ c and −1 otherwise. He showed that a concept class (X, C) can only
be embedded in homogeneous half spaces with margin at most ‖M‖√

|X| |Y | , where

‖M‖ denotes the operator norm ofM . It is not hard to see that for every matrix
M ∈ {−1, 1}X×Y :

max(
√
|X|,

√
|Y |) ≤ ‖M‖ ≤

√
|X| |Y | .

(See for example Krause [9], Lemma 1.1.) The equality ‖M‖ = √|Y | holds if
and only if the rows of M are orthogonal, ‖M‖ = √|X| holds if and only if
the columns of M are orthogonal, and ‖M‖ =

√|X| |Y | holds if and only if
rank(M) = 1. The Hadamard matrices Hn ∈ IR2

n×2n

are examples of matrices
with orthogonal rows and columns. They are recursively defined by

H0 = 1 , Hn+1 =
(
Hn Hn
Hn −Hn

)
.

From the upper bound ‖M‖√
|X| |Y | on the margin it follows easily that for the con-

cept classes for which the matrix M has orthogonal rows or orthogonal columns
the trivial embedding has the optimal margin.

In this paper we give a straightforward generalization of Forster’s result to the
case where the entries of the matrix M can be arbitrary real numbers. For finite
sets X, Y we say that a matrix M ∈ IRX×Y can be realized by an arrangement
of homogeneous half spaces with margin γ if there are vectors ux, vy for x ∈ X,
y ∈ Y that lie in the unit ball of some IRk (where k can be arbitrarily large)
such that Mxy and 〈ux, vy〉 have the same sign and | 〈ux, vy〉 | ≥ γ for all x ∈ X,
y ∈ Y .

A vector vy can be interpreted as a normal vector of the boundary of the
homogeneous half space {z ∈ IRk | 〈vy, z〉 ≥ 0}. Then 〈ux, vy〉 > 0 means that
the vector ux lies in the interior of this half space. The sign of Mxy determines
whether ux must lie in the half space or not. The requirement | 〈ux, vy〉 | ≥ γ
means that the point ux has distance at least γ from the boundary of the half
space. Analogously we can interpret the vectors ux as normal vectors of half
spaces and the vectors vy as points.

It is crucial that we require the vectors to lie in a unit ball (or that they are
bounded) because otherwise we could increase the margin by simply stretching
all vectors. Note that it is not really a restriction to assume that the half spaces
are homogeneous: There is a standard way to transform an embedding with
inhomogeneous half spaces into an embedding with homogeneous half spaces
that has at least half the old margin.

For every matrix M ∈ IRX×Y there exists an optimal embedding: We can
assume without loss of generality that the vectors of any embedding lie in the
unit ball of IRX . (Because the linear span of the vectors ux has dimension at most
|X| and we can project the vectors vy to this span without changing the scalar
products 〈ux, vy〉.) The margin of the embedding is continuous in the vectors ux,
vy, and the unit ball of IRX is compact. Thus the maximal margin is attained.
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We introduce a new tool from functional analysis, the singular value decom-
position, to estimate the optimal margins of concept classes. The singular value
decomposition can not only be used to construct embeddings, but also to show
upper bounds on the margins of all embeddings. We show that for two types of
concept classes, namely singletons and half intervals, our techniques can be used
to calculate the best possible margins exactly. However, we also show that these
techniques fail for the concept classes of monomials.

The paper is organized as follows: In Section 2 we fix some notation for the
rest of the paper. In Section 3 we show that a matrixM ∈ IRX×Y can only be em-

bedded in homogeneous half spaces with margin at most ‖M‖
√
|X|√∑

y∈Y

(∑
x∈X

|Mxy|
)2
.

In Section 4 we show how the singular value decomposition can be used to apply
the upper bound from Section 3. In Sections 5 and 6 we use the results from
the previous sections to calculate the optimal margins for the concept classes
of singletons and of half intervals. In Section 7 we discuss the concept class of
monomials.

2 Notation

For a finite set X, IRX is the vector space of real functions (“vectors”) on X.
The Euclidean norm of a vector a ∈ IRX is ‖a‖2 :=

√∑
x∈X a2x, the supremum

norm is ‖a‖∞ := maxx∈X |ax|. As usual we write IRn = IR{1,...,n}. The vectors
x ∈ IRn are column vectors. For two finite sets X,Y we write IRX×Y for the set
of real matrices with rows indexed by the elements of X and columns indexed
by the elements of Y . The transposition of a matrix A ∈ IRX×Y is denoted by
A
 ∈ IRY×X . For x ∈ X we define ex ∈ IRX to be the canonical base of IRX for
which

(ex)y =
{
1 , x = y ,
0 , x = y ,

for y ∈ X. For a complex vector x ∈ Cn, x̄ is the complex conjugate and x∗

the complex conjugate transpose of x. IX is the identity matrix. A nonsingular
matrix A ∈ IRX×X is called orthogonal if A−1 = A
. The operator norm of a
matrix A ∈ IRX×Y is

‖A‖ = sup
x∈IRX

‖x‖≤1

‖Ax‖ = max
x∈IRX

‖x‖≤1

‖Ax‖ .

The supremum is attained because ‖Ax‖ is a continuous function of x and the
unit ball {x ∈ IRX | ‖x‖ ≤ 1} is compact. It is well know that ‖A‖2 = ‖A
A‖ =
‖AA
‖ for any matrix A ∈ IRX×Y .

The signum function sign : IR→ IR is given by

sign(x) =



1 , x > 0 ,
0 , x = 0 ,
−1 , x < 0 .
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3 An Upper Bound on the Margins of Embeddings

It was previously known that the margin of any embedding of a matrix M ∈
{−1, 1}X×Y in homogeneous Euclidean half spaces is at most ‖M‖√

|X||Y | (see For-

ster [6], Theorem 3). In Theorem 1 we prove a straightforward generalization of
this result to matrices M ∈ IRX×Y with arbitrary entries.

In the proof of Theorem 1 we will use the following simple fact: For any
two symmetric positive semi-definite matrices A,B ∈ IRX×X the sum of the
products of the entries is nonnegative. This can be seen as follows. Because of
the Spectral Theorem there are eigenvectors d1, . . . , d|X| ∈ IRX and eigenvalues
λ1, . . . , λ|X| ≥ 0 of A such that A =

∑|X|
i=1 λidid



i . It follows that

∑
x,x̃∈X

Axx̃Bxx̃ =
∑
x,x̃∈X

|X|∑
i=1

λi(di)x(di)x̃Bxx̃ =
|X|∑
i=1

λi︸︷︷︸
≥0

d
i Bdi︸ ︷︷ ︸
≥0

≥ 0 .

Theorem 1. Let M ∈ IRX×Y be a matrix. Any embedding (in the sense de-
scribed in Section 1) of M in homogeneous Euclidean half spaces has margin at
most √|X| ‖M‖√∑

y∈Y
(∑

x∈X |Mxy|
)2 .

Proof. Let an embedding ux, vy of M with margin γ be given. For every y ∈ Y
we have that

γ
∑
x∈X
|Mxy| ≤

∑
x∈X

Mxy 〈ux, vy〉 =
〈∑
x∈X

Mxyux, vy

〉
‖vy‖≤1≤

∥∥∥∥∥
∑
x∈X

Mxyux

∥∥∥∥∥ .

(1)
We square this inequality and sum over y ∈ Y :

γ2
∑
y∈Y

(∑
x∈X
|Mxy|

)2
(1)
≤

∑
y∈Y

∥∥∥∥∥
∑
x∈X

Mxyux

∥∥∥∥∥
2

=
∑
y∈Y

∑
x,x̃∈X

Mxy ·Mx̃y · 〈ux, ux̃〉 =
∑
x,x̃∈X

(
MM


)
xx̃
〈ux, ux̃〉

(∗)
≤

∑
x,x̃∈X

(‖M‖2IX)xx̃ 〈ux, ux̃〉 = ‖M‖2
∑
x∈X
‖ux‖2 ≤ |X| ‖M‖2 .

Here inequality (∗) holds because A := ‖M‖2IX − MM
 and
B := (〈ux, ux̃〉)x,x̃∈X are symmetric positive semi-definite matrices, i.e.∑
x,x̃∈X Axx̃Bxx̃ ≥ 0.

If we apply Theorem 1 to a matrix M ∈ {−1, 1}X×Y with entries −1 and 1
we get the upper bound ‖M‖√

|X| |Y | from Forster [6], Theorem 3. For an arbitrary
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matrix M ∈ IRX×Y we also get the upper bound
√|Y | ‖M‖√∑

x∈X
(∑

y∈Y |Mxy|
)2

on the margin if we apply Theorem 1 to M
.

4 The Singular Value Decomposition

The problem of embedding a matrix M ∈ IRX×Y in Euclidean half spaces with
a large margin can be stated as follows: We are looking for two matrices B,C
with rows of norm 1 such that the signs of the entries of BC
 are equal to the
signs of the entries ofM , and such that the smallest absolute value of the entries
of BC
 is as large as possible.

One possibility of writing M as a product of matrices is the singular value
decomposition of M : Let r be the rank of M . Then there always exist matrices
U ∈ IRX×r and V ∈ IRY×r with orthonormal columns and nonnegative numbers
s1, . . . , sr, called the singular values of M , such that M = Udiag(s1, . . . , sr)V 


(see [7].) Obviously the matrices

B = Udiag(
√
s1, . . . ,

√
sr) , C = V diag(

√
s1, . . . ,

√
sr)

satisfy M = BC
. If we normalize the rows of B and C we get an embedding
of M . Surprisingly, we can show that for the concept classes of singletons and
of half intervals this embedding has the best possible margin. For both of these
concept classes we can also use the singular value decomposition to show the
optimal upper bound on the margin: We can simply apply Theorem 1 to the
matrix UV 
. Trying this matrix can be a good idea because it is orthogonal,
which means that all its singular values are equal, they are “optimally balanced”.
Of course we have to check that the entries of UV 
 have correct signs, since this
is not true for all matrices M .

Theorem 2. Let M ∈ {−1, 1}X×Y be a matrix with singular value decom-
position Udiag(s1, . . . , sr)V 
. Let û, v̂ be the vectors whose entries are the
squared Euclidean norms of the rows of the matrices Udiag(

√
s1, . . . ,

√
sr) and

V diag(
√
s1, . . . ,

√
sr), i.e.

û :=


 r∑
j=1

sjU
2
xj



x∈X

∈ IRX , v̂ :=


 r∑
j=1

sjV
2
yj



y∈Y

∈ IRY .

Then the embedding

ux :=
1√
ûx

(
√
sjUxj)j=1,...,r ∈ IRr , x ∈ X ,
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vy :=
1√
v̂y
(
√
sjVyj)j=1,...,r ∈ IRr , y ∈ Y ,

of the matrix M has margin

1√‖û‖∞‖v̂‖∞ ≤
√|X| |Y |∑r

j=1 sj
. (2)

If the entries of M and of UV 
 have the same signs, then every embedding of
M in homogeneous Euclidean half spaces has margin at most

min

(√|X|
‖v̂‖2 ,

√|Y |
‖û‖2

)
≤

√|X||Y |∑r
j=1 sj

. (3)

If additionally all norms of the rows of Udiag(
√
s1, . . . ,

√
sr) and all norms of

the rows of V diag(
√
s1, . . . ,

√
sr) are equal, then the above embedding of M that

uses the singular value decomposition of M has margin

1√‖û‖∞‖v̂‖∞ =

√|X| |Y |∑r
j=1 sj

,

and this margin is optimal.

Proof. Obviously ‖ux‖ = 1 = ‖vy‖ holds, and from 〈ux, vy〉 = Mxy√
ûxv̂y

it fol-

lows that the margin of the embedding is 1/
√‖û‖∞‖v̂‖∞. The upper bound√|X|/‖v̂‖2 on the margin follows if we apply Theorem 1 to the matrix UV 


because ‖UV 
‖ ≤ ‖U‖‖V ‖ = 1 and because of
∑
x∈X
|(UV 
)xy| =

∑
x∈X

Mxy(UV 
)xy

=
∑
x∈X

r∑
j=1

sjUxjVyj

r∑
k=1

UxkVyk =
r∑
j=1

sjV
2
yj = v̂y .

Here the first equality holds because the entries of M and UV 
 have the same
signs, for the second equality we used that M = Udiag(s1, . . . , sr)V 
, and for
the third equality we used that the rows of U are orthonormal. Both the sum of
the components of û and the sum of those of v̂ are equal to

∑r
j=1 sj . From this

it follows that

‖û‖2 ≥
∑r
j=1 sj√|X| , ‖v̂‖2 ≥

∑r
j=1 sj√|Y | ,

‖û‖∞ ≥
∑r
j=1 sj

|X| , ‖v̂‖∞ ≥
∑r
j=1 sj

|Y | ,

and this implies the inequalities in (2) and (3). If all the components of û are
equal and all the components of v̂ are equal, then equality holds in (2) and (3).
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It is easy to see that Theorem 2 gives an embedding with optimal margin
for matrices that have orthogonal rows or orthogonal columns. Note that it
was already observed by Forster [6] that the margin of the trivial embedding
is optimal in this case. In the following two sections we show that Theorem
2 can also be used to construct optimal embeddings for the concept classes of
singletons and of half intervals.

5 The Optimal Margins of Singleton Concept Classes

Given a parameter n ∈ IN, we look at the concept class of singletons. It has the
matrix

SINGLETONSn =




1 −1 · · · −1
−1 . . . . . .

...
...

. . . . . . −1
−1 · · · −1 1


 ∈ {−1, 1}

n×n .

It is obvious that this matrix can be embedded with constant margin: We can
get an embedding in inhomogeneous half spaces if we choose the points to be
the canonical unit vectors of IRn and choose the half spaces that have the the
canonical unit vectors as normal vectors and that have thresholds 12 . This leads
to a margin of 12 . Ben-David, Eiron and Simon [3] observed that the optimal
margin that can be achieved with inhomogeneous half spaces is 12 +

1
2n .

We show that Theorem 2 can be used to calculate the optimal margin for
embeddings with homogeneous half spaces. The matrix SINGLETONSn is sym-
metric and has the eigenvalue 2 with eigenspace null(M − 2In) = {x ∈ IRn |∑n
k=1 xk = 0} and the eigenvalue 2− n with eigenvector (1, . . . , 1)
. The eigen-

vectors

aj =
1√
j2 + j

(1, . . . , 1︸ ︷︷ ︸
j times

,−j, 0, . . . , 0)
 , j = 1, . . . , n− 1 ,

an =
1√
n
(1, . . . , 1)
 ,

of M give an orthonormal basis of IRn. From this it follows that a singular value
decomposition of M is given by(

a1 · · · an
)

︸ ︷︷ ︸
U

diag(2, . . . , 2, n− 2)︸ ︷︷ ︸
diag(s1,...,sn)

(
a1 · · · an−1 − an

)
︸ ︷︷ ︸

V




(to check this we can apply the above to the vectors a1, . . . , an.) Obviously the
entries of

UV 
 =
1
2
M +

(n
2
− 2

)
ana



n =




1− 2
n − 2n · · · − 2n

− 2n
. . . . . .

...
...

. . . . . . − 2n− 2n · · · − 2n 1− 2
n
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have the same signs as the corresponding entries of SINGLETONSn and we can
apply Theorem 2. From

r∑
j=1

sjU
2
kj =

r∑
j=1

sjV
2
kj = 2− 2

k
+ 2

n−1∑
j=k

= 1
j− 1

j+1︷ ︸︸ ︷
1

j(j + 1)︸ ︷︷ ︸
= 1

k− 1
n

+1− 2
n
= 3− 4

n
=

3n− 4
n

for k = 1, . . . , n it follows that
Theorem 3. The maximal margin of a realization of the matrix
SINGLETONSn with homogeneous Euclidean half spaces is

n

3n− 4
=

1
3
+

4
9n− 12

=
1
3
+Θ

(
1
n

)
.

6 The Optimal Margins of Half Interval Concept Classes

For a parameter n ∈ IN, the concept class of half intervals has the following
matrix:

HALF-INTERVALSn =




1 −1 · · · −1
...
. . . . . .

...
...

. . . −1
1 · · · · · · 1


 ∈ {−1, 1}

n×n .

As observed by Ben-David [1], we can use Novikoff’s Theorem [11] to get an
upper bound on the margins of embeddings of this matrix in half spaces: If we
have an embedding with margin γ, then it follows from Novikoff’s Theorem that
the concept class can be learned with at most γ−2 EQ-queries. The learning
complexity of HALF-INTERVALSn with arbitrary EQ-queries is �log2 n� (see
Maass and Turan [10], Proposition 4.2.) This shows that γ−2 ≥ �log2 n�, or
equivalently γ ≤ 1√

�log2 n�
.

We can show a much stronger result: From Theorem 2 we get an exact formula
for the optimal margin. In the following we consider only the case that n is even,
but the case n odd is very similar.

We start by calculating the complex eigenvalues and eigenspaces of M =
HALF-INTERVALSn. Let µ be a complex root of −1, i.e. µ ∈ C, µn = −1. Then
the vector xµ := (µk−1)k=1,...,n ∈ Cn is an eigenvector of M for the eigenvalue
2µ
µ−1 :

Mxµ =


 k∑
j=1

µj−1 −
n∑

j=k+1

µj−1



k=1,...,n

=
(
1− µk
1− µ −

µk + 1
1− µ

)
k=1,...,n

=
(−2µk
1− µ

)
k=1,...,n

=
2µ
µ− 1

xµ .
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Because the eigenvectors xµ are pairwise orthogonal and because of ‖xµ‖2 = n
this means that we can write M as

M =
∑

µ∈C:µn=−1

2µ
n(µ− 1)

xµx
∗
µ .

(To check this we can apply the above to the vectors xµ for the n complex roots
µ of −1.) Now the entries of M can be written as

Mjk =
2
n

∑
µ∈C:µn=−1

µ

µ− 1
µj−1µ1−k =

2
n

∑
µ∈C:µn=−1

µj−k+1

µ− 1

µ=eiπ(2l−1)/n

=
2
n

n∑
l=1

eiπ(2l−1)(j−k+1)/n

eiπ(2l−1)/n − 1

=
2
n

n/2∑
l=1

(
eiπ(2l−1)(j−k+1)/n

eiπ(2l−1)/n − 1
+
e−iπ(2l−1)(j−k+1)/n

e−iπ(2l−1)/n − 1

)

=
2
n

n/2∑
l=1

eiπ(2l−1)(2j−2k+1)/2n − e−iπ(2l−1)(2j−2k+1)/2n
eiπ(2l−1)/2n − e−iπ(2l−1)/2n

=
2
n

n/2∑
l=1

sin π(2l−1)(2j−2k+1)
2n

sin π(2l−1)
2n

=
2
n

n/2∑
l=1

(
sin
π(2l − 1)

2n

)−1(
sin
π(2l − 1)j

n
cos

π(2l − 1)(2k − 1)
2n

− cos π(2l − 1)j
n

sin
π(2l − 1)(2k − 1)

2n

)
.

Thus we can write M = UDV 
, where U,D, V ∈ IRn×n are given by

U =

(√
2
n
sin
π(2l − 1)j

n
;

√
2
n
cos

π(2l − 1)j
n

)
j=1,...,n

l=1,...,n/2

D = diag

((
sin
π(2l − 1)

2n

)−1
,

(
sin
π(2l − 1)

2n

)−1)

l=1,...,n/2

V =

(√
2
n
cos

π(2l − 1)(2k − 1)
2n

; −
√

2
n
sin
π(2l − 1)(2k − 1)

2n

)
k=1,...,n

l=1,...,n/2

.

It is not hard to check that the rows of U and V are orthonormal, i.e. UDV 
 is
a singular value decomposition of M . The entries of UV 
 have the same signs
as those of HALF-INTERVALSn, because for all j, k ∈ {1, . . . , n} (for shortness
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let α := π(2j−2k+1)
2n ):

(UV 
)jk =
2
n

n/2∑
l=1

(
sin
π(2l − 1)j

n
cos

π(2l − 1)(2k − 1)
2n

− cos π(2l − 1)j
n

sin
π(2l − 1)(2k − 1)

2n

)

=
2
n

n/2∑
l=1

sin
(
π(2l − 1)(2j − 2k + 1)

2n

)
︸ ︷︷ ︸

=Im(exp(i(2l−1)α))

=
2
n
Im


eiα

n/2−1∑
l=0

(
e2iα

)l



=
2
n
Im

(
eiα

1− e2iα︸ ︷︷ ︸
= 1

e−iα−eiα=
i

2 sin α

(1− einα︸︷︷︸
=±i

)

)
=

1
n sinα

.

is positive if and only if j ≥ k. Now we can apply Theorem 2, and because the
sums

n∑
l=1

DllU
2
jl =

n∑
l=1

DllV
2
kl =

1
n

n∑
l=1

Dll

are equal for all j, k (the above equalities follow immediately from the special
structure of the matrices U , D, V ) we get

Theorem 4. The maximal margin of a realization of the concept class of half in-
tervals with matrix HALF-INTERVALSn in Euclidean homogeneous half spaces
is

n

(
n∑
l=1

(
sin
π(2l − 1)

2n

)−1)−1
=

π

2 lnn
+Θ

(
1

(lnn)2

)
.

Proof. We still have to show that the optimal margin is asymptotically π
2 lnn . We

use that sin π
2n ≥ 1

n for all positive integers n. (This follows from the concavity
of the sine function on [0, π/2].) Because of

2
n/2∑
l=1

(
sin
π(2l − 1)

2n

)−1
≤ 2

sin π
2n︸ ︷︷ ︸

≤2n

+2
∫ n/2

1

(
sin
π(2x− 1)

2n

)−1
dx

y=π(2x−1)
2n≤ 2n

π

∫ π
2− π

2n

π
2n

1
sinx

dx+ 2n =
2n
π

[
ln

sinx
1 + cosx

]π
2− π

2n

π
2n

+ 2n

=
2n
π

(
ln

cos π
2n

1 + sin π
2n︸ ︷︷ ︸

≤1

− ln sin π
2n

1 + cos π
2n︸ ︷︷ ︸

≥ 1
2n

)
+ 2n ≤ 2n

π
ln(2n) + 2n



412 J. Forster, N. Schmitt, and H.U. Simon

the optimal margin is at least
( 2
π ln(2n) + 2

)−1. Because of

2
n/2∑
l=1

(
sin
π(2l − 1)

2n

)−1
≥ 2

∫ (n+1)/2

1

(
sin
π(2x− 1)

2n

)−1
dx

y=π(2x−1)
2n=

2n
π

∫ π
2

π
2n

1
sinx

dx =
2n
π

[
ln

sinx
1 + cosx

]π
2

π
2n

= −2n
π

ln
sin π

2n

1 + cos π
2n︸ ︷︷ ︸

≤ π
2n

≥ 2n
π

ln
2n
π

the optimal margin is at most
( 2
π ln

2n
π

)−1.

7 Monomials

For the concept class of monomials over n Boolean variables x1, . . . , xn the in-
stances are all possible assignments to these variables and the concepts are all
conjunctions of the literals x1,¬x1, . . . , xn,¬xn. The matrix MONOMIALSn =
Mn of this concept class is recursively given by

M0 = (1) , Mn =


Mn−1 −1
Mn−1 Mn−1
−1 Mn−1


 ∈ {−1, 1}3n×2n

.

For n = 0 we have only the empty monomial which is always true. For n ≥ 1
the first 2n−1 columns of Mn correspond to the assignments of the variables for
which xn is true and the last 2n−1 columns correspond to the assignments for
which xn is false. The first 3n−1 rows correspond to the monomials m containing
the literal xn, the next 3n−1 rows to the monomials containing neither xn nor
¬xn, and the last rows to the monomials containing ¬xn.

There is an embedding of MONOMIALSn in inhomogeneous half spaces with
margin 1/n: We map each monomial m to a half space given by a normal vector
um and threshold tm. The j-th component of um ∈ IRn is 1 if m contains the
positive literal xj , −1 if m contains ¬xj , and 0 otherwise. If lm is the number
of literals contained in m, we define the threshold tm as lm − 1 ∈ IR. For each
assignment a of the variables x1, . . . , xn we define a vector va ∈ IRn by (va)j = 1
if a assigns true to xj and (vy)j = −1 otherwise. Given a monomial m, the scalar
product 〈um, va〉 attains its maximal value lm = tm + 1 for the assignments a
that fulfill m. For all other assignments a we have 〈um, va〉 ≤ lm − 2 = tm − 1.
This means that 〈um, va〉 > tm if and only if a fulfills m and |〈um, va〉| ≥ 1.
After dividing the vectors by

√
n and dividing the thresholds by n we have an

embedding with margin 1/n.
The best margin of an embedding of MONOMIALSn with homogeneous half

spaces is at most 1/
√
n because the matrix MONOMIALSn has n orthogonal
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rows: We consider only the monomials that consist of a single positive literal.
The corresponding rows of MONOMIALSn are orthogonal because two distinct
literals differ on exactly half of all of the assignments to the variables x1, . . . , xn.

We want to argue now that the embedding of Theorem 2 does not give good
margins for the concept classes of monomials. For this we calculate the sum of
the singular values of Mn. Consider the matrix

An =
1
2
(Mn + 13n×2n) ∈ {0, 1}3n×2n

which results from Mn if we replace the −1 entries of Mn by zeros. For this
matrix it holds that

A
0 A0 = (1) , A
nAn =
(
2A
n−1An−1 A



n−1An−1

A
n−1An−1 2A
n−1An−1

)
∈ IR2n×2n

.

For n = 0, obviously x(0)1 = (1) is an eigenvector of A
0 A0 for the eigenvalue
λ
(0)
1 = 1. It is easy to see that if x(n−1)j is an eigenvector of A
n−1An−1 for the

eigenvalue λ(n−1)j then

x
(n)
j =

(
x
(n−1)
j

−x(n−1)j

)
, x

(n)
2n−1+j =

(
x
(n−1)
j

x
(n−1)
j

)

are linearly independent eigenvectors of A
nAn for the eigenvalues λ(n)j = λ(n−1)j

and λ(n)2n−1+j = 3λ(n−1)j .
The singular values of An are the square roots of the eigenvalues of A
nAn.

Thus each singular value s(n−1)j of An−1 produces two singular values s(n)j =

s
(n−1)
j and s(n)2n−1+j =

√
3 s(n−1)j for An. Because of s(0)1 = 1 the sum of the

singular values of An is
∑2n

j=1 s
(n)
j = (1 +

√
3)n.

Because each column of An contains exactly 2n ones, it follows that

M
nMn = (2An − 13n×2n)
(2An − 13n×2n)
= 4A
nAn − 2A
n 13n×2n − 2 · 12n×3nAn + 12n×3n13n×2n

= 4A
nAn + (3n − 4 · 2n) · 12n×2n .

By construction it follows inductively that each vector x(n)j for 1 ≤ j < 2n

contains as many 1s as −1s, i.e. 12n×2nx
(n)
j = 0. Thus x(n)j is an eigenvector of

M
nMn for the eigenvalue 4λ(n)j for 1 ≤ j < 2n.

The vector x(n)2n contains only 1s, thus 12n×2nx
(n)
2n = 2nx(n)2n . Because of λ(n)2n =

3n, this vector is an eigenvector of M
nMn for the eigenvalue

4λ(n)2n + 2n(3n − 4 · 2n) = 4 · 3n + 6n − 4n+1 .

The singular values of Mn are the square roots of the eigenvalues of M
nMn.
Thus the sum of the singular values of Mn is almost equal to twice the sum of
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the singular values of An. We just have to add a term that takes care of the
special case of the largest eigenvalue of M
nMn: The sum of the singular values
of M
nMn is

S := 2
(
(1 +

√
3)n −

√
3
n)

+
√
4 · 3n + 6n − 4n+1 .

Now it follows from Theorem 2 that the margin of the embedding obtained with
the singular value decomposition method for MONOMIALSn is at most

√
3n2n

S
= O

(( √
6

1 +
√
3

)n)
.

Because of
√
6/(1+

√
3) ≈ 0.8966 < 1 this margin is exponentially small in n. We

have already seen that there is an embedding of MONOMIALSn with margin
1/n. This means that the upper bound of Theorem 2 on the optimal margin
does not hold for all matrices. In particular, for large n not all entries of the
matrix UV 
 given by a singular value decomposition of MONOMIALSn have
the correct signs.
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Abstract. Wahba’s classical representer theorem states that the solu-
tions of certain risk minimization problems involving an empirical risk
term and a quadratic regularizer can be written as expansions in terms
of the training examples. We generalize the theorem to a larger class
of regularizers and empirical risk terms, and give a self-contained proof
utilizing the feature space associated with a kernel. The result shows
that a wide range of problems have optimal solutions that live in the
finite dimensional span of the training examples mapped into feature
space, thus enabling us to carry out kernel algorithms independent of
the (potentially infinite) dimensionality of the feature space.

1 Introduction

Following the development of support vector (SV) machines [23], positive definite
kernels have recently attracted considerable attention in the machine learning
community. It turns out that a number of results that have now become popular
were already known in the approximation theory community, as witnessed by the
work of Wahba [24]. The present work brings together tools from both areas. This
allows us to formulate a generalized version of a classical theorem from the latter
field, and to give a new and simplified proof for it, using the geometrical view
of kernel function classes as corresponding to vectors in linear feature spaces.

The paper is organized as follows. In the present first section, we review
some basic concepts. The two subsequent sections contain our main result, some
examples and a short discussion.

1.1 Positive Definite Kernels

The question under which conditions kernels correspond to dot products in linear
spaces has been brought to the attention of the machine learning community by
Vapnik and coworkers [1,5,23]. In functional analysis, the same problem has
been studied under the heading of Hilbert space representations of kernels. A
good monograph on the functional analytic theory of kernels is [4]. Most of the
material in the present introductory section is taken from that work. Readers
familiar with the basics of kernels can skip over the remainder of it.

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 416–426, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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Suppose we are given empirical data

(x1, y1), . . . , (xm, ym) ∈ X ×R. (1)

Here, the target values yi live in R, and the patterns xi are taken from a domain
X . The only thing we assume about X is that is a nonempty set. In order to
study the problem of learning, we need additional structure. In kernel methods,
this is provided by a similarity measure

k : X × X → R, (x, x′) �→ k(x, x′). (2)

The function k is called a kernel [20]. The term stems from the first use of this
type of function in the study of integral operators, where a function k giving rise
to an operator Tk via

(Tkf)(x) =
∫
X
k(x, x′)f(x′) dx′ (3)

is called the kernel of Tk. Note that we will state most results for the more
general case of complex-valued kernels;1 they specialize to the real-valued case
in a straightforward manner. Below, unless stated otherwise, indices i and j will
be understood to run over the training set, i.e. i, j = 1, . . . ,m.

Definition 1 (Gram matrix). Given a kernel k and patterns x1, . . . , xm ∈ X ,
the m×m matrix

K := (k(xi, xj))ij (4)

is called the Gram matrix of k with respect to x1, . . . , xm.

Definition 2 (Positive definite matrix). An m×m matrix K over the com-
plex numbers C satisfying

m∑
i=1

m∑
j=1

cic̄jKij ≥ 0 (5)

for all c1, . . . , cm ∈ C is called positive definite.

Definition 3 (Positive definite kernel). Let X be a nonempty set. A function
k : X × X → C which for all m ∈ N, x1, . . . , xm ∈ X gives rise to a positive
definite Gram matrix is called a positive definite (pd) kernel.2

Real-valued kernels are contained in the above definition as a special case. How-
ever, it is not sufficient to require that (5) hold for real coefficients ci. If we want
to get away with real coefficients only, we additionally have to require that the
1 We use the notation c̄ to denote the complex conjugate of c.
2 One might argue that the term positive definite kernel is slightly misleading. In
matrix theory, the term definite is sometimes used to denote the case where equality
in (5) only occurs if c1 = · · · = cm = 0. Simply using the term positive kernel, on
the other hand, could be confused with a kernel whose values are positive.
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kernel be symmetric. The complex case is slightly more elegant; in that case, (5)
can be shown to imply symmetry, i.e. k(xi, xj) = k(xj , xi).

Positive definite kernels can be regarded as generalized dot products. Indeed,
any dot product is a pd kernel; however, linearity does not carry over from dot
products to general pd kernels. Another property of dot products, the Cauchy-
Schwarz inequality, does have a natural generalization: if k is a positive definite
kernel, and x1, x2 ∈ X , then

|k(x1, x2)|2 ≤ k(x1, x1) · k(x2, x2). (6)

1.2 ... and Associated Feature Spaces

We define a map from X into the space of functions mapping X into C, denoted
as CX , via [4]

φ : X → CX , x �→ k(·, x). (7)

Here, φ(x) = k(·, x) denotes the function that assigns the value k(x′, x) to x′ ∈ X .
Applying φ to x amounts to representing it by its similarity to all other points
in the input domain X . This seems a very rich representation, but it turns out
that the kernel allows the computation of a dot product in that representation.

We shall now construct a dot product space containing the images of the
input patterns under φ. To this end, we first need to endow it with the linear
structure of a vector space. This is done by forming linear combinations of the
form

f(·) =
m∑
i=1

αik(·, xi), g(·) =
m′∑
j=1

βjk(·, x′j). (8)

Here, m,m′ ∈ N, α1, . . . , αm, β1, . . . , βm′ ∈ C and x1, . . . , xm, x′1, . . . , x
′
m′ ∈ X

are arbitrary. A dot product between f and g can be constructed as

〈f, g〉 :=
m∑
i=1

m′∑
j=1

ᾱiβjk(xi, x′j). (9)

To see that this is well-defined, although it explicitly contains the expansion
coefficients (which need not be unique), note that 〈f, g〉 =∑m′

j=1 βjf(x
′
j), using

k(x′j , xi) = k(xi, x′j). The latter, however, does not depend on the particular
expansion of f . Similarly, for g, note that 〈f, g〉 = ∑i ᾱig(xi). This also shows
that 〈·, ·〉 is anti-linear in the first argument and linear in the second one. It
is symmetric, since 〈f, g〉 = 〈g, f〉. Moreover, given functions f1, . . . , fn, and
coefficients γ1, . . . , γn ∈ C, we have

n∑
i=1

n∑
j=1

γ̄iγj〈fi, fj〉 =
〈

n∑
i=1

γifi,

n∑
j=1

γjfj

〉
≥ 0, (10)

hence 〈·, ·〉 is actually a pd kernel on our function space.
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For the last step in proving that it even is a dot product, one uses the
following interesting property of φ, which follows directly from the definition:
for all functions (8),

〈k(·, x), f〉 = f(x), (11)

i.e., k is the representer of evaluation. In particular, 〈k(·, x), k(·, x′)〉 = k(x, x′),
the reproducing kernel property [2,4,24], hence (cf. (7)) we indeed have k(x, x′) =
〈φ(x), φ(x′)〉. Moreover, by (11) and (6) we have

|f(x)|2 = |〈k(·, x), f〉|2 ≤ k(x, x) · 〈f, f〉. (12)

Therefore, 〈f, f〉 = 0 implies f = 0, which is the last property that was left to
prove in order to establish that 〈·, ·〉 is a dot product.

One can complete the space of functions (8) in the norm corresponding to
the dot product, i.e., add the limit points of sequences that are convergent in
that norm, and thus gets a Hilbert space Hk, usually called a reproducing kernel
Hilbert space (RKHS). The case of real-valued kernels is included in the above;
in that case, Hk can be chosen as a real Hilbert space.

2 The Representer Theorem

As a consequence of the last section, one of the crucial properties of kernels is
that even if the input domain X is only a set, we can nevertheless think of the
pair (X , k) as a (subset of a) Hilbert space. From a mathematical point of view,
this is attractive, since we can thus study various data structures (e.g., strings
over discrete alphabets [26,13,18]) in Hilbert spaces, whose theory is very well
developed. From a practical point of view, however, we now face the problem that
for many popular kernels, the Hilbert space is known to be infinite-dimensional
[24]. When training a learning machine, however, we do not normally want to
solve an optimization problem in an infinite-dimensional space.

This is where the main result of this paper will be useful, showing that
a large class of optimization problems with RKHS regularizers have solutions
that can be expressed as kernel expansions in terms of the training data. These
optimization problems are of great interest for learning theory, both since they
comprise a number of useful algorithms as special cases and since their statistical
performance can be analyzed with tools of learning theory (see [23,3], and, more
specifically dealing with regularized risk functionals, [6]).

Theorem 1 (Nonparametric Representer Theorem). Suppose we are
given a nonempty set X , a positive definite real-valued kernel k on X × X , a
training sample (x1, y1), . . . , (xm, ym) ∈ X ×R, a strictly monotonically increas-
ing real-valued function g on [0,∞[, an arbitrary cost function c : (X ×R2)m →
R ∪ {∞}, and a class of functions

F =

{
f ∈ RX

∣∣∣∣∣f(·) =
∞∑
i=1

βik(·, zi), βi ∈ R, zi ∈ X , ‖f‖ <∞
}
. (13)
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Here, ‖ · ‖ is the norm in the RKHS Hk associated with k, i.e. for any zi ∈
X , βi ∈ R (i ∈ N),

∥∥∥∥∥
∞∑
i=1

βik(·, zi)
∥∥∥∥∥
2

=
∞∑
i=1

∞∑
j=1

βiβjk(zi, zj). (14)

Then any f ∈ F minimizing the regularized risk functional

c ((x1, y1, f(x1)), . . . , (xm, ym, f(xm))) + g (‖f‖) (15)

admits a representation of the form

f(·) =
m∑
i=1

αik(·, xi). (16)

Let us give a few remarks before the proof. In its original form, with mean
squared loss

c((x1, y1, f(x1)), . . . , (xm, ym, f(xm))) =
1
m

m∑
i=1

(yi − f(xi))2, (17)

or hard constraints on the outputs, and g(‖f‖) = λ‖f‖2 (λ > 0), the theorem
is due to [15]. Note that in our formulation, hard constraints on the solution
are included by the possibility of c taking the value ∞. A generalization to
non-quadratic cost functions was stated by [7], cf. the discussion in [25] (note,
however, that [7] did not yet allow for coupling of losses at different points).
The present generalization to g(‖f‖) is, to our knowledge, new. For a machine
learning point of view on the representer theorem and a variational proof, cf.
[12].

The significance of the theorem is that it shows that a whole range of learning
algorithms have solutions that can be expressed as expansions in terms of the
training examples. Note that monotonicity of g is necessary to ensure that the
theorem holds. It does not ensure that the regularized risk functional (15) does
not have multiple local minima. For this, we would need to require convexity of
g and of the cost function c. If we discarded the strictness of the monotonicity
of g, it would no longer follow that each minimizer (there might be multiple
ones) of the regularized risk admits an expansion (16); however, it would still
follow that there is always another solution minimizing (15) that does admit the
expansion. In the SV community, (16) is called the SV expansion.

Proof. As we have assumed that k maps into R, we will use (cf. (7))

φ : X → RX , x �→ k(·, x). (18)

Since k is a reproducing kernel, evaluation of the function φ(x) on the point x′

yields
(φ(x))(x′) = k(x′, x) = 〈φ(x′), φ(x)〉 (19)
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for all x, x′ ∈ X . Here, 〈·, ·〉 denotes the dot product of Hk.
Given x1, . . . , xm, any f ∈ F can be decomposed into a part that lives in the

span of the φ(xi) and a part which is orthogonal to it, i.e.

f =
m∑
i=1

αiφ(xi) + v (20)

for some α ∈ Rm and v ∈ F satisfying, for all j,

〈v, φ(xj)〉 = 0. (21)

Using the latter and (19), application of f to an arbitrary training point xj
yields

f(xj) =

〈
m∑
i=1

αiφ(xi) + v, φ(xj)

〉
=

m∑
i=1

αi〈φ(xi), φ(xj)〉, (22)

independent of v. Consequently, the first term of (15) is independent of v. As
for the second term, since v is orthogonal to

∑m
i=1 αiφ(xi), and g is strictly

monotonic, we get

g(‖f‖) = g
(∥∥∥∥∥
∑
i

αiφ(xi) + v

∥∥∥∥∥
)
= g



√√√√
∥∥∥∥∥
∑
i

αiφ(xi)

∥∥∥∥∥
2

+ ‖v‖2



≥ g
(∥∥∥∥∥
∑
i

αiφ(xi)

∥∥∥∥∥
)
, (23)

with equality occuring if and only if v = 0. Setting v = 0 thus does not affect the
first term of (15), while strictly reducing the second term— hence, any minimizer
must have v = 0. Consequently, any solution takes the form f =

∑
i αiφ(xi),

i.e., using (19),

f(·) =
m∑
i=1

αik(·, xi). (24)

The theorem is proven.

The extension to the case where we also include a parametric part is slightly
more technical but straightforward. We state the corresponding result without
proof:

Theorem 2 (Semiparametric Representer Theorem). Suppose that in ad-
dition to the assumptions of the previous theorem we are given a set of M
real-valued functions {ψp}Mp=1 on X , with the property that the m ×M matrix
(ψp(xi))ip has rank M . Then any f̃ := f + h, with f ∈ F and h ∈ span{ψp},
minimizing the regularized risk

c
(
(x1, y1, f̃(x1)), . . . , (xm, ym, f̃(xm))

)
+ g (‖f‖) (25)
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admits a representation of the form

f̃(·) =
m∑
i=1

αik(xi, ·) +
M∑
p=1

βpψp(·), (26)

with unique coefficients βp ∈ R for all p = 1, . . . ,M .

Remark 1 (Biased regularization). A straightforward extension of the represen-
ter theorems can be obtained by including a term −〈f0, f〉 into (15) or (25),
respectively, where f0 ∈ Hk. In this case, if a solution to the minimization prob-
lem exists, it admits an expansion which differs from the above ones in that it
additionally contains a multiple of f0. To see this, decompose the vector v used
in the proof of Theorem 1 into a part orthogonal to f0 and the remainder.

In the case where g(‖f‖) = 1
2‖f‖2, this can be seen to correspond to an

effective overall regularizer of the form 1
2‖f − f0‖2. Thus, it is no longer the size

of ‖f‖ that is penalized, but the difference to f0.
Some explicit applications of Theorems 1 and 2 are given below.

Example 1 (SV regression). For SV regression with the ε–insensitive loss [23] we
have

c
(
(xi, yi, f (xi))i=1,...,m

)
=

1
λ

m∑
i=1

max (0, |f (xi)− yi| − ε) (27)

and g (‖f‖) = ‖f‖2, where λ > 0 and ε ≥ 0 are fixed parameters which determine
the trade-off between regularization and fit to the training set. In addition, a
single (M = 1) constant function ψ1(x) = b (b ∈ R) is used as an offset that is
not regularized by the algorithm [25].

In [22], a semiparametric extension was proposed which shows how to deal
with the case M > 1 algorithmically. Theorem 2 applies in that case, too.

Example 2 (SV classification). Here, the targets satisfy yi ∈ {±1}, and we use

c
(
(xi, yi, f (xi))i=1,...,m

)
=

1
λ

m∑
i=1

max (0, 1− yif (xi)) , (28)

the regularizer g (‖f‖) = ‖f‖2, and ψ1(x) = b. For λ → 0, we recover the
hard margin SVM, i.e., the minimizer must correctly classify each training point
(xi, yi). Note that after training, the actual classifier will be sgn (f(·) + b).

Example 3 (SVMs minimizing actual risk bounds). The reason why SVM algo-
rithms such as the ones discussed above use the regularizer g (‖f‖) = ‖f‖2 are
practical ones. It is usually argued that theoretically, we should really be min-
imizing an upper bound on the expected test error, but in practice, we use a
quadratic regularizer, traded off with an empirical risk term via some constant.
One can show that in combination with certain loss functions (hard constraints,
linear loss, quadratic loss, or suitable combinations thereof), this regularizer
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leads to a convex quadratic programming problem [5,23]. In that case, the stan-
dard Kuhn-Tucker machinery of optimization theory [19] can be applied to derive
a so-called dual optimization problem, which consists of finding the expansion
coefficients α1, . . . , αm rather than the solution f in the RKHS.

From the point of view of learning theory, on the other hand, more general
functions g might be preferable, such as ones that are borrowed from uniform
convergence bounds. For instance, we could take inspiration from the basic pat-
tern recognition bounds of [23] and use, for some small η > 0, the (strictly
monotonic) function

g(‖f‖) :=

√√√√R2‖f‖2
(
log 2m

R2‖f‖2 + 1
)
− log(η/4)

m
. (29)

More sophisticated functions based on other bounds on the test error are con-
ceivable, as well as variants for regression estimation (e.g., [3,6]).

Unlike Wahba’s original version, the generalized representer theorem can help
dealing with these cases. It asserts that the solution still has an expansion in
terms of the training examples. It is thus sufficient to minimize the risk bound
over expansions of the form (16) (or (26)). Substituting (16) into (15), we get an
(m-dimensional) problem in coefficient representation (without having to appeal
to methods of optimization theory)

min
α1,...,αm∈R

c

(
(x1, y1,

m∑
i=1

αik(x1, xi)), . . . , (xm, ym,
m∑
i=1

αik(xm, xi)))

)

+ g



√√√√ m∑

i=1

m∑
j=1

αiαjk(xi, xj)


 . (30)

If g and c are convex, then so will be the dual, thus we can solve it employing
methods of convex optimization (such as interior point approaches often used
even for standard SVMs). If the dual is non-convex, we will typically only be
able to find local minima.

Independent of the convexity issue, the result lends itself well to gradient-
based on-line algorithms for minimizing RKHS-based risk functionals [10,9,17,
11,8,16]: for the computation of gradients, we only need the objective function to
be differentiable; convexity is not required. Such algorithms can thus be adapted
to deal with more general regularizers.

Example 4 (Bayesian MAP estimates). The well-known correspondence to
Bayesian methods is established by identifying (15) with the negative log poste-
rior [14,12]. In this case, exp(−c((xi, yi, f(xi))i=1,...,m)) is the likelihood of the
data, while exp(−g(‖f‖)) is the prior over the set of functions. The well-known
Gaussian process prior (e.g. [24,27]), with covariance function k, is obtained
by using g(‖f‖) = λ‖f‖2 (here, λ > 0, and, as above, ‖ · ‖ is the norm of
the RKHS associated with k). A Laplacian prior would be obtained by using
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g(‖f‖) = λ‖f‖. In all cases, the minimizer of (15) corresponds to a function
with maximal a posteriori probability (MAP).

Example 5 (Kernel PCA). PCA in a kernel feature space can be shown to cor-
respond to the case of

c((xi, yi, f(xi))i=1,...,m) =



0 if 1

m

m∑
i=1

(
f(xi)− 1

m

m∑
j=1

f(xj)

)2
= 1

∞ otherwise

(31)

with g an arbitrary strictly monotonically increasing function [21]. The con-
straint ensures that we are only considering linear feature extraction functionals
that produce outputs of unit empirical variance. Note that in this case of unsu-
pervised learning, there are no labels yi to consider.

3 Conclusion

We have shown that for a large class of algorithms minimizing a sum of an em-
pirical risk term and a regularization term in a reproducing kernel Hilbert space,
the optimal solutions can be written as kernel expansions in terms of training ex-
amples. This has been known for specific algorithms; e.g., for the SV algorithm,
where it is a direct consequence of the structure of the optimization problem,
but not in more complex cases, such as the direct minimization of some bounds
on the test error (cf. Example 3). The representer theorem puts these individ-
ual findings into a wider perspective, and we hope that the reader will find the
present generalization useful by either gaining some insight, or by taking it as
a practical guideline for designing novel kernel algorithms: as long as the objec-
tive function can be cast into the form considered in the generalized representer
theorem, one can recklessly carry out algorithms in infinite dimensional spaces,
since the solution will always live in a specific subspace whose dimensionality
equals at most the number of training examples.
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8. L. Csató and M. Opper. Sparse representation for Gaussian process models. In
T. K. Leen, T. G. Dietterich, and V. Tresp, editors, Advances in Neural Information
Processing Systems 13. MIT Press, 2001.

9. Y. Freund and R. E. Schapire. Large margin classification using the perceptron
algorithm. In J. Shavlik, editor, Machine Learning: Proceedings of the Fifteenth
International Conference, San Francisco, CA, 1998. Morgan Kaufmann.

10. T.-T. Frieß, N. Cristianini, and C. Campbell. The kernel adatron algorithm: A fast
and simple learning procedure for support vector machines. In J. Shavlik, editor,
15th International Conf. Machine Learning, pages 188–196. Morgan Kaufmann
Publishers, 1998.

11. C. Gentile. Approximate maximal margin classification with respect to an arbitrary
norm. Unpublished.

12. F. Girosi, M. Jones, and T. Poggio. Regularization theory and neural networks
architectures. Neural Computation, 7(2):219–269, 1995.

13. D. Haussler. Convolutional kernels on discrete structures. Technical Report UCSC-
CRL-99-10, Computer Science Department, University of California at Santa Cruz,
1999.

14. G. S. Kimeldorf and G. Wahba. A correspondence between Bayesian estimation on
stochastic processes and smoothing by splines. Annals of Mathematical Statistics,
41:495–502, 1970.

15. G. S. Kimeldorf and G. Wahba. Some results on Tchebycheffian spline functions.
J. Math. Anal. Applic., 33:82–95, 1971.

16. J. Kivinen, A. J. Smola, P. Wankadia, and R. C. Williamson. On-line algorithms
for kernel methods. in preparation, 2001.

17. A. Kowalczyk. Maximal margin perceptron. In A. J. Smola, P. L. Bartlett,
B. Schölkopf, and D. Schuurmans, editors, Advances in Large Margin Classifiers,
pages 75–113, Cambridge, MA, 2000. MIT Press.

18. H. Lodhi, J. Shawe-Taylor, N. Cristianini, and C. Watkins. Text classification
using string kernels. Technical Report 2000-79, NeuroCOLT, 2000. Published in:
T. K. Leen, T. G. Dietterich and V. Tresp (eds.), Advances in Neural Information
Processing Systems 13, MIT Press, 2001.

19. O. L. Mangasarian. Nonlinear Programming. McGraw-Hill, New York, NY, 1969.
20. J. Mercer. Functions of positive and negative type and their connection with

the theory of integral equations. Philosophical Transactions of the Royal Society,
London, A 209:415–446, 1909.



426 B. Schölkopf, R. Herbrich, and A.J. Smola

21. B. Schölkopf, A. Smola, and K.-R. Müller. Kernel principal component analysis.
In B. Schölkopf, C. J. C. Burges, and A. J. Smola, editors, Advances in Kernel
Methods - Support Vector Learning, pages 327–352. MIT Press, Cambridge, MA,
1999.

22. A. Smola, T. Frieß, and B. Schölkopf. Semiparametric support vector and linear
programming machines. In M. S. Kearns, S. A. Solla, and D. A. Cohn, editors,
Advances in Neural Information Processing Systems 11, pages 585–591, Cambridge,
MA, 1999. MIT Press.

23. V. Vapnik. The Nature of Statistical Learning Theory. Springer, NY, 1995.
24. G. Wahba. Spline Models for Observational Data, volume 59 of CBMS-NSF Re-

gional Conference Series in Applied Mathematics. SIAM, Philadelphia, 1990.
25. G. Wahba. Support vector machines, reproducing kernel Hilbert spaces and the

randomized GACV. In B. Schölkopf, C. J. C. Burges, and A. J. Smola, editors,
Advances in Kernel Methods — Support Vector Learning, pages 69–88, Cambridge,
MA, 1999. MIT Press.

26. C. Watkins. Dynamic alignment kernels. In A. J. Smola, P. L. Bartlett,
B. Schölkopf, and D. Schuurmans, editors, Advances in Large Margin Classifiers,
pages 39–50, Cambridge, MA, 2000. MIT Press.

27. C. K. I. Williams. Prediction with Gaussian processes: From linear regression to
linear prediction and beyond. In M. I. Jordan, editor, Learning and Inference in
Graphical Models. Kluwer, 1998.



A Leave-One-out Cross Validation Bound for
Kernel Methods with Applications in Learning

Tong Zhang

IBM T.J. Watson Research Center
Yorktown Heights, NY 10598

tzhang@watson.ibm.com

Abstract. In this paper, we prove a general leave-one-out style cross-
validation bound for Kernel methods. We apply this bound to some clas-
sification and regression problems, and compare the results with pre-
viously known bounds. One aspect of our analysis is that the derived
expected generalization bounds reflect both approximation (bias) and
learning (variance) properties of the underlying kernel methods. We are
thus able to demonstrate the universality of certain learning formula-
tions.

1 Introduction

Kernel methods such as Gaussian processes for regression and support vector ma-
chines for classification have become popular recently. Although in effect these
methods may use infinite dimensional features in the corresponding reproducing
kernel Hilbert spaces (RKHS), the kernel representation makes the computation
feasible. An important aspect of kernel methods is their good generalization
abilities despite of their large underlying feature spaces. This means that these
learning methods can accurately predict outputs associated with previously un-
observed data.

A popular method to study such generalization ability is the so-called Vapnik-
Chervonenkis (VC) style analysis [10]. This method depends on the uniform
convergence of observed errors of the hypothesis family to their true errors.
The rate of uniform convergence depends on an estimate of certain sample-
dependent covering numbers (growth numbers) for the underlying hypothesis
family. Although this framework is quite general and powerful, it also has many
disadvantages. For example, the derived generalization bounds are often very
loose.

Because of various disadvantages of VC analysis, other methods to estimate
generalization performance have been introduced. One interesting idea is to
bound the leave-one-out error of a learning algorithm. This is useful since if
the training data are independently drawn from a fixed underlying distribution,
then the expected leave-out-out error equals the expected test error, which mea-
sures the generalization ability of the learning method. Leave-one-out bounds
have received much attention recently. For example, see [3,5,6,10] and references
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therein. Also in [5,10], the leave-one-out analysis has already been employed to
study the generalization ability of support vector classification. In this paper,
we extend their results by deriving a general leave-one-out bound for a class of
convex dual kernel learning machines and apply it to classification and regression
problems. We compare our bounds with previous results.

We organize the paper as follows. In Section 2, we introduce the general kernel
learning machine formulation and review the corresponding RKHS representa-
tion. We then derive a general leave-one-out bound for the estimated parameter
that is the foundation of our analysis. Section 3 and Section 4 contain specific re-
sults of this analysis on some classification and regression problems. Concluding
remarks are given in Section 5.

2 Kernel Learning Machines and Leave-One-out
Approximation Bound

2.1 Kernel Representation

In many machine learning problems, we are given a training set of input variable
x and output variable y. Our goal is to find a function that can predict y based
on x. Typically, one needs to restrict the hypothesis function family size so that a
stable estimate within the function family can be obtained from a finite number
of samples. Let the training samples be (x1, y1), . . . , (xn, yn). We assume that
the hypothesis function family that predicts y based on x can be specified with
the following kernel method:

p(α, x) =
n∑
i=1

αiK(xi, x), (1)

where α = [αi]i=1,...,n is a parameter vector that needs to be estimated from the
data. K is a symmetric positive kernel. That is, K(a, b) = K(b, a), and the n×n
Gram matrix G = [K(xi, xj)]i,j=1,...,n is always positive semi-definite.

Definition 1. Let H0 = {∑�
i=1 αiK(xi, x) :  ∈ N,αi ∈ R}. H0 is an inner

product space with norm defined as

‖
∑
i

αiK(xi, ·)‖ = (
∑
i,j

αiαjK(xi, xj))1/2.

Let H be the closure of H0 under the norm ‖ · ‖, which forms a Hilbert space,
called the reproducing kernel Hilbert space of K.

In recent machine learning literature, kernel representation (1) has frequently
been discussed under the assumptions of the Mercer’s theorem, which gives a
feature space representation of H (for example, see [2], chapter 3). Although this
representation provides some useful insights into the underlying feature space the
kernel induces, it is technically non-essential. Also one often does not need to
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use the Mercer’s theorem in order to obtain a feature space representation (for
example, one may use Taylor expansion). In addition, there has not been any
quantitative result on approximation properties of H by using the feature space
representation. Therefore in this paper, we do not consider feature spaces. We
take a more general approach that only relies on simple properties of a positive
symmetric kernel function K. Such an approach has been used in approximation
theory.

We shall also define a useful quantity that characterizes the learning property
of using the kernel representation (1) to approximate any target function p(x).

Definition 2. Denote by Xn a sequence of samples x1, . . . , xn. We use G(Xn)
to denote the Gram matrix [K(xi, xj)]i,j=1,...,n.

For any function p(x) and symmetric positive kernel K, we define

‖p(Xn)‖ = inf {+∞} ∪ {s : ∀α, p(Xn)Tα ≤ s(αTG(Xn)α)1/2},
where α denotes an n-dimensional vector.

We also define ‖p(x)‖[n] = supXn
‖p(Xn)‖, where Xn consists of a sequence

of n samples.

Intuitively, ‖p(Xn)‖ can be regarded as the interpolation of function p at Xn

with minimal ‖ · ‖ norm. We list the following basic facts of norm ‖ · ‖ without
proof. These facts are not difficult to prove, and are useful in our later analysis.

Proposition 1. Let K be a symmetric positive kernel, and consider samples
Xn = {x1, . . . , xn}. For any function p(x), the following two situations may
happen:

– p(Xn) is not in the range of the Gram matrix G(Xn): ‖p(Xn)‖ = +∞.
– p(Xn) can be represented as p(Xn) = G(Xn)α: ‖p(Xn)‖ = (αTG(Xn)α)1/2.

In particular, if G(Xn) is invertible, then ‖p(Xn)‖ = (p(Xn)TG(Xn)−1p(Xn))
1
2 .

Proposition 2. Let K be a symmetric positive kernel. ∀p(x) ∈ H, and variable
x:

|p(x)| ≤ ‖p(·)‖K(x, x)1/2,

and
‖p(x)‖[n] ≤ ‖p(·)‖.

As we shall see later, the quantity ‖p(x)‖[n] is related to the quality of ap-
proximating p(x) using kernel representation (1). In fact, our learning bounds
containing this quantity directly yield general approximation bounds. This is
also a new quantity that has not been considered in the traditional approxima-
tion literature. For example, the approximation property of kernel representation
is typically studied using standard analytical techniques such as Fourier anal-
ysis (see [7,11] and references therein). Such results usually depend on many
complicated quantities as well as the data dimensionality. Compared with these
previous results, our bounds using ‖p(x)‖[n] are much simpler and more general.
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However, we do not discuss specific approximation consequences of our analysis,
but rather concentrate on the general learning aspect.

When the target function p is not in H, we do not give conditions to bound
‖p(x)‖[n]. Note that techniques used in approximation theory to analyze the
stability of G(Xn) can be applied here. The stability of the system can be mea-
sured by the condition number of G(Xn) (in 2-norm) or the 2-norm of G(Xn)−1.
See [8] and references there-in for related analysis. The new quantity ‖p(x)‖[n] is
clearly related to the 2-norm of G(Xn)−1 (the latter gives an upper bound) which
measures the stability. However, the stability concept as used in approximation
theory only has numerical consequences but no consequence in approximation
rate or learning accuracy. On the other hand, the quantity ‖p(x)‖[n] determines
the rate of approximation (or learning) of using the kernel representation (1).
Although it is a well-known fact that the norm of G(Xn)−1 degrades as the
number of samples increases, one may introduce smoothness conditions on p so
that ‖p(x)‖[n] behaves nicely for a wide range of function families.

2.2 Leave-One-out Bound for Dual Kernel Learning

We consider the following general formulation of dual kernel learning machines
that can be used to estimate p(α, ·) in (1) from the training data:

α̂ = argmin
α

[
n∑
i=1

f(αi, xi, yi) +
1
2

n∑
i=1

n∑
j=1

αiαjK(xi, xj)]. (2)

We assume that f(a, b, c) is a convex function of a. For simplicity, we assume
that a solution of (2) exists, but may not be unique.

To be able to treat classification and regression under the same general frame-
work, we shall consider convex functions from the general convex analysis point
of view, as in [9]. Especially we allow a convex function to take the +∞ value
which is equivalent to a constraint.

Consider a convex function p(u) : Rd → R+, where R is the real line, and
R+ denotes the extended real line R ∪ {+∞}. However, we assume that convex
functions do not achieve −∞. We also assume that any convex function p(u) in
this paper contains at least one point u0 such that p(u0) < +∞. Convex functions
that satisfy these conditions are called proper convex functions. This definition
is very general: virtually all practically interesting convex functions are proper.
We only consider closed convex functions. That is, ∀u, p(u) = limε→0+ inf{p(v) :
‖v − u‖ ≤ ε}. This condition essentially means that the convex set above the
graph of u: {(u, y) : y ≥ p(u)} is closed.

In this paper, we use ∇p(u) to denote a subgradient of a convex function p
at u, which is a vector that satisfies the following condition:

∀u′, p(u′) ≥ p(u) +∇p(u)T (u′ − u).

The set of all subgradients of p at u is called the subdifferential of p at u and is
denoted by ∂p(u).
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Denote by Ln(α) the objective function

n∑
i=1

f(αi, xi, yi) +
1
2

n∑
i=1

n∑
j=1

αiαjK(xi, xj)

in (2). In this paper, we also assume that (2) has a solution α̂n and the value
Ln(α̂n) is finite. However, we do not assume that the solution is unique. Although
we do not attempt to give general conditions that ensure the existence of solution
(to make the paper more focused on the main topic of leave-one-out analysis), we
would like to point out that for most specific learning formulations we considered
later in the paper, the existence of solution is guaranteed.

Since the solution α̂n of (2) achieves the minimum of Ln(α), we have (see
page 264 in [9]) 0 ∈ ∂αi

Ln(α̂) for all i (the sub-differential is with respect to each
αi). By Theorem 23.8 in [9], for each i, we can find a subgradient of f(αi, xi, yi)
at α̂i with respect to αi such that

∇αi
f(α̂i, xi, yi) +

n∑
j=1

α̂jK(xi, xj) = 0. (i = 1, . . . , n) (3)

We may now prove the following fundamental leave-one-out bound for kernel
methods:

Lemma 1. Let α̂ be the solution of (2), and let α̂[k] be the solution of (2) with
the k-th datum removed from the training set, then

‖p(α̂, ·)− p(α̂[k], ·)‖ ≤ |α̂k|K(xk, xk)1/2.

Proof. For notational simplicity, we assume k = n. Using (3), we have for all
i ≤ n− 1:

∇αif(α̂i, xi, yi)(α̂
[k]
i − α̂i) +

n∑
j=1

α̂jK(xi, xj)(α̂
[k]
i − α̂i) = 0.

By the definition of subgradient, we have

∇αi
f(α̂i, xi, yi)(α̂

[k]
i − α̂i) ≤ f(α̂[k]i , xi, yi)− f(α̂i, xi, yi),

which can now be equivalently written as:

f(α̂i, xi, yi)−
n∑
j=1

α̂jK(xi, xj)(α̂
[k]
i − α̂i) ≤ f(α̂[k]i , xi, yi).

Summing over i, we have

n−1∑
i=1

[f(α̂i, xi, yi)−
n∑
j=1

α̂jK(xi, xj)(α̂
[k]
i − α̂i)] +

1
2

n−1∑
i=1

n−1∑
j=1

α̂
[k]
i α̂

[k]
j K(xi, xj)
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≤
n−1∑
i=1

f(α̂[k]i , xi, yi) +
1
2

n−1∑
i=1

n−1∑
j=1

α̂
[k]
i α̂

[k]
j K(xi, xj)

≤
n−1∑
i=1

f(α̂i, xi, yi) +
1
2

n−1∑
i=1

n−1∑
j=1

α̂iα̂jK(xi, xj).

The second inequality above follows from the definition of α̂[k]. Rearrange the
above inequality, and denote α̂

[k]
n = 0, we obtain:

1
2

n∑
i=1

n∑
j=1

K(xi, xj)(α̂
[k]
i − α̂i)(α̂

[k]
j − α̂j) ≤ 1

2
α̂2nK(xn, xn).

Using Lemma 1, we can easily obtain the following general leave-one-out
bound. We will study the consequence of this bound in regression and classifi-
cation in subsequent sections.

Theorem 1. Under the assumptions of Lemma 1, Let L(p, x, y) be any loss
function. The leave-one-out cross-validation error with respect to L(p, x, y) sat-
isfies the following inequality:

n∑
k=1

L(p(α̂[k], xk), xk, yk) ≤
n∑
k=1

sup
|tk|≤1

L(p(α̂, xk) + tk|α̂k|K(xk, xk), xk, yk). (4)

We would like to mention that the proof of Lemma 1 implies the stability
of parameter estimation in the sense that removing a training datum does not
change the estimated predictor p(α̂, ·) very much. The concept of convergence
of the estimated parameter has been widely used in traditional numerical math-
ematics and statistics. However, it has only recently been applied to analyzing
learning problems. For example, techniques related to what we use here have
also been applied in [12,13]. In fact, the proof of Lemma 1 is essentially the dual
version of the technique which was used in [12]. The convergence of the estimated
parameter is also related to the algorithmic stability concept in [1,6]. The former
implies the latter but not conversely. Consequently, better bounds can usually
be obtained if we can show the convergence of the estimated parameter.

Bounds given in [1,6] are in the style of the convergence of the empirical
loss of the estimated parameter to the true loss of the estimated parameter,
which usually yields an expected difference of O(1/

√
n) (when we assume that

the regularization parameter λ in [1] is fixed). However, this rate does not have
consequences in judging the quality of the estimated parameter. For example,
bounds in this paper imply that for problems such as ridge regression in [1]
with fixed λ, the (expected) difference between the generalization errors of the
estimated parameter and that of the best possible parameter in the hypothesis
class is typically O(1/n). This rate is comparable to bounds obtained in [3].
However, unlike our bounds, their bounds for regression problems are dimen-
sional dependent. Such results are not useful for kernel methods considered in
this paper.
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It is also possible to use Lemma 1 to derive sequential validation bounds as
in [12] for kernel methods considered in this paper. A specific consequence will
be loss bounds for ridge regression that extend similar results in [4]. This type
of sequential validation bounds complement the leave-one-out analysis studied
in this paper.

2.3 Duality

In this section, we briefly discuss a convex duality of (2), which becomes useful
in our later discussions. For function f(u, b, c) in (2), we define its dual with
respect to the first parameter as

g(v, b, c) = sup
u

[uv − f(u, b, c)].

We have the following strong duality theorem (its special situation appeared
in [5]).

Theorem 2. For any solution α̂ of (2), the function p(α̂, x) is a solution of the
following primal optimization problem:

arg min
p(·)∈H

[
n∑
i=1

g(−p(xi), xi, yi) +
1
2
‖p(·)‖2]. (5)

The converse is also true if the Gram matrix G(Xn) is non-singular.

Proof. To prove the theorem, we first note that the solution of (5) is a solution
of

arg min
p(·)∈HXn

[
n∑
i=1

g(−p(xi), xi, yi) +
1
2
‖p(·)‖2], (6)

where HXn is the subspace of H spanned by K(xi, ·) (i = 1, . . . , n). This is
because that for any p ∈ H, let pXn be the orthogonal projection of p onto the
subspace Xn, then p(xi) = pXn

(xi) for all i and ‖pXn
‖ ≤ ‖p‖ with the equality

holds only when p ∈ HXn
.

Now, let α̂ be a solution of (2) which satisfies (3). By the relationship of
duality and subgradient in [9], Section 23, we can rewrite (3) as:

α̂i −∇1g(−p(α̂, xi), xi, yi) = 0. (i = 1, . . . , n) (7)

Where ∇1g(v, b, c) denotes a subgradient of g with respect to v. Now multiply
the two sides by K(xi, x�), and sum over i, we have

n∑
i=1

α̂iK(xi, x�)−
n∑
i=1

∇1g(−p(α̂, xi), xi, yi)K(xi, x�) = 0. ( = 1, . . . , n) (8)

For any α, we multiply (8) by α� − α̂�, and sum over  to obtain:
n∑
i=1

α̂i(p(α, xi)− p(α̂, xi))−
n∑
i=1

∇1g(−p(α̂, xi), xi, yi)(p(α, xi)− p(α̂, xi)) = 0.

(9)
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Using the definition of subgradient, (9) implies

1
2
(‖p(α, ·)‖2 − ‖p(α̂, ·)‖2) +

n∑
i=1

(g(−p(α, xi), xi, yi)− g(−p(α̂, xi), xi, yi)) ≥ 0.

That is, α̂ achieves the minimum of (6).
Since the above steps can be reversed when the Gram matrix G(Xn) is non-

singular, the converse is also true.

Note that the proof also implies that even when G(Xn) is singular, a solution
p(x) of (5) can still be written as p(α̂, x) where α̂ is a solution of (2). In addition,
the sum of the optimal values of (5) and (2) is zero. However this fact is not
important in this paper.

3 Regression

In this section, we apply Theorem 1 to some regression formulations. We define

Dε(p, y) = max(|p− y| − ε, 0)

for all ε ≥ 0. In Theorem 1, let

L(p, x, y) = Dε(p, y)s,

which is a standard regression loss. Our goal is to find a function p(x) to minimize
the expected loss

Q(p(·)) = E(x,y)Dε(p(x), y)s,

where E denotes the expectation with respect to an unknown distribution. The
training samples (x1, y1), . . . , (xn, yn) are independently drawn from the same
underlying distribution.

In this case, we have the following leave-one-out cross-validation bound from
Theorem 1:

Lemma 2. Under the conditions of Lemma 1, the following bound on leave-one-
out error is valid for all s ≥ 1:

(
n∑
k=1

Dε(p(α̂[k], xk), yk)s)
1
s ≤ (

n∑
k=1

Dε(p(α̂, xk), yk)s)
1
s + (

n∑
k=1

|α̂kK(xk, xk)|s) 1
s .

Proof. Note that

sup
|t|≤1

Dε(p + t∆p, y) ≤ Dε(p, y) + |∆p|.

Let L(p, x, y) = Dε(p, y)s. The right-hand-side of equation (4) can be bounded
as

n∑
k=1

(Dε(p(α̂, xk), yk) + |α̂k|K(xk, xk))s.

The lemma then follows from the Minkowski inequality.
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The above lemma gives a generic bound for regression where the right-hand
side can be estimated from the data. From the theoretical point of view, it is
useful to further investigate the behavior of the right hand side.

We consider the following formulation of regression with g in (5) as

g(−p(x), x, y) =
Cs

s
Dε(p(x), y)s, (10)

where C > 0 is a regularization parameter, s ∈ (1,+∞), and ε ≥ 0 is a parameter
to control the sparsity of computed α. In this case, f in (2) becomes

f(α, x, y) =
C−t

t
|α|t − αy + ε|α|, (11)

where 1/s + 1/t = 1.
For simplicity, we assume that K(x, x)1/2 ≤ M for all x through-out the

rest of the section. Although this condition simplifies the analysis, it is not
technically essential if we allow the parameter s in Lemma 2 to be different from
s in equation (10). For example, see [13] for such derivations.

With f in (2) given by (11), we obtain from equation (7):

|α̂i| = Csmax(|p(α̂, xi)− yi| − ε, 0)s−1 (i = 1, . . . , n).

Therefore ∀i:
|α̂i|t = CstDε(p(α̂, xi), yi)s.

Summing over i, we obtain:

n∑
k=1

|α̂kK(xk, xk)|t ≤ Cst
n∑
k=1

Dε(p(α̂, xk), yk)sM2t.

Using Jensen’s inequality and simple algebra, it is easy to obtain the following
inequality:

1
nmax(1/s,1/t)

(
n∑
k=1

|α̂kK(xk, xk)|s)1/s ≤ (
1
n

n∑
k=1

|α̂kK(xk, xk)|t)1/t.

Substituting into Lemma 2, we obtain the following leave-one-out bound:

Lemma 3. Under the conditions of Lemma 1 with f given by (11), we have

(
n∑
k=1

Dε(p(α̂[k], xk), yk)s)1/s ≤ (
n∑
k=1

Dε(p(α̂, xk), yk)s)1/s +

CsM2nmax(1/s−1/t,0)(
n∑
k=1

Dε(p(α̂, xk), yk)s)1/t.
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Theorem 3. Under the conditions of Lemma 1 with f given by (11). If 1 < s ≤
2, and let

Q̄(x1, y1, . . . , xn, yn) =
1
n

n∑
k=1

Dε(p(α̂, xk), yk)s.

We have

E
1
s Q(p(α̂[k], ·)) ≤ E

1
s Q̄(x1, y1, . . . , xn, yn) + CsM2E

1
t Q̄(x1, y1, . . . , xn, yn),

where E denotes the expectation over n random samples (x1, y1), . . . , (xn, yn).

Proof. Using Lemma 3 and the Minkowski inequality, we have

(E
n∑
k=1

Dε(p(α̂[k], xk), yk)s)1/s ≤ (E
n∑
k=1

Dε(p(α̂, xk), yk)s)1/s +

CsM2n(
1
s− 1

t )E
1
s (

n∑
k=1

Dε(p(α̂, xk), yk)s)
s
t .

Now apply the Jensen’s inequality to the second term on the right hand side, we
obtain

CsM2n1/s−1/tE1/s (
n∑
k=1

Dε(p(α̂, xk), yk)s)s/t

≤ CsM2n1/s−1/t(E
n∑
k=1

Dε(p(α̂, xk), yk)s)1/t.

Also note that

E

n∑
k=1

Dε(p(α̂[k], xk), yk)s = nEDε(p(α̂[k], xk), yk)s = nE Q(p(α̂[k], ·)).

We thus obtain the theorem.

Corollary 1. Under the conditions of Lemma 1 with f given by (11). Assume
1 < s ≤ 2, and let

Qn = inf
p(·)

[Q(p(·)) +
sC−s

2n
‖p(·)‖2[n]],

where p is an arbitrary function. The expected generalization error is bounded by

E1/sQ(p(α̂[k], ·)) ≤ Q1/sn + CsM2Q1/tn ,

where E denotes the expectation over n random samples (x1, y1), . . . , (xn, yn).
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Proof. Note that ∀p,

Q̄(x1, y1, . . . , xn, yn) ≤ 1
n

n∑
k=1

Dε(p(xk), yk)s +
sC−s

2n
‖p(Xn)‖2.

Taking expectation, we see that Qn is an upper bound of E Q̄(x1, y1, . . . , xn, yn)
in Theorem 3.

The bound given in Corollary 1 shows that using a regression method with
s < 2 is more robust as far as parameter estimation is concerned. This is because
even if Q1/sn is large, the variance term CsM2Q

1/t
n can still be small if t is large.

As we have mentioned earlier, the analysis in [1] studied the difference be-
tween the true loss and the empirical loss for the estimated parameter. It is not
very suitable for our problem formulation since a direct application would have
led to an upper bound on the expected generalization (for the special case of
s = 2) as E1/sQ(p(α̂[k], ·)) ≤ Q

1/s
n + O(

√
nCs). Also in the case of s = 2, the

convergence rate implied by our bound in Corollary 1 is compatible with loss
bounds obtained in [4] for some ridge regression like online algorithms. As we
have mentioned earlier, it is also possible to derive similar loss bounds by using
Lemma 1 and techniques in [13].

Now, assume 1 < s ≤ 2 and let ε = 0. We also take p ∈ H in the definition
of Qn in Corollary 1. Then we have the following consequences:

– infp∈H Ex,y |p(x)− y|s = 0: In this case, with any fixed C, we have

lim
n→∞E Ex,y |p(α̂, x)− y|s = 0.

– infp∈H Ex,y |p(x) − y|s > 0: Choose C such that C → 0 but Csn → ∞ as
n→∞, then

lim
n→∞E Ex,y |p(α̂, x)− y|s = inf

p∈H
Ex,y |p(x)− y|s.

In the above, the first is the noiseless case, and the second is the noisy case.
However, in both cases, we do not need to assume that there is a target function
p ∈ H that achieves the minimum of infp∈H Ex,y |p(x)−y|s. For example, we may
have a function p̃(x) such that Ex,y |p̃(x)−y|s = infp∈H Ex,y |p(x)−y|s, but p̃(x)
does not belong to H. The function may lie in the closure of H under another
topology, such as the point-wise convergence topology. For some kernel functions,
this closure of H may contain all continuous functions. In this case, Corollary 1
implies that when n→∞, the kernel learning machine formulation (2) is able to
learn all continuous target functions even under observation noise. We call this
property universal learning. We are able to demonstrate the universal property
since our results incorporate both approximation and learning aspects under a
single framework.
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4 Classification

In this section, we apply Theorem 1 to some binary classification formulations.
In this case, y = ±1. The decision rule is to predict y as 1 if p(x) ≥ 0 and −1 if
p(x) < 0. We define the classification error function of this prediction as:

I(p, y) =
{

0 if py > 0,
1 if py ≤ 0.

The following result is a direct consequence of Theorem 1. A similar bound can
be found in [5].

Lemma 4. Under the conditions of Lemma 1, the following bound on leave-one-
out classification error is valid:

n∑
k=1

I(p(α̂[k], xk), yk) ≤
n∑
k=1

I(p(α̂, xk)− |α̂k|ykK(xk, xk), yk).

The above bound, although useful computationally, does not provide useful
theoretical insights. In this section, we show how to estimate the right hand
side of the above bound using techniques similar to our analysis of regression
problems. One difficulty is the non-convexity of the classification error function.
We use a convex upper bound of I(p, y) to remedy the problem. There are many
possible choices. However, for simplicity, we only consider powers of D+(p, y) =
max(0, 1 − py), which is related to support vector machines. We shall mention
that other functions (such as logistic or exponential functions, etc) are also
suitable. There is nothing in our analysis that makes support vector machines
special or theoretically superior. Some examples of margin-style classification
error bounds with general loss functions are given in [13]. The same technique
can be applied here to derive similar bounds.

Lemma 5. Under the conditions of Lemma 1, the following bound on leave-one-
out classification error is valid for all s ≥ 1:

n∑
k=1

I(p(α̂[k], xk), yk) ≤ [(
n∑
k=1

D+(p(α̂, xk), yk)s)1/s + (
n∑
k=1

|α̂kK(xk, xk)|s)1/s]s.

Proof. In Lemma 4, we consider an upper bound D+(p, y)s of I(p, y) on the right
hand side. Note that D+(p+∆p, y) ≤ D+(p, y)+ |∆p|. We apply the Minkowski
inequality, the right hand side of Lemma 4 can be bounded as

[(
n∑
k=1

D+(p(α̂, xk), yk)s)1/s + (
n∑
k=1

|α̂kK(xk, xk)|s)1/s]s.
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To further investigate theoretical properties of support vector machines, we
need to bound the right hand side of Lemma 5 in a way similar to the regression
analysis.

We consider the following SVM formulation of classification with g in (5) as

g(−p(x), x, y) =
Cs

s
D+(p(x), y)s, (12)

where C > 0 is a regularization parameter, and 1 ≤ s < ∞. In this case, f in
(2) becomes

f(α, x, y) =
C−t

t
|α|t − αy, (αy ≥ 0) (13)

where 1/s + 1/t = 1. Note that if s = 1, then t = +∞. Equation (13) can be
equivalently written as:

f(α, x, y) =
{−αy if αy ∈ [0, C],

+∞ otherwise. (14)

For simplicity, we also assume that K(x, x)1/2 ≤M for all x through-out the
rest of the section. Again, this condition is not essential in our analysis.

With f in (2) given by (13), we obtain from equation (7):

α̂iyi = Csmax(1− p(α̂, xi)yi, 0)s−1 (i = 1, . . . , n). (15)

Note that if s = 1, then the right-hand-side of equation (15) is not uniquely
defined at p(α̂, xi)yi = 1. The equation becomes α̂iyi ∈ [0, C] in this case.

In the following, we would like to bound the average size of |α̂i|. We discuss
two possible ways for doing so.

The first method is similar to the regression analysis. We assume that s > 1
so that t < +∞:

|α̂i|t = CstD+(p(α̂, xi), yi)s.

Using the same derivation as that in Section 3, we sum over i and apply Jensen’s
inequality to obtain the following result from Lemma 5:

Lemma 6. Under the conditions of Lemma 1 with f given by (13), we have

(
n∑
k=1

I(p(α̂[k], xk), yk))1/s ≤ (
n∑
k=1

D+(p(α̂, xk), yk)s)1/s +

CsM2nmax(1/s−1/t,0)(
n∑
k=1

D+(p(α̂, xk), yk)s)1/t.

Using the same proof of Theorem 3, we obtain the following bound on ex-
pected generalization error.

Theorem 4. Under the conditions of Lemma 1 with f given by (13). If 1 < s ≤
2, and let

Q̄(x1, y1, . . . , xn, yn) =
1
n

n∑
k=1

D+(p(α̂, xk), yk)s.
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The expected generalization error satisfies

(E I(p(α̂[k], xk), yk))1/s ≤ (E Q̄(x1, y1, . . . , xn, yn))1/s +
CsM2(E Q̄(x1, y1, . . . , xn, yn))1/t,

where E denotes the expectation over n random samples (x1, y1), . . . , (xn, yn).

The proof of the following result is the same as that of Corollary 1.

Corollary 2. Under the conditions of Lemma 1 with f given by (13). Further-
more, if 1 < s ≤ 2, and let

Qn = inf
p(·)

[Ex,yD+(p(x), y)s +
sC−s

2n
‖p(·)‖2[n]],

where p is an arbitrary function. We have

(E I(p(α̂[k], xk), yk))1/s ≤ (Qn)1/s + CsM2Q1/tn ,

where E denotes the expectation over n random samples (x1, y1), . . . , (xn, yn).

The second method to bound the average size of |α̂i| is by using the following
inequality. From (15), we obtain

α̂iyi(1− p(α̂, xi)yi) ≤ Csmax(1− p(α̂, xi)yi, 0)s (i = 1, . . . , n).

Summing over i, we obtain:

n∑
i=1

α̂iyi(1− p(α̂, xi)yi) ≤
n∑
i=1

CsD+(p(α̂, xi), yi)s.

That is,
n∑
i=1

α̂iyi − ‖p(α̂, ·)‖2 ≤
n∑
i=1

CsD+(p(α̂, xi), yi)s.

Note that α̂iyi = |α̂i| for all i. Therefore

n∑
k=1

|α̂kK(xk, xk)| ≤ (‖p(α̂, ·)‖2 +
n∑
i=1

CsD+(p(α̂, xi), yi)s)M2.

For simplicity, we only consider the case of s = 1. By applying this inequality,
we obtain the following leave-one-out bound from Lemma 5.

Lemma 7. Under the conditions of Lemma 1 with f given by (14), we have

n∑
k=1

I(p(α̂[k], xk), yk) ≤ (1 + CM2)
n∑
k=1

D+(p(α̂, xk), yk) + ‖p(α̂, ·)‖2M2.
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Since for any function p,

n∑
k=1

D+(p(xk), yk) +
C−1

2
‖p(Xn)‖2

is an upper bound of

n∑
k=1

D+(p(α̂, xk), yk) +
C−1

2
‖p(α̂, ·)‖2,

we obtain the following theorem:

Theorem 5. Under the conditions of Lemma 1 with f given by (14), we have

n∑
k=1

I(p(α̂[k], xk), yk) ≤ inf
p(·)

[(1+2CM2)
n∑
k=1

D+(p(xk), yk)+
1
C + 2M2

2
‖p(Xn)‖2],

where p is an arbitrary function.

Taking expectation E over the training data, we see that the expected gen-
eralization error satisfies the following bound:

Corollary 3. Under the conditions of Lemma 1 with f given by (14), we have

E I(p(α̂[k], xk), yk) ≤ inf
p(·)

[(1 + 2CM2)Ex,yD+(p(x), y) +
C−1 + 2M2

2n
‖p‖2[n]],

where E denotes the expectation over n random samples (x1, y1), . . . , (xn, yn). p
denotes an arbitrary function.

If the problem is separable, Theorem 5 implies a leave-one-out bound of

n∑
k=1

I(p(α̂[k], xk), yk) ≤ C−1 + 2M2

2
‖p(Xn)‖2

for all function p such that p(xi)yi ≥ 1 for all i = 1, . . . , n. We can let C → +∞,
then the formulation becomes the optimal margin hyperplane (separable SVM)
method, and the above bound becomes

n∑
k=1

I(p(α̂[k], xk), yk) ≤ ‖p(α̂, ·)‖2M2.

This bound is identical to Vapnik’s bound for optimal margin hyperplane method
in [10]. The bound implies that the optimal margin method can find a decision
function that has classification error approaches zero as the sample size n→ +∞
when the problem can be separated by a function in H with a large margin.

We can further consider the case that the problem is separable but not by any
function in H (or not by a large margin). As we have pointed out in Section 3,
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there may be a function p /∈ H (but p belongs to H’s closure under certain
topology) so that p(x)y > 0 almost everywhere. In general, we assume in this
case

inf
p∈H

Ex,y max(1− p(x)y, 0) = 0.

It is clear from Corollary 3 that the optimal margin hyperplane method may not
estimate a classifier p(α̂, ·) that has expected classification error approaches zero
when n→ +∞. That is, the method is not universal even for separable problems.
This is not surprising since when n → ∞, ‖p(α̂, ·)‖ may also go to +∞ at the
same rate of n. On the other hand, by Corollary 3, with fixed regularization
parameter C, limn→+∞Ex,yI(p(α̂, x), y) = 0. This means that the soft-margin
SVM with fixed C is a universal learning method for the separable formulation.
A similar conclusion can be drawn from Corollary 2 with 1 < s ≤ 2. Note that
we cannot obtain any quantitative universal learning result for non-separable
problems since the SVM formulation minimizes an upper bound of classification
error rather than the classification error itself.

5 Summary

In this paper, we derived a general leave-one-out approximation bound for ker-
nel methods. The approximation bound leads to a very general leave-one-out
cross-validation bound for an arbitrary loss function. We have applied the de-
rived bound to some regression and classification problems. Our bounds reflect
both learning and approximation aspects of the underlying problems. Based on
these results, we are able to demonstrate universal learning properties of cer-
tain kernel methods. Our analysis also suggests that even for noiseless problems
in regression, or separable problems for classification, it is still helpful to use
penalty type regularization. This is because in these cases, formulations with
fixed regularization parameters are universal.

In this paper, we show that the minimal interpolation norm ‖p(x)‖[n] of
a function p(x) determines the rate of learning p(x) with the corresponding
‖ · ‖ kernel function. However, we do not investigate the behavior of ‖p(x)‖[n]
for any specific functional class and any specific kernel formulation. It will be
interesting to study such issues, which may lead to useful insights into various
kernel formulations.
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3. Jüergen Forster and Manfred Warmuth. Relative expected instantaneous loss
bounds. In COLT 00, pages 90–99, 2000.



Leave-One-out Cross Validation Bound 443

4. Jüergen Forster and Manfred Warmuth. Relative loss bounds for temporal-
difference learning. In ICML 00, pages 295–302, 2000.

5. T. Jaakkola and D. Haussler. Probabilistic kernel regression models. In Proceedings
of the 1999 Conference on AI and Statistics, 1999.

6. Michael Kearns and Dana Ron. Algorithmic stability and sanity-check bounds for
leave-one-out cross-validation. Neural Computation, 11(6):1427–1453, 1999.

7. H. N. Mhaskar, F. J. Narcowich, and J. D. Ward. Approximation properties of
zonal function networks using scattered data on the sphere. Adv. Comput. Math.,
11(2-3):121–137, 1999. Radial basis functions and their applications.

8. F. J. Narcowich, N. Sivakumar, and J. D. Ward. Stability results for scattered-data
interpolation on Euclidean spheres. Adv. Comput. Math., 8(3):137–163, 1998.

9. R. Tyrrell Rockafellar. Convex analysis. Princeton University Press, Princeton,
NJ, 1970.

10. V.N. Vapnik. Statistical learning theory. John Wiley & Sons, New York, 1998.
11. Holger Wendland. Error estimates for interpolation by compactly supported radial

basis functions of minimal degree. J. Approx. Theory, 93(2):258–272, 1998.
12. Tong Zhang. Convergence of large margin separable linear classification. In Ad-

vances in Neural Information Processing Systems 13, pages 357–363, 2001.
13. Tong Zhang. A sequential approximation bound for some sample-dependent convex

optimization problems with applications in learning. In COLT, 2001.



Learning Additive Models Online with Fast
Evaluating Kernels�

Mark Herbster

Department of Computer Science
University College London

Gower Street
London WC1E 6BT, UK
M.Herbster@cs.ucl.ac.uk

Abstract. We develop three new techniques to build on the recent ad-
vances in online learning with kernels. First, we show that an exponential
speed-up in prediction time per trial is possible for such algorithms as
the Kernel-Adatron, the Kernel-Perceptron, and ROMMA for specific
additive models. Second, we show that the techniques of the recent al-
gorithms developed for online linear prediction when the best predictor
changes over time may be implemented for kernel-based learners at no
additional asymptotic cost. Finally, we introduce a new online kernel-
based learning algorithm for which we give worst-case loss bounds for
the ε-insensitive square loss.

� Mark Herbster was supported by ESPRC grant GR/M15972.

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 444–460, 2001.
c© Springer-Verlag Berlin Heidelberg 2001



Learning Additive Models Online with Fast Evaluating Kernels 445

Introduction

The aim of this research is to make online learning with kernels more practical.
We do this in three ways. Initially, in Part 1 we present an algorithmic inno-
vation which speeds computation time for certain kernels designed for additive
modeling. This works with a broad class of algorithms such as those in [14,
13,25,15] and the algorithms presented in Part 2. Specifically, with an additive
spline kernel, on trial t we may predict and then update our hypothesis with
O(log t) computations as opposed to the usual O(t) computation time. In Part 2
we present a unified analysis of two algorithms, one for classification and one
for regression. The classification algorithm is a simple variant of the well-known
Perceptron [34] algorithm. We then present a novel algorithm for regression with
the useful property that it updates conservatively. We give a simple total loss
bound for this algorithm with the ε-insensitive square loss. Finally, in Part 2 we
show that the recent results of [21] may be applied and implemented efficiently
for online learning with kernels; this allows us to prove local loss bounds. These
bounds differ from total loss bounds in that they hold for any segment of the
sequence. Thus they are particularly relevant to online learning.

As discussed above the paper is divided into two parts. Each part is wholly
self-contained. However, the techniques presented in both parts are easily com-
bined.

1 Fast Kernel Evaluation for Additive Models

Reproducing kernels were initially introduced in the machine literature for use
with the perceptron algorithm in [1]. The current popularity of kernel-based
methods is due to the successful integration of the “optimal separating hyper-
plane” method [41] with a kernel transformation to create the support vector
machine [7]. Recently there has a been a renewed interest in online kernel-based
algorithms both as a proxy for batch learning and in their own right. The use
of online kernel algorithms for batch learning [13,14,25,33] has been proposed
for two essential reasons: first, their simplicity of implementation; and second,
whereas typical batch methods require memory quadratic in the dataset size,
typical online algorithms require memory linear in the dataset size. Thus for
the largest of datasets online algorithms may be the best option. A key obstacle
facing online kernel-based learners is the fact that on trial t prediction typically
requires O(t) time. In this part of the paper we tread a middle ground, in that we
restrict the hypothesis class of kernel-based learners to a class of additive mod-
els, but in compensation on trial t we may predict in O(log t) time, a per-trial
exponential speed-up. Another major problem with online kernel-based learners
is that the internal hypothesis representation on trial t is potentially of O(t)
size; thus an important goal of online kernel-based learners is to restrict the
representation to a finite size. In this paper we do not address this problem, but
in preliminary research [38] a broad framework was presented for online kernel-
based learners motivated by a regularized stochastic gradient descent update; it



446 M. Herbster

was also pointed out that the online regularization led to weight decay and thus
potentially to bounds for an algorithm with finite memory size.

Additive modeling is a well-known technique from statistics [17] (also see
[16]) where we suppose the underlying hypothesis class is essentially additive,
i.e.,

f(x) =
d∑
i=1

fi(xi)

for d-dimensional data. In effect we attempt to learn a different smooth function
for each dimension. If we expect lower order correlations among the components,
it may be reasonable to explicitly expand the coordinate vectors by multiplica-
tion. However, the technique presented in this section is inappropriate for highly
correlated data, as in the classic postal digit recognition task [24].

The kernels and data structures presented in this part are compatible with
a number of online kernel-based learners such as presented in [13,14,25]1. The
key features that are required to make use of techniques of this part is an online
algorithm that changes its dual representation a single term at a time, and that
the computations lead to a single term being changed are not “too complex”. In
Part 2 we give two sample algorithms which are compatible with the speed-up
technique presented in this part.

For simplicity we illustrate the idea in the batch setting. The well-known
dual representation of a kernel learner’s hypothesis is

f(x) =
m∑
i=1

αiK(xi, x), (1)

a regression prediction is simply f(x), whereas for classification the prediction
is sign(f(x)). In either case the straightforward method of evaluating f(x) re-
quires m steps. In this paper we show that for certain kernels only O(logm)
steps are needed after a preprocessing step. For example, consider the single
coordinate radial basis kernel K(p, q) = e−σ|p−q|. Now consider that a batch
learning procedure has determined the 2m parameters α1, . . . , αm, x1, . . . , xm of
the hypothesis f . In Figure 1 we show that f(x) as represented in Equation (1)
may be repeatedly evaluated for any x in O(logm) steps after a O(m logm)
preprocessing step. Thus rapid evaluation of the dual form (Equation (1)) with
K(p, q) = e−σ|p−q| requires O(m) space but only O(logm) time. For the sake of
comparison this kernel may be viewed as intermediate between the the kernels
e−σ(p−q) and e−σ(p−q)

2
. The first kernel is a special case of kernels in the form

Kk(p, q) = k(p)k(q), which after preprocessing may be evaluated in O(1) time
and represented in O(1) space, since

f(x) =
m∑
i=1

αiKk(xi, x) =
[∑

αik(xi)
]
k(x).

1 For both the Kernel-Perceptron and ROMMA, we refer to their non-voted versions.
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Preprocessing:

1. Sort in ascending order x1, . . . , xm then relabel as x′
1 < . . . < x′

m and set x′
0 = −∞.

2. Set α′
j = αi when x′

j = xi for i = 1, . . . , m.
3. Set lhs{eσp}[i] =

∑i

j=1 α′
je

σx′
j for i = 0, . . . , m.

4. Set rhs{e−σp}[i] =
∑m

j=i+1 α′
je

−σx′
j for i = 0, . . . , m.

Evaluation:
We may evaluate f on an arbitrary x as follows:

1. With a binary search let j∗ = max{j : xj ≤ x}.
2. Let f(x) = lhs{eσp}[j∗]e−σx + rhs{e−σp}[j∗]eσx.

Fig. 1. Evaluating f(x) =
∑m

i=1 αie
σ|xi−x| in O(log m) time

Whereas for the kernel e−σ(p−q)
2
it is an open problem if Equation (1) can be

evaluated for any x in less than O(m) steps with a polynomial preprocessing
step2.

A spline kernel K : (0,∞)× (0,∞)→� of order z with an infinite number of
knots [39,22] is defined by

Kd(p, q) =
z∑
r=0

(
z
r

)
2z − r + 1

min(p, q)2z−r+1|q − p|r +
z∑
r=0

prqr. (2)

In the short version of the paper we will only consider linear splines (z = 1)
which fit the data with a piecewise cubic polynomial between knots. The linear
spline kernel is then

K1(p, q) = 1 + pq +
1
2
|q − p|min(p, q)2 + 1

3
min(p, q)3 (3)

= 1 + pq +
{ 1
2p
2q − 5

6p
3 p ≤ q

1
2pq

2 − 5
6q
3 p > q.

(4)

Following the schema of Figure 1, we may perform evaluations of the dual repre-
sentation (see Equation (1)) in O(logm) time after an O(m logm) preprocessing
step by creating 4 cached values for each data point and two globally cached
values. Thus assuming the notation of steps 1 and 2 of Figure 1, we define for
i = 0, . . . ,m,

lhs{ 1
2p

2}[i] =
1
2

∑i
j=1 α

′
j(x
′
j)
2 ; lhs{− 5

6p
3}[i] = − 56

∑i
j=1 α

′
j(x
′
j)
3

rhs{ 1
2p}[i] =

1
2

∑m
j=i+1 α

′
jx
′
j ; rhs{− 5

6}[i] = −
5
6

∑m
j=i+1 α

′
j

gs{1} =
∑m
j=1 α

′
j ; gs{p} =

∑m
j=1 α

′
jx
′
j .

2 All three kernels are reproducing kernels, however the Hilbert space induced by the
kernel e−σ(p−q) is 1-dimensional. While the other two induced Hilbert spaces are
infinite-dimensional.
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We can then evaluate Equation (1) with linear splines inO(logm) time by finding
j∗ (see Figure 1), then computing

f(x) = gs{1}+gs{p}x+lhs{ 1
2p

2}[j
∗]x+lhs{− 5

6p
3}[j

∗]+rhs{ 1
2p}[j

∗]x2+rhs{− 5
6}[j

∗]x3.

The key to our method, very loosely, is that the kernel must be separable
into left-hand sides and right-hand sides such that a linear combination of either

side is quick to evaluate; a technical discussion follows. Let χp(q) =
{
1 q ≤ p
0 q > p

,

denote a heavyside function. Then given a kernel3 K(p, q) : �×�→� we split it
into “left” and “right” functions, kLp = K(p, ·)χp(·) and kRp = K(p, ·)(1−χp(·));
thus K(a, b) = KL

a (b) + KR
a (b). Define the vector space FLx = span {kLy χx :

y ∈ [x,∞) ∈ �}. Suppose there exists a vector space FL with basis φL1 , . . . , φ
L
d

such that FLx ⊂ span {φLi χx : i = 1, . . ., d} for all x ∈ � (further suppose Fx
is of the least dimension such that the former holds). Then we say that the
Hilbert space HK induced by K has left dimension d; the right dimension is
defined analogously. Without loss of generality assume that both the left and
right dimension are d; then K(p, ·) may be expanded in terms of the left and
right bases, i.e.,

K(p, ·) = [
d∑
i=1

βLi φ
L
i (·)]χp(·) + [

d∑
j=1

βRj φ
R
j (·)](1− χp(·))

and if the constants (implicitly dependent on p) βL1 , . . . , β
L
d , β

R
1 , . . . , β

R
d are easily

computed then the techniques described below may be applied to compute (1)
on trial m in O(d logm) steps.

The extension of this method to additive multicoordinate kernels is straight-
forward. Given a 1-coordinate kernel K(p, q) the additive c-coordinate kernel is
simply

K(p, q) =
c∑
i=1

K(pi, qi).

Since each coordinate is additively independent we can apply the above technique
in each coordinate independently, which leads to a cost of O(cd logm) to evaluate
a point after preprocessing.

In an online setting it is possible to use a balanced binary tree (e.g., a red-
black tree) as the base data structure, to evaluate Equation (1) for the above
kernels in O(d logm) steps; then if the sum consists of m terms a new term
may be added to the structure in O(d logm) steps. The following is a sketch
of how this may be done. In the balanced binary tree each node i = 1, . . .,m
will contain a key xi, and 2d values αiβLi,j , αiβ

R
i,j for each (j = 1, . . ., d, {L,R}).

For each of the values there is also an augmented value which is the sum of the
values αi′βi′,j in the subtree rooted at i (in [9, Theorem 15.1] it is demonstrated
that these augmented values may be implemented at no additional asymptotic
3 The domain may be any ordered set for concreteness we choose �.
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cost for operations on the balanced tree). Given the existence of these augmented
value sums, the 2d derived sums

∑
i:xi≤x αiβ

L
i,j and

∑
i:xi>x

αiβ
R
i,j may each then

be computed O(d logm) steps. Thus evaluation of (1) and the addition of a new
term may be accomplished in O(d logm) steps. We provide further details in the
full paper.

2 Online Algorithms

2.1 Preliminaries

A Hilbert space, in this paper, denotes a complete inner product space, which
may be finite or infinite dimensional; thus �n is a Hilbert space. The notation
〈v,w〉 indicates the inner product between v and w. The set H always denotes
an arbitrary Hilbert space.

2.2 Introduction

We consider the following on-line learning model based on a model introduced
by Littlestone [27,26,28]. Learning proceeds in trials t = 1, 2, . . ., �. The algo-
rithm maintains a parameter vector (hypothesis), denoted by wt. In each trial
the algorithm receives a pattern xt. It then produces some action or a predic-
tion denoted ŷt, a function of current pattern xt and hypothesis wt. Finally,
the algorithm receives an outcome yt, and incurs a loss L(yt, ŷt) measuring the
discrepancy between yt and ŷt.

In this part we give algorithms for classification and regression. For classifi-
cation we predict with ŷt = sign(〈wt,xt〉), while for regression ŷt = 〈wt,xt〉 and
we assign loss with

Lm(yt, ŷt) =
{
0 yt = ŷt
1 yt �= ŷt

(5)

Lsq,ε(yt, ŷt) =
{
0 |yt − ŷt| ≤ ε
(|yt − ŷt| − ε)2 |yt − ŷt| > ε

(6)

for the mistake counting loss and the ε-insensitive square loss for classification
and regression, respectively. The mistake counting loss is a natural measure of
discrepancy. The ε-insensitive square loss may appear less natural, but consider
the following example. Suppose that a robot arm must place a peg into a hole
slightly larger than the peg. If the peg is placed in the hole there is no loss;
otherwise it is necessary to pay the squared distance from the boundary of
the hole to reorient the arm. Thus the ε-insensitive square loss is potentially
appropriate for situations where there is a natural tolerance for the “correct”
response. The ε-insensitive linear or quadratic loss is often used in batch learning
for support vector regression [40].

In the usual methodology of worst-case loss bounds the total loss of the
algorithm is expressed as a function of the total loss of any member in a com-
parison class of predictors [27]. Surprisingly, such bounds are achievable even
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when there are no probabilistic assumptions made on the sequence of exam-
ples; some prominent results are found in [26,42,8,18,23,19,44]. In this paper we
consider a simplification of the above goal, i.e., we give bounds on the loss of
algorithm in terms of any member of the realizable set of predictors, rather than
the whole comparison class. The realizable set are those predictors that “per-
fectly” fit the data. For classification the realizable set are those predictors that
separate the data with a given minimum margin. For regression, it is the set of
predictors for which the ε-insensitive square loss is zero over the data sequence.
The realizabilty condition is certainly a limitation on the bounds, particularly in
the classification case. However, it is less of a limitation in the regression case, as
there necessarily exists an ε such that the data will be realizable. In both cases,
however, the realizability restriction is less onerous with the kernel transforma-
tion, since the hypotheses’ classes are then much richer and there is the recent
technique in [37] to incorporate noise tolerance into a kernel by mixing it with
a delta function.

The key tool which we use to repeatedly construct updates for our algorithms
is projection as is defined below.

Definition 1. Given a Hilbert space H, the projection of a point w ∈ H onto a
closed convex nonempty set Γ ⊂ H is defined by:

PΓ (w) = argmin
u∈Γ

‖u−w‖. (7)

The existence and uniqueness of projection is well-known (e.g. [35, Theorem
4.1]); in this paper the needed projections are always simple to compute. In the
full version we give proofs for the methods of computation given for various pro-
jections. Given the definition of the projection above, we may give the following
well-known version of the Pythagorean Theorem.

Theorem 1. Given a Hilbert space H, a point w ∈ H, a closed convex set
Γ ⊂ H, and u ∈ Γ , then

‖u−w‖2 ≥ ‖u− PΓ (w)‖2 + ‖PΓ (w)−w)‖2. (8)

In the special case where Γ is an affine set the above becomes an equality.

A hyperplane is an example of an affine set. The Pythagorean Theorem is the
main tool used to prove bounds for the algorithms given in this part.

2.3 Online Algorithms for Regression and Classification

In this section we give two online algorithms (see Figure 2) for classification and
regression, and prove worst-case loss bounds. These algorithms are based on the
Prototypical projection algorithm (see Figure 3) which is a relatively well-known
technique from the convex optimization community. An early reference for a
version of this algorithm is found in the work of Von Neumann [31]. Bauschke
and Borwein [5] present a broadly generalized version of this algorithm and a
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Algorithms for arbitrary Hilbert Space H
Classification ε-insensitive Regression

Input: {(x1,y1), . . ., (x
,y
)}∈(H, {−1,1})
 {(x1, y1), . . . , (x
, y
)} ∈ (H,�)


Initialization: w1 = 0 w1 = 0, choose ε > 0
Prediction: Upon receiving the tth instance xt,

set yt = 〈wt, xt〉 then give the prediction:
ŷt = sign(yt) ŷt = yt

Update: Project wt onto the tth feasible set Ut, wt+1 = PUt(wt)
Feasible set: Ut = {v : 〈v,xt〉yt ≥ 1} Ut = {v : 〈v,xt〉 ∈ [yt − ε, yt + ε]}

Update Eq:

if ytyt ≥ 1 then
wt+1 = wt

else
wt+1 = wt + yt−yt

‖xt‖2 xt

(9)

if yt ∈ [yt − ε, yt + ε] then
wt+1 = wt

else
s = sign(yt − (yt − ε))
wt+1 = wt + yt+sε−yt

‖xt‖2 xt

(10)
Algorithms for data mapped to RKHS HK via kernel K : E × E→�

Input: {(x1,y1),. . ., (x
,y
)}∈(E ,{−1,1})
 {(x1, y1),. . ., (x
, y
)}∈(E ,�)


Initialization: w1 = 0 (α1 = 0) w1 = 0 (α1 = 0), choose ε > 0
Prediction: Upon receiving the tth instance xt,

set yt = wt(xt) =
∑t−1

i=1 αiK(xi, xt) then give the prediction:
ŷt = sign(yt) ŷt = yt

Update: Project wt onto the tth feasible set Ut, wt+1 = PUt(wt)
Feasible set: Ut = {v : v(xt)yt ≥ 1} Ut = {v : v(xt) ∈ [yt − ε, yt + ε]}

Update Eq:

if ytyt ≥ 1 then
αt = 0

else
αt = yt−yt

K(xt,xt)

(11)

if yt ∈ [yt − ε, yt + ε] then
αt = 0

else
s = sign(yt − (yt − ε))
αt = yt+sε−yt

K(xt,xt)

(12)

wt+1 = wt + αtK(xt, ·)

Fig. 2. Projection algorithms for classification and regression

review of its many applications. The first application of this algorithm in the
machine learning literature was by Faber and Mycielski [11] to proving worst-case
square loss bounds for regression in the noise-free case; Cesa-Bianchi et. al. [8]
generalized this work to noisy data with the GD algorithm. In this section we will
discuss the application of the prototypical projection algorithm to classification
and regression, producing a simple variant of the Perceptron algorithm [34] and
a new online algorithm for regression with noisy data.

The following lemma regarding the convergence of the prototypical projection
algorithm is well-known.

Lemma 1. Given a sequence of convex set {U1, . . . ,U�} and a start vector w1
as input to the prototypical projection algorithm (see Figure 3) the following
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Input: A sequence of closed convex sets {U1, . . . ,U
} ⊂ H
 and a point w1 ∈ H where
H is a Hilbert space.
Update: wt+1 = PUt(wt)

Fig. 3. Prototypical projection algorithm

inequality holds
�∑
t=1

‖wt −wt+1‖2 ≤ ‖u−w1‖2 (13)

for all u ∈ ⋂�t=1Ut.
Proof. On any trial t the Pythagorean Theorem 1 implies the inequality

‖wt+1 −wt‖2 ≤ ‖u−wt‖2 − ‖u−wt+1‖2

for all u such that u ∈ Ut. Summing the previous inequality over all trials
t = 1, . . . , � we have

�∑
t=1

‖wt+1 −wt‖2 ≤ ‖u−w1‖2 − ‖u−w�+1‖2

for all u ∈ ⋂�t=1Ut. Dropping the final term of the above inequality proves the
lemma.

An implication of the above lemma is that if
⋂�
t=1Ut is nonempty, and if we

repeatedly cycle through the input {U1, . . . ,U�}, then the Cauchy sequence
{w1,w2, . . .} generated by the prototypical projection algorithm necessarily con-
verges to a point in the above intersection.

We use the prototypical projection algorithm to produce online learning
algorithms by associating the feasible set sequence {U1, . . . ,U�} with the ex-
ample sequence {(x1, y1), . . . , (x�, y�)}. Each feasible set Ut consists of those
hypothesis vectors which are “compatible” with the last example. In the pro-
jection algorithm for classification, the feasible set is the halfspace of vectors
Ut = {v : 〈v,xt〉yt ≥ 1} which classify the last example correctly with a margin4

greater than 1. For regression with the ε-insensitive square loss the feasible set
is the “hyper-rectangle” of vectors Ut = {v : 〈v,xt〉 ∈ [yt − ε, yt + ε]}. These
are the vectors which classify the last example correct up to an absolute error
of most epsilon. In order to prove bounds for these algorithms, we lower bound
each term of the sum in Equation (13) with a term that is the ratio of the loss
4 Margin here has a different meaning than typically used in discussion of the Percep-

tron algorithm or the Maximal margin algorithm. Generally the margin is allowed
to vary while the norm of the classifier is fixed to less than 1. In our discussion the
margin is fixed to be larger than 1 while the norm of the classifier is allowed to
vary. We choose these semantics to indicate the parallels between classification and
regression.
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of the algorithm on that example with the squared norm of the instance. Thus
applying the lower bounds which are given in the Lemmas 2 and 3 in combi-
nation with Lemma 1 proves the worst-case loss bounds for classification and
ε-insensitive regression in Theorems 2 and 3 respectively.

Lemma 2. On any trial t the mistake-counting loss of the projection algorithm
for classification may be bounded by

Lm(yt, ŷt)
‖xt‖2

≤ ‖wt+1 −wt‖2 (14)

Proof. Consider two cases. First, if Lm(yt, ŷt) = 0 the lemma is trivial, otherwise
we have

|yt − yt|2
‖xt‖2

= ‖wt+1 −wt‖2

by Update (9). Since Lm(yt, ŷt) ≤ |yt − yt|2 when yt �= ŷt, the lemma is proven.

Lemma 3. On any trial t the ε-insensitive square loss of the projection algo-
rithm for regression may be bounded by

Lsq,ε(yt, ŷt)

‖xt‖2
≤ ‖wt+1 −wt‖2 (15)

Theorem 2. Given a sequence of examples {(x1, y1), . . . , (x�, y�)}∈(H, {−1, 1})�
and a start vector w1∈H, let R=maxt=1,...,� ‖xt‖ then the cumulative mistakes
of the projection algorithm for classification is bounded by

�∑
t=1

Lm(yt, ŷt) ≤ R2‖u−w1‖2 (16)

for all u such that 〈u,xt〉yt ≥ 1 for t = 1, . . . , �.

This algorithm for classification is a simple variant of Rosenblatt’s perceptron
algorithm [34], and the bound proven, though differing in form, is the same as
that proven by Novikoff [32]. This algorithm is equivalent to the perceptron if
the data is always normalized and we also update when correct but ytyt < 1. As
given in the conditions of theorem the algorithm only provides a bound when
the data is linearly separable; recently, however, Freund and Schapire [13] have
proven a bound for the perceptron algorithm (in �n) when the data is linearly
inseparable; this technique is further extended in [37] for inseparable data in
more general kernel spaces.

Theorem 3. Given a sequence of examples {(x1, y1), . . . , (x�, y�)} ∈ (H,�)�
and a start vector w1 ∈ H, let R = maxt=1,...,� ‖xt‖. Then the cumulative ε-
insensitive square loss of the projection algorithm for regression is bounded by

�∑
t=1

Lsq,ε(yt, ŷt) ≤ R2‖u−w1‖2 (17)

for all u such that 〈u,xt〉 ∈ [yt − ε, yt + ε] for t = 1, . . . , �.
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For the special case when ε = 0 this theorem was first proven in [11]. The GD
algorithm [8] is also designed for online regression on noisy data, a salient feature
of the GD algorithm is that given an upper bound on R (as defined above) the
algorithm may be tuned so that a worst-case bound on the usual square loss
is given for any data sequence, whereas the projection algorithm for regression
requires for its bound the assumption that

∑�
t=1Ut is non-empty.

Two useful properties of the projection algorithm for regression are that it is
convergent (see the discussion following Lemma 1), and that like the perceptron
algorithm it is conservative, i.e., for a given example we only update if |yt −
ŷt| ≥ ε. This feature is particularly important when applying the algorithm in
conjunction with a kernel transformation, since on any given example when there
is a nonvacuous update (see Equation (12) in Figure 2) the representation of the
hypothesis grows, and this increases the computation time for future predictions.

2.4 Methods for Local Loss Bounds

In the traditional methodology of total loss bounds the performance over the
whole sequence is bounded; but nothing is known about the performance over
any particular contiguous subsequence of trials except in a very weak average
sense. However, for many online learning applications what is needed is a local
guarantee, i.e., a statement of this form: given an unbounded sequence of trials
the loss over trials s to s′ is bounded by X. Local bounds are thus appropriate
when the best predictor for the example sequence is changing over time. There
have been a number of papers [28,20,3,43,6,21] which prove loss bounds in terms
of a measure of the amount of change of the best predictor over time. These
bounds have been called shifting or switching bounds. The local bounds of this
section are direct simplifications of the shifting bounds in [21]. Here we give local
bounds rather than shifting bounds, however, since less introductory machinery
is required, the bounds are easier to interpret, and weaker assumptions on the
example sequence are possible in the theorem statements.

Examining the Theorems 2 and 3 it is clear that statements of the form

s′∑
t=s

L(yt, ŷt) ≤ ‖ws − u‖2R2, (18)

for all u ∈ ⋂s′

t=sUt where R = maxt=s,...,s′ ‖xt‖ are provable. However, the weak-
ness of bounds of the above form is that ws is wholly unknown without reference
to the example sequence prior to trial s. We resolve this by introducing an ad-
ditional update step (first introduced in [21]) into the Prototypical projection
algorithm which constrains the hypotheses vectors w1, . . . to an origin centered
hypersphere Γγ with radius γ (see Figure 4) by projection. The projection cor-
responding to the new update may be computed as follows:

PΓγ
(w) =

{
w w ∈ Γγ
γ w
‖w‖ w �∈ Γγ . (19)

We can now prove the analogue of Lemma 1.
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Input: A constraint parameter γ > 0 , a sequence of closed convex sets {U1, . . .} ⊂ H∞

and a point w1 ∈ Γγ where Γγ = {v : ‖v‖ ≤ γ} ⊂ H and H is a Hilbert space.
Update 1: w′

t = PUt(wt)
Update 2: wt+1 = PΓγ (w′

t)

Fig. 4. Constrained prototypical projection algorithm

Lemma 4. Given a constraint parameter γ > 0, a sequence of convex sets
{U1, . . .} and a start vector w1 ∈ Γγ where Γγ = {v : ‖v‖ ≤ γ} as input to
the constrained prototypical projection algorithm (see Figure 4); then for any
positive integers s and s′ the inequality

s′∑
t=s

‖wt −w′t‖2 ≤ (γ + ‖u‖)2 (20)

holds for all u ∈ ⋂s′

t=sUt such that ‖u‖ ≤ γ.

Proof. On any trial t the Pythagorean Theorem 1 implies the following two
inequalities:

‖w′t −wt‖2 ≤ ‖u−wt‖2 − ‖u−w′t‖2

for all u such that u ∈ Ut, and

0 ≤ ‖u−w′t‖2 − ‖u−wt+1‖2

for all u such that u ∈ Γγ . Combining the above two inequalities gives

‖w′t −wt‖2 ≤ ‖u−wt‖2 − ‖u−wt+1‖2

for all u such that u ∈ Ut
⋂
Γγ . Summing the previous inequality over all trials

t = s, . . . , s′ we have

s′∑
t=s

‖w′t −wt‖2 ≤ ‖u−ws‖2 − ‖u−ws′+1‖2

for all u ∈ [
⋂s′

t=sUt]
⋂
Γγ . Maximizing the first term and dropping the second

term of the right hand side of the above inequality proves the lemma.

We designate the modification of projection algorithms in Figure 2 with the
additional constraint update (see Equation (19)) as constrained projection algo-
rithms for classification and regression. The following two theorems give local
loss bounds for these algorithms by combining the Lemma above with Lemmas 2
and 3.

Theorem 4. Given a sequence of examples {(x1, y1), . . .} ∈ (H, {−1, 1})∞, a
constraint parameter γ > 0, a start vector w1 ∈ Γγ ⊂ H, and two positive
integers s and s′, where Γγ = {v : ‖v‖ ≤ γ} and R = maxt=s,...,s′ ‖xt‖ then
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the cumulative mistakes of the constrained projection algorithm for classification
between trials s and s′ is bounded by

s′∑
t=s

Lm(yt, ŷt) ≤ R2(γ + ‖u‖)2 (21)

for all u such that 〈u,xt〉yt ≥ 1 for t = s, . . . , s′ and ‖u‖ ≤ γ.

Theorem 5. Given a sequence of examples {(x1, y1), . . .} ∈ (H,�)∞, a con-
straint parameter γ > 0, a start vector w1 ∈ Γγ ⊂ H, two positive integers s and
s′, where Γγ = {v : ‖v‖ ≤ γ} and R = maxt=s,...,s′ ‖xt‖ then the cumulative
ε-insensitive square loss of the constrained projection algorithm for regression
between trials s and s′ is bounded by

s′∑
t=s

Lsq,ε(yt, ŷt) ≤ R2(γ + ‖u‖)2 (22)

for all u such that 〈u,xt〉 ∈ [yt − ε, yt + ε] for t = s, . . . , s′ and ‖u‖ ≤ γ.

2.5 Incorporating Kernels

Reproducing kernel preliminaries. We assume that the reader is already
familiar with kernel-based methods (for an overview see [10]). This section is
for notation and a cursory review of kernel concepts. For our purposes, given
an abstract set E a kernel is a function K : E × E→� where, for every finite
set {x1, . . . , xn} ⊂ En and every set of scalars {α1, . . . , αn} ⊂ �n the following
holds:

n∑
i=1

n∑
j=1

αiαjK(xi, xj) ≥ 0.

Such a kernel is known in the literature as a reproducing kernel [2], a pos-
itive definite kernel [29] and as a positive hermitian matrix [30]. An imme-
diate consequence of the above property is that the kernel is symmetric, i.e.,
K(x, y) = K(y, x). The associated Hilbert space HK is the completion of the
span of the set {K(x, ·) : x ∈ E} where the associated inner product between
elements with finite representations f =

∑n
i=1 αiK(xi, ·), f ′ =

∑n′

i=1 α
′
iK(x′i, ·)

is given by

〈f, f ′〉 =
n∑
i=1

n′∑
j=1

αiα
′
jK(xi, x′j). (23)

When the representations are not finite, the appropriate limits are taken. The
key property of HK which we will use repeatedly is the reproducing property,
which states that, given any f ∈ HK and any x ∈ E then

〈f(·),K(x, ·)〉 = f(x). (24)

The kernel may be viewed as a function that computes an inner product in a
feature space [10]. None of the results in this paper depend explicitly on the
existence of a feature space representation, thus it is not introduced.
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The kernel transformation algorithmic details and bounds. Given a data
set {(x1, y1), . . . , (x�, y�)}∈(E ,�)�, a reproducing kernelK : E×E→�, and an al-
gorithm A which accepts as input an example sequence {(x1, y1), . . . , (x�, y�)} ∈
(H,�)�, the new algorithm AK simply executes algorithm A on the data set
{(K(x1, ·), y1), . . . , (K(x�, ·), y�)}. The kernel algorithms in Figure 2 follow di-
rectly by syntactic substitution of K(x, ·) for x and application of the reproduc-
ing Property (24). The transformation of Theorems 2, 3, 4 and 5 follow from
similar substitutions. We give as an example the transformation of Theorem 3
below, but we omit the other transforms since they follow the same schema.

Theorem 6. Given a sequence of examples {(x1, y1), . . . , (x�, y�)} ∈ (E ,�)� and
a start vector w1 ∈ HK , let R = maxt=1,...,�K(xt, xt), then the cumulative ε-
insensitive square loss of the kernel projection algorithm for regression is bounded
by

�∑
t=1

Lsq,ε(yt, ŷt) ≤ R2‖u−w1‖2 (25)

for all functions u ∈ HK such that u(xt) ∈ [yt − ε, yt + ε] for t = 1, . . . , �.

Recently strong total loss bounds have been proven for ridge regression [12,44,4],
in [36] a method to perform kernel ridge regression is given. Unfortunately the
loss bounds for ridge regression with kernels do not transform since the proofs
rely on properties of �n. A transformation of those bounds is an interesting open
problem.

Computational issues. When implementing the projection algorithms for
regression and classification, significant computational shortcuts can be taken
when the patterns of the example sequence are from �n. This is because when
summing two vectors x and y from �n, the resultant x+y has the same sized rep-
resentation as x or y under a simplified model of computation, i.e., size(x+y) =
size(x) = size(y). Whereas when the elements are drawn from an arbitrary
Hilbert space, as with kernel-based algorithms, size(x + y) = size(x) + size(y).
Thus for data from �n the projections algorithms take O(n) time per trial.
Whereas the kernel-based projection algorithms require for typical kernels and
typical implementations O(m) kernel computations on trial t (in order to pre-
dict), if there have beenm ≤ t nonvacuous updates. In Part 1, there are presented
particular kernels for which we require only O(logm) computation time on trial
t after m nonvacuous updates.

The implementation of the constraint update, PΓγ (w) (see Equation 19)
requires O(n) time when w ∈ �n. The naive implementation of the constraint
update for the kernel-based algorithms requires t2 kernel computations after t
nonvacuous updates since the function w has a representation of length t, i.e.,
wt+1 =

∑t
i=1 αiK(xi, ·) since the inner product (see Equation (23)) is

‖wt+1‖2 = 〈wt+1,wt+1〉 =
t∑
i=1

t∑
j=1

αiαjK(xi, xj).
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However, we may use a simple recurrence to track the value of ‖wt+1‖, since
after an update we have only one new α value, i.e.,

‖wt+1‖2 = ‖wt‖2 +
t−1∑
i=1

αiαtK(xi, xt) +
t−1∑
j=1

αtαjK(xt, xj) + α2tK(xt, xt)

= ‖wt‖2 + 2αtyt + α2tK(xt, xt).

Since in order to predict we already compute yt, we may keep track of ‖wt+1‖
at no additional asymptotic cost. Implementing the constraint update then only
requires the additional step of shrinking wt by ρt ∈ (0, 1] (see Equation 19).
Rather than explicitly multiplying each term of wt by ρt, we maintain the scale
constant ρ(t) =

∏t
i=1 ρi (ρ

0 = 1), all arithmetic is then done with the scale
constant implicitly. Thus it can be seen that the projection update leads to a
version of weight decay, since at the start of trial t we have

wt =
t−1∑
i=1

t−1∏
j=i

ρjαiK(xi, ·),

internally, however, we maintain the representation

wt = ρ(t−1)
t−1∑
i=1

1
ρ(i−1)

αiK(xi, ·)

so that the constraint update may be implemented in O(1) time rather than
O(t) time.
Acknowledgments: The author would like to thank Nello Cristianini for useful
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Abstract. We consider geometric conditions on a labeled data set which
guarantee that boosting algorithms work well when linear classifiers are
used as weak learners. We start by providing conditions on the error of
the weak learner which guarantee that the empirical error of the com-
posite classifier is small. We then focus on conditions required in order
to insure that the linear weak learner itself achieves an error which is
smaller than 1/2 − γ, where the advantage parameter γ is strictly pos-
itive and independent of the sample size. Such a condition guarantees
that the generalization error of the boosted classifier decays to its mini-
mal value at a rate of 1/

√
m, where m is the sample size. The required

conditions, which are based solely on geometric concepts, can be easily
verified for any data set in time O(m2), and may serve as an indication
for the effectiveness of linear classifiers as weak learners for a particular
data set.

1 Introduction

Many learning algorithms proposed in recent years are based on the idea of con-
structing a complex composite classifier by combining a sequence of so-called
‘weak’ classifiers. A weak classifier for binary classification problems is required
to achieve a weighted empirical error which is strictly and consistently smaller
than 1/2 for any probability distribution. While an error of 1/2 is trivially
achieved, such a result is not useful for learning, since it does not endow the
weak learner with a significant margin which can be boosted to yield a classifier
that generalizes well. The basic issue which we address in this work, extending
our recent results in [10], deals with providing sufficient conditions which guar-
antee that the margin attained by the weak learner is sufficiently large to be
effectively boosted. We loosely refer to such a weak learner as an effective weak
learner.
There have been several attempts in the literature to provide conditions for

the existence of an effective weak learner. The first results along these lines
dealt with Boolean functions, and defined a certain correlation measure between
a hypothetical target function and the class of weak learners, which guaranteed
that an effective weak learner exists [4,8]. The main distinction between these
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results and ours is that we focus on real-valued inputs and on purely geometric
quantities, which depend solely on the data itself and not on a hypothetical target
function. Moreover, the conditions we provide can be easily checked using the
data itself, without further assumptions. The results discussed in this work are
based on the framework introduced in [10] which builds on the work of Alexander
[1,2]. We extend these results by considerably weakening the conditions and
tightening the bounds. In particular, we provide conditions on the data set which
guarantee that a linear classifier exists whose weighted empirical error is bounded
from above by 1/2−γ where the advantage γ is strictly positive and independent
of the sample size.

2 Boosting Error Bounds

In order to motivate our work, we recall some of the main results in the field of
boosting. In particular, we focus on the training and generalization error bounds,
which will serve as motivation for our analysis.

2.1 Generalization Error

We begin by quoting a recent result from the work of Koltchinskii et al. [9], which
extends the results of Schapire et al. [11]. Let H be a class of binary classifiers
of VC-dimension dH, and denote by co(H) the convex hull of H, namely

co(H) =
{
f : f(x) =

∑
i

αihi(x), αi ≥ 0,
∑
i

αi = 1

}
.

Given a sample S = {(x1, y1), . . . , (xm, ym)}, xi ∈ R
d and yi ∈ {−1,+1}, of

m examples drawn independently at random from some probability distribution
D over R

d × {−1,+1}, Koltchinskii et al. [11] show that, with probability at
least 1− δ, for every f ∈ co(H) and θ > 0,

PD[Y f(X) ≤ 0] ≤ PS [Y f(X) ≤ θ] +O

(
1
θ

√
dH
m

)
+O



√
log 1δ
m


 , (1)

where the empiricalmargin-errorPS [Y f(X) ≤ θ] denotes the fraction of training
points for which yif(xi) ≤ θ, namely

PS [Y f(X) ≤ θ] =
1
m

m∑
i=1

I[yif(xi) ≤ θ] , (2)

where I[E] is the indicator function for the event E. The term PD[Y f(X) ≤ 0]
is simply the probability of misclassification of the classifier h(x) = sgn(f(x)).
Observe that one of the improvements of (1) with respect to the bound in [11] is
that the second term decays at a rate of 1/

√
m rather than

√
logm/m. Moreover,
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the bound may be extended to classes for which the VC-dimension is infinite
(although the fat-shattering dimension is finite). The essence of the bound (1)
takes the form of a luckiness argument [13], in that if a large margin can be
guaranteed with respect to the data (i.e., PS [Y f(X) ≤ θ] can be made small
for large values of θ) then the complexity penalty term (the second term on the
r.h.s. of (1)) is small, since it depends on the VC-dimension of H, rather than
on the VC-dimension of co(H) which may be significantly larger. It should be
immediately clear from the bound that once θ depends on m, one can no longer
guarantee a rate of convergence of order 1/

√
m. This observation motivates us

to search for situations where θ may be chosen to be independent of m, while
still guaranteeing that the empirical margin error (2) is small.

2.2 Training Error

Boosting algorithms (e.g., [5,7,11,12]) operate by successively constructing a
sequence of weak learners based on a re-weighted version on the data. The final
(composite) hypothesis is then formed by taking a weighted combination of the
weak learners. Denote the weighted empirical error of the t-th weak learner ht
by εt, where

εt =
m∑
i=1

PiI[ht(xi) 
= yi],

and Pi are the weights assigned by the boosting algorithm. We introduce the
‘advantage’ parameter γt by εt = 1/2 − γt. In other words, γt measures the
advantage of the weak learner over a trivial learner which achieves an error of
1/2.
Consider the AdaBoost algorithm introduced in [6]. We begin by considering

conditions under which the margin-error (2) can be guaranteed to be small.
Denoting the combined classifier at step T by fT , Schapire et al. [11] obtained
a bound on the empirical error PS [Y fT (X) ≤ θ],

PS [Y fT (X) ≤ θ] ≤
T∏
t=1

(1− 2γt)
1−θ
2 (1 + 2γt)

1+θ
2 . (3)

In [11] conditions were provided for the convergence of the upper bound to zero as
a function of the number of boosting iteration. In particular, it was shown that if∑∞
t=1 γ

2
t →∞, then the empirical error (corresponding to θ = 0 in (2)) converges

to zero. We are interested in conditions guaranteeing that PS [Y fT (X) ≤ θ] is
small, not necessarily zero. Let

γ̄θ =
θ

2
+

1√
2

√
log 2−H

(
1− θ

2

)
, (4)

where H(u) = −u log u − (1 − u) log(1 − u), 0 ≤ u ≤ 1, is the binary entropy
function. Logarithms in this paper are taken with respect to the natural basis.
With these definitions we have the following result.
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Theorem 1. Let the advantage of the weak classifier obtained at step t of Ad-
aBoost be γt = γ̄θ+δt, where γ̄θ is given in (4). Then the empirical margin error
of the composite classifier obtained at step T is bounded from above by

PS [Y fT (X) ≤ θ] ≤ exp
{
−2(2γ̄θ − θ)

T∑
t=1

δt − 2
T∑
t=1

δ2t

}
.

This error is bounded by a finite value smaller than 1 if

lim inf
T→∞

T∑
t=1

δt ≥ c > 0, (5)

and converges to zero if either c =∞, or if c is finite and
∑T
t=1 δ

2
t converges to

infinity.

The proof of Theorem 1 can be found in the appendix.

Remark 1. It is interesting to observe that δt in Theorem 1 may be positive or
negative. In other words, there is no need for the advantage γt to always exceed
some finite value. The margin-error remains bounded even if γt fluctuates around
some finite value. For example, let δt be an alternating sequence of the form
(−1)tft, t = 1, 2, . . . , where ft is non-negative and monotonically decreasing.
Then

∑T
t=1 δt converges to a finite non-negative limit if δ1 is positive.

3 Bounding the Error of a Linear Weak Learner

In view of the claims following (2), we wish to consider situations where the
parameter θ in (1) can be chosen to be independent of the sample size m. In this
section we establish geometric conditions which guarantee that this is the case.
Since the parameters θ and γ are related through γt = γ̄θ + δt, we will obtain
conditions on the weak learner. We begin by defining the precise set-up for our
problem, and recall some basic concepts from [10], which are in turn based on
[1,2]. From this point we limit ourselves to linear weak learners, i.e., classifiers
of the form

h(x) = sgn(wTx+ b) where w ∈ R
d, b ∈ R.

3.1 An Exact Setting

Let the i-th sample be denoted by zi = (xi, yi), and let P
(m)
i be a non-negative

weight assigned to zi such that
∑m
i=1 P

(m)
i = 1, m = 1, 2, . . . . We define a

filtration of samples by: S1 ⊆ S2 ⊆ · · · where Sm = (z1, . . . , zm). A classifier ξ is
defined as a function ξ : R

d → {−1, 1}. The weighted empirical error ε(P (m), ξ)
of a classifier ξ is defined as ε(P (m), ξ) =

∑m
i=1 P

(m)
i I[yi 
= ξ(xi)]. Note that

ε(P (m), ξ) is a sequence of numbers between zero and one. We are interested in
the behavior of ε(P (m), ξ) for certain classes of filtrations. In Section 3.3 below
we consider conditions on the filtration which guarantee that the minimal value
of ε(P (m), ξ) does not depend on the number of points m.
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3.2 Preliminary Results and Definitions

In this section we consider a fixed sample of m points. To keep the notation
simple we denote the sample by S (rather than Sm), and the probability assign-
ment by P (rather than P (m)). Consider a set of probabilities {Pi}mi=1 assigned
to each element of the sample S, and let

νi = yiPi.

In the sequel we assume that the set of weights {Pi} is symmetric, namely
P+ = P−, where P+/P− are the total weights of the positively/negatively
labeled points. Lemma 4.1 in [10] shows that there is no loss of generality in this
assumption in the following sense. If there exists a classifier ξ achieving an error
smaller than 1/2 − γ on any symmetric distribution P , then a classifier exists
with error smaller than 1/2− γ/2 for an arbitrary distribution.
Following [1] let ν and Φ be discrete signed measures on R

d and R, respec-
tively, and let ν " Φ be the product measure over R

d × R. The measure ν is
assumed to be supported on the data set X = {x1, . . . ,xm} ∈ R

d, while Φ is
supported on the n points {r1, . . . , rn} ∈ R. We use the notation ν(xi) = νi and
Φk = Φ(rk). Assume further that both measures obey the conditions:

m∑
i=1

νi =
n∑
j=1

φi = 0 ;
m∑
i=1

|νi| =
n∑
j=1

|φi| = 1 . (6)

Finally, for any two points xi and xj let ∆ij = ‖xi − xj‖, where ‖x‖ is the
Euclidean L2 norm of the vector x, and define

FΦ(∆ij) = −
n∑
k=1

n∑
l=1

(
∆2ij + |rk − rl|2

)1/2
φkφl . (7)

A non-trivial result concerning FΦ(ρ) follows from Theorem 6 in [2]. In particular,
it is shown that FΦ(ρ) is a non-negative and monotonically decreasing function
of ρ.
Consider the class of linear classifiers, and let ε∗(P ) = 1/2 − γ∗(P ) be the

minimal weighted error achieved in the class with respect to the data set S and
the distribution P , and denote by L the radius of the smallest ball containing all
the data points. A fundamental result in [1] (see also Section 4 in [10]) is that

γ∗(P ) ≥
√
−(Cd/2L)I(ν " Φ) (νi = yiPi), (8)

where the constant Cd depends only on the dimension d (Cd behaves like 1/
√
d

for large d) and where

−I(ν " Φ) = FΦ(0)
∑
i

ν2i +
∑∑
i �=j

FΦ(∆ij)νiνj . (9)

Note that ν is a signed measure, and thus the term νiνj may be negative. More-
over, a direct consequence of Eq. (6a) in [1] is that −I(ν " Φ) is non-negative.
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In [10] we computed a lower bound on −I(ν " Φ) by constructing a specific
measure Φ for which FΦ(ρ) decays rapidly with ρ. However, for that construc-
tion to be useful it was mandatory that a minimal distance exists between the
positively and negatively labeled points. Moreover, the bound vanishes if this
distance is zero. Such a result is clearly not robust in that two aberrant data
points may result in a very weak bound. Moreover, the lower bound on γ∗(P ) in
[10] depended explicitly on the sample size m, whereas here we provide geomet-
ric conditions which guarantee that the optimal advantage γ∗(P ) is independent
of the sample size for any distribution P .

3.3 Attaining an Error Independent of the Sample-Size

Denote the positive and negative subsets of points by X+ and X− respectively.
Consider a partition of the data into homogeneous subsets of points, where by
homogeneous we mean that each subset contains only equally labeled points.
Further, let X+ = X+

1 ∪ · · · ∪X+
K+ where X+

i ∩X+
j = ∅, i 
= j, and similarly

for X−. Denote the number of data points belonging to the subset X+
k by m+,k,

and similarly for X−� and m−,�.
Denote the set of indices corresponding to elements in the subset X±k by I±k .

By re-arranging the double sum in (9), and recalling that ∆ij = ‖xi − xj‖ and
νi = yiPi, one can easily show that

− I(ν " Φ) = FΦ(0)
∑
i

P 2i −
K+∑
k=1

K−∑
�=1

∑
i∈I+

k

∑
j∈I−

�

FΦ(∆ij)PiPj (10)

+
K+∑ K+∑
k �=�

∑
i∈I+

k

∑
j∈I+

�

FΦ(∆ij)PiPj +
K+∑
k=1

∑∑
i�=j

i,j∈I+
k

FΦ(∆ij)PiPj

+
K−∑ K−∑
k �=�

∑
i∈I−

k

∑
j∈I−

�

FΦ(∆ij)PiPj +
K−∑
k=1

∑∑
i�=j

i,j∈I−
k

FΦ(∆ij)PiPj .

The advantage of this representation is that it makes the negative terms explicit,
as all terms on the r.h.s. of (10), except for the second term, are non-negative.
In order to proceed in obtaining a simple geometric characterization of suf-

ficient conditions for a bound independent of m, we assume that the weights in
each subset of the partition are equal. While we use this assumption at this point
as a simplifying assumption aimed at reducing the complexity of the computa-
tions, we point out that this assumption is obeyed during the iteration of the
AdaBoost algorithm. In particular, beginning with a uniform distribution over
points, at each step an additional linear classifier is constructed and added to
the pool of existing weak learners. Each additional linear classifier (hyperplane)
splits the sample S and the previously obtained regions. However, equally labeled
points which are on the same side of the hyperplane are correctly/incorrectly
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classified together by the new weak learner. Since the update of the boosting
weights depends only on the latter factor, equally labeled points belonging to
the same region after the split possess the same weights.
We use the notation Pi = P̃+,k for all xi ∈ X+

k . Then

−I(ν " Φ) = FΦ(0)
m∑
i=1

P 2i −
K+∑
k=1

K−∑
�=1

P̃+,km+,kP̃−,�m−,�FΦ(ρ+−k,� ) (11)

+
K+∑ K+∑
k �=�

P̃+,km+,kP̃+,�m+,�FΦ(ρ++k,� ) +
K+∑
k=1

P̃ 2+,km
2
+,kFΦ(ρ

+
k )

+
K−∑ K−∑
k �=�

P̃−,km−,kP̃−,�m−,�FΦ(ρ−−k,� ) +
K−∑
k=1

P̃ 2−,km
2
−,kFΦ(ρ

−
k )

Here ρ+−k,� is defined through

m+,km−,�FΦ(ρ+−k,� ) =
∑
i∈I+

k

∑
j∈I−

�

FΦ(∆ij) (∆ij = ‖xi − xj‖) ,

where the continuity of FΦ(u) and the mean-value theorem guarantee the exis-
tence of ρ+−k,� . Observe that ρ

+−
k,� represents a non-Euclidean dissimilarity measure

between the sets X+
k and X−� . An analogous expression holds for the other terms

ρ++k,� , ρ
+
k , ρ−−k,� and ρ−k .

The only bothersome term in (11) is, of course, the negative one. We treat
each term separately. Again using the continuity of FΦ(ρ) and the mean-value
theorem, there exists a non-negative number ρ̃+− such that

FΦ(ρ̃+−) =
K+∑
k=1

K−∑
�=1

P̃+,km+,kP̃−,�m−,�FΦ(ρ+−k,� )
/K+∑
k=1

K−∑
�=1

P̃+,km+,kP̃−,�m−,� .

(12)

The term ρ̃+− is an average dissimilarity measure between the positive and
negative subsets of the partition. A similar argument can be applied to the
other terms in (11), leading to

FΦ(ρ̃++) =
K+∑ K+∑
k �=�

P̃+,km+,kP̃+,�m+,�FΦ(ρ++k,� )
/K+∑ K+∑

k �=�
P̃+,km+,kP̃+,�m+,� ,

FΦ(ρ̃+) =
K+∑
k=1

P̃ 2+,km
2
+,kFΦ(ρ

+
k )
/ K+∑
k=1

P̃ 2+,km
2
+,k .

Similar expressions hold for ρ̃−− and ρ̃−.
Let m̃+ =

∑K+

k=1 P̃+,km+,k (and similarly for m̃−), and observe that

K+∑ K+∑
k �=�

P̃+,km+,kP̃+,�m+,� = m̃2
+ −

K+∑
k=1

P̃ 2+,km
2
+,k .
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Fig. 1. A two-dimensional data set distributed over a 5× 5 chess-board.

Simple algebra leads to the expression

− I(ν " Φ) = FΦ(0)
m∑
i=1

P 2i − m̃+m̃−FΦ(ρ̃+−) + m̃2
+FΦ(ρ̃

++) + m̃2
−FΦ(ρ̃

−−)

+
[
FΦ(ρ̃+)− FΦ(ρ̃++)

] K+∑
k=1

P̃ 2+,km
2
+,k +

[
FΦ(ρ̃−)− FΦ(ρ̃−−)

] K−∑
�=1

P̃ 2−,�m
2
−,� .

(13)

Note that ρ̃+ is related to the average size of the positive subsets of the partition,
while ρ̃++ is related to the average distance between the positive subsets. The
term ‘average size’ here should be understood in the sense of (12). Keeping in
mind the monotonic decrease of FΦ(ρ) with ρ we conclude that the last two terms
are non-negative. Observe that this can always be guaranteed by choosing K± to
be large enough (in which case ρ̃± can be made arbitrarily small). Clearly then
a sufficient condition for the non-negativity of −I(ν " Φ) is that m̃2

+FΦ(ρ̃
++) +

m̃2
−FΦ(ρ̃

−−) ≥ m̃+m̃−FΦ(ρ̃+−). We wish to consider situations under which
−I(ν "Φ), and therefore γ∗(P ), may be bounded from below by a quantity which
is independent of the sample size m. As a simple example, consider the data set
depicted in Figure 1, corresponding to a 5×5 chess-board configuration of equally
weighted points. The measure Φ chosen for this example (see (6,7)) is supported
on {−1/4, 0, 1/4} where Φ(−1/4) = −1/4, Φ(0) = 1/2 and Φ(1/4) = −1/4. The
value of m̃2

+FΦ(ρ̃
++) + m̃2

−FΦ(ρ̃
−−) − m̃+m̃−FΦ(ρ̃+−) is positive and equal to

0.0032.
Under these circumstances we find that

−I(ν " Φ) ≥ FΦ(0)
m∑
i=1

P 2i +∆+Φ

K+∑
k=1

P̃ 2+,km
2
+,k +∆−Φ

K−∑
�=1

P̃ 2−,�m
2
−,� , (14)

where

∆±Φ =
[
FΦ(ρ̃±)− FΦ(ρ̃±±)

]
.
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A simple lower bound may be obtained by searching for the probability distri-
bution P̃ which minimizes the final two terms in (14), subject to the constraint
that the probabilities sum to one. This problem can be easily solved using La-
grange multipliers. Skipping the details of the algebra in this extended abstract,
and recalling that γ∗(P ) ≥√−(Cd/2L)I(ν " Φ), we conclude that for any P

γ∗(P ) ≥
√

Cd/2L√
K+/∆+Φ +K−/∆−Φ

+

(
Cd
2L

FΦ(0)
m∑
i=1

P 2i

)1/2
, (15)

where we have used the inequality
√
a+ b ≥ (√a+√b)/√2. The most important

conclusion from this result is that the first term in (15) does not depend on the
sample size m. The dependence of the bound on the geometry of the problem is
particularly interesting. First, observe that the bound decreases with an increase
in the number of regions K± in the partition. In the limit when the number of
regions is of the same order of magnitude as the sample size, we obtain a bound
which of the order Ω(1/

√
m). However, if at least one of the positive/negative

subsets is composed of a small number of regions (namely, K+ or K− is small), a
tighter bound is obtained. The dependence on the term ∆±Φ = FΦ(ρ̃±)−FΦ(ρ̃±±)
is also interesting. Recall that this term is related to the difference between the
average size of each of the uni-labeled clusters and the average distance between
clusters. Large values of ∆±Φ indicate highly populated small subsets, which are
relatively far apart. Under these circumstances we expect that the advantage γ∗

is large. We summarize our conclusions in the following theorem.

Theorem 2. Let S = {(x1, y1), . . . , (xm, ym)}, xi ∈ R
d and yi ∈ {−1,+1}

be a sample of m points, to each of which is associated a non-negative weight
Pi,

∑m
i=1 Pi = 1. Assume further that the weights are symmetric, namely∑m

i=1 yiPi = 0. Partition S into K+(K−) subsets of positive (negative) points
such that the weights assigned to points in each subset are equal. If the configu-
ration satisfies the condition

m̃2
+FΦ(ρ̃

++) + m̃2
−FΦ(ρ̃

−−) ≥ m̃+m̃−FΦ(ρ̃+−) ,

then the optimal margin γ∗(P ) is lower bounded as in (15).

As mentioned following (10), in the context of boosting one may think of K±

as the number of regions obtained during the boosting process. It may happen
that in some cases the number of regions obtained during boosting is so large, as
to render the bound (15) useless. It turns out that even in this case the bound
(15) can be useful if the distribution P becomes skewed, concentrating mainly on
a small number of points, in which case the term ‖P‖22 =

∑m
i=1 P

2
i becomes large

relative to 1/m. While it is difficult to prove that this is the case in general, we
have run many simulations of AdaBoost and found that ‖P‖22 increases with the
number of boosting iterations, becoming much larger than 1/m, the initial value
at the beginning of the process when all weights are equal to 1/m. In Figure 2
we plot the value of ‖P‖22 as a function of the number of boosting iterations, for
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Fig. 2. The value of ‖P‖22 as a function of the number of boosting iterations.

a two-dimensional noisy data set. The plots were obtained using stumps as weak
learners, although similar behavior was observed using other types of classifiers
and data sets. We do not as yet have a good theoretical explanation for it.
Finally, we briefly discuss the implications of the results of the present section

to the choice of θ in (1). Recall that the empirical margin error PS [Y f(X) ≤
θ] is bounded by a constant smaller than 1 if (5) holds, where the advantage
parameter γt at the t-th boosting step is given by γt = γ̄θ + δt, and γ̄θ is given
in (4). Under the conditions of Theorem 2, we have that γt ≥ ζ, where ζ is a
constant independent of the sample size. Combining both results we see that
the condition that needs to be obeyed by θ is that γ̄θ ≥ ζ − δt. Since γ̄θ ≥ θ, a
slightly weaker condition is that θ ≥ ζ − δt. For example, if δt ≥ η > 0 for all
t (an admittedly strong condition), we immediately obtain a simple connection
between θ and ζ, the latter parameter characterizing the geometry of the data.
In other words, a weak learner advantage larger than ζ guarantees that the
empirical margin-error PS [Y f(X) ≤ θ] of the combined classifier converges to
zero if θ ≥ ζ − η. A more elaborate analysis of this issue is be deferred to the
full paper.

4 Discussion

We have provided explicit conditions on a data set which guarantee that the
weighted empirical error of a linear classifier is bounded by 1/2 − γ, where
γ is bounded below by a term which is independent of the sample size. Such
a result guarantees that the AdaBoost algorithm produce asymptotically zero
error. Moreover, under certain conditions on θ a small value of the empirical
margin error (2) may be guaranteed. Such a result provides conditions under
which fast convergence rate of the generalization error bound (1) is assured.
Several open issues remain for future work. First, while we have provided

sufficient conditions which guarantee a sample-size independent bound on the
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error of a linear weak learner, it is not clear how stringent they are. Second,
our results assume that the weights are equal on each subset of the partition. It
would useful to eliminate this assumption. Third, the dynamics of the function∑m
i=1 P

2
i as a function of the number of boosting iterations seems extremely

interesting and pertinent to our bounds. A good theoretical understanding of its
behavior would shed light on some of the intricacies of the boosting algorithm.
Finally, nothing was assumed about the measure Φ except for the conditions (6).
An interesting question relates to optimizing this measure based on the data set.
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Appendix

Proof of Theorem 1
Taking logarithms on both side of (1) we have

logPS [Y fT (X) ≤ θ] ≤
T∑
t=1

[(
1− θ

2

)
log (1− 2γt) +

(
1 + θ

2

)
log (1 + 2γt)

]
.

Let X ∈ {0, 1} be a binary random variable, and consider two distributions p
and qt, where

p(X = 1) =
(
1− θ

2

)
; qt(X = 1) =

(
1− 2γt
2

)
.

Then, simple algebra yields the result

logPS [Y fT (X) ≤ θ] ≤ −
T∑
t=1

D(p‖qt) + T

[
log 2−H

(
1− θ

2

)]
,

where D(p‖qt) =
∑
x p(x) log[p(x)/qt(x)] is the Kullback-Leibler divergence be-

tween p and qt. Using the bound, D(p‖q) ≥ 1
2 (d1(p, q))

2 (e.g., [3], p.222), where
d1(p, q) =

∑
x |p(x) − q(x)| denotes the L1 distance between probability distri-

butions p and q, we find that

logPS [Y fT (X) ≤ θ] ≤ −1
2

T∑
t=1

(2γt − θ)2 + T

[
log 2−H

(
1− θ

2

)]
,

Set γt = γ̄θ + δt, where γ̄θ is chosen to satisfy the equation 1
2 (2γ̄θ − θ)2 =

log 2 − H
( 1−θ
2

)
, implying that γ̄θ is given by (4). It is easy to see that γ̄θ is

monotonically increasing with θ and that γ̄θ ≥ θ with equality if, and only if,
θ = 0. We then find that

logPS [Y fT (X) ≤ θ] ≤ −2(2γ̄θ − θ)
T∑
t=1

δt − 2
T∑
t=1

δ2t .

For any θ > 0 we have 2γ̄θ − θ > 0 implying that a sufficient condition guar-
anteeing that logPS [Y fT (X) ≤ θ] is bounded from above by a finite negative
value (namely PS [Y fT (X) ≤ θ] is strictly smaller than 1) is that

lim inf
T→∞

T∑
t=1

δt ≥ c > 0,

for some positive constant c. When c =∞, we see that PS [Y fT (X) ≤ θ]→ 0 in
the limit T →∞. Note that this condition is trivially obeyed if δt ≥ η for some
positive constant η.
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Abstract. We describe a new boosting algorithm which generates only
smooth distributions which do not assign too much weight to any single
example. We show that this new boosting algorithm can be used to con-
struct efficient PAC learning algorithms which tolerate relatively high
rates of malicious noise. In particular, we use the new smooth boost-
ing algorithm to construct malicious noise tolerant versions of the PAC-
model p-norm linear threshold learning algorithms described in [23]. The
bounds on sample complexity and malicious noise tolerance of these new
PAC algorithms closely correspond to known bounds for the online p-
norm algorithms of Grove, Littlestone and Schuurmans [14] and Gentile
and Littlestone [13]. As special cases of our new algorithms we obtain
linear threshold learning algorithms which match the sample complexity
and malicious noise tolerance of the online Perceptron and Winnow algo-
rithms. Our analysis reveals an interesting connection between boosting
and noise tolerance in the PAC setting.

1 Introduction

Any realistic model of learning from examples must address the issue of noisy
data. In 1985 Valiant introduced the notion of PAC learning in the presence
of malicious noise. This is a worst-case model of errors in which some fraction
of the labeled examples given to a learning algorithm may be corrupted by an
adversary who can modify both example points and labels in an arbitrary fashion
(a detailed description of the model is given in Section 3). The frequency of such
corrupted examples is known as the malicious noise rate.

Learning in the presence of malicious noise is in general quite difficult. Kearns
and Li [16] have shown that for many concept classes it is impossible to learn to
accuracy ε if the malicious noise rate exceeds ε

1+ε . In fact, for many interesting
concept classes (such as the class of linear threshold functions), the best efficient
algorithms known can only tolerate malicious noise rates significantly lower than
this general upper bound. Despite these difficulties, the importance of being able
to cope with noisy data has led many researchers to study PAC learning in the
presence of malicious noise (see e.g. [1,2,3,6,7,20]).

In this paper we give a new smooth boosting algorithm which can be used
to transform a malicious noise tolerant weak learning algorithm into a PAC

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 473–489, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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algorithm which learns successfully in the presence of malicious noise. We use
this smooth boosting algorithm to construct a family of PAC algorithms for
learning linear threshold functions in the presence of malicious noise. These new
algorithms match the sample complexity and noise tolerance of the online p-
norm algorithms of Grove, Littlestone and Schuurmans [14] and Gentile and
Littlestone [13], which include as special cases the well-known Perceptron and
Winnow algorithms.

1.1 Smooth Boosting and Learning with Malicious Noise

Our basic approach is quite simple, as illustrated by the following example.
Consider a learning scenario in which we have a weak learning algorithm L
which takes as input a finite sample S of m labeled examples. Algorithm L is
known to have some tolerance to malicious noise; specifically, L is guaranteed to
generate a hypothesis with nonnegligible advantage provided that the frequency
of noisy examples in its sample is at most 10%. We would like to learn to high
accuracy in the presence of malicious noise at a rate of 1%.

The obvious approach in this setting is to use a boosting algorithm, which
will generate some sequence of distributions D1,D2, . . . over S. This approach
can fail, though, if the boosting algorithm generates distributions which are very
skewed from the uniform distribution on S; if distribution Di assigns weights as
large as 20m to individual points in S, for instance, then the frequency of noisy
examples for L in stage i could be as high as 20%. What we need instead is a
smooth boosting algorithm which only constructs distributions Di over S which
never assign weight greater than 10

m to any single example. By using such a
smooth booster we are assured that the weak learner will function successfully
at each stage, so the overall boosting process will work correctly.

While the setting described above is artificial, we note that indirect empirical
evidence has been given supporting the smooth boosting approach for noisy
settings. It is well known [8,21] that commonly used boosting algorithms such as
AdaBoost [11] can perform poorly on noisy data. Dietterich [8] has suggested that
this poor performance is due to AdaBoost’s tendency to generate very skewed
distributions which put a great deal of weight on a few noisy examples. This
overweighting of noisy examples cannot occur under a smooth boosting regimen.

In Section 2 we give a new boosting algorithm, SmoothBoost, which is guar-
anteed to generate only smooth distributions as described above. We show in
Section 5 that the distributions generated by SmoothBoost are optimally smooth.

SmoothBoost is not the first boosting algorithm which attempts to avoid
the skewed distributions of AdaBoost; algorithms with similar smoothness guar-
antees have been given by Domingo and Watanabe [9] and Impagliazzo [15].
Freund [10] has also described a boosting algorithm which uses a more moderate
weighting scheme than AdaBoost. In Section 2.3 we show that our SmoothBoost
algorithm has several other desirable properties, such as constructing a large
margin final hypothesis, which are essential for the noisy linear threshold learn-
ing application of Section 3. We discuss the relationship between SmoothBoost
and the algorithms of [9,10,15] in Section 2.4.
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1.2 Learning Linear Threshold Functions with Malicious Noise

We use the SmoothBoost algorithm in Section 3 to construct a family of PAC-
model malicious noise tolerant algorithms for learning linear threshold functions.
A similar family was constructed by Servedio in [23] using AdaBoost instead of
SmoothBoost as the boosting component. It was shown in [23] that for linearly
separable data these PAC model algorithms have sample complexity bounds
which are essentially identical to those of the online p-norm linear threshold
learning algorithms of Grove, Littlestone and Schuurmans [14], which include as
special cases (p = 2 and p =∞) the well-studied online Perceptron and Winnow
algorithms.

Gentile and Littlestone [13] have given mistake bounds for the online p-norm
algorithms when run on examples which are not linearly separable, thus gener-
alizing previous bounds on noise tolerance for Perceptron [12] and Winnow [19].
A significant drawback of the AdaBoost-based PAC-model p-norm algorithms of
[23] is that they do not appear to succeed in the presence of malicious noise.
We show in Section 4 that for all values 2 ≤ p ≤ ∞, our new PAC algorithms
which use SmoothBoost match both the sample complexity and the malicious
noise tolerance of the online p-norm algorithms. Our construction thus provides
malicious noise tolerant PAC analogues of Perceptron and Winnow (and many
other algorithms as well).

2 Smooth Boosting

In this section we describe a new boosting algorithm, SmoothBoost, which has
several useful properties. SmoothBoost only constructs smooth distributions
which do not put too much weight on any single example; it can be used to
generate a large margin final hypothesis; and it can be used with a weak learn-
ing algorithm which outputs real-valued hypotheses. All of these properties are
essential for the noisy linear threshold learning problem we address in Section 3.

2.1 Preliminaries

We fix some terminology from [15] first. A measure on a finite set is a function
M : S → [0, 1]. We write |M | to denote ∑x∈SM(x). Given a measure M, there
is a natural induced distribution DM defined by DM (x) = M(x)/|M |. This
definition yields

Observation 1 L∞(DM ) ≤ 1
|M | .

Let D be a distribution over a set S = 〈x1, y1〉, . . . , 〈xm, ym〉 of labeled ex-
amples with each yj ∈ {−1, 1} and let h be a real-valued function which maps
{x1, . . . , xm} into [−1, 1]. If 12

∑m
j=1D(j)|h(xj) − yj | ≤ 1

2 − γ then we say that
the advantage of h under D is γ.We say that an algorithm which takes S and D
as input and outputs an h which has advantage at least γ > 0 is a weak learning
algorithm (this is somewhat less general than the notion of weak learning which
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Input: parameters 0 < κ < 1, 0 ≤ θ ≤ γ < 1
2

sample S = 〈x1, y1〉, . . . , 〈xm, ym〉 where each yi ∈ {−1, 1}
weak learner WL which takes input (S,Dt) and outputs

ht : {x1, . . . , xm} → [−1, 1]

Output: hypothesis h(x) = sign(f(x))

1. forall j = 1, . . . , m set M1(j) = 1
2. forall j = 1, . . . , m set N0(j) = 0
3. set t = 1
4. until |Mt|/m < κ do
5. forall j = 1, . . . , m set Dt(j) = Mt(j)/|Mt|
6. run WL(S,Dt) to get ht such that 1

2

∑m

j=1Dt(j)|ht(xj)− yj | ≤ 1
2 − γ

7. forall j = 1, . . . , m set Nt(j) = Nt−1(j) + yjht(xj)− θ

8. forall j = 1, . . . , m set Mt+1(j) =

{
1 if Nt(j) < 0
(1− γ)Nt(j)/2 if Nt(j) ≥ 0

9. set t = t + 1
10. set T = t− 1
11. return h = sign(f(x)) where f(x) = 1

T

∑T

i=1 hi(x)

Fig. 1. The SmoothBoost algorithm.

was originally introduced by Kearns and Valiant in [17] but is sufficient for our
purposes). Finally, let g(x) = sign(f(x)) where f : X → [−1, 1] is a real-valued
function. We say that the margin of g on a labeled example 〈x, y〉 ∈ X×{−1, 1}
is yf(x); intuitively, this is the amount by which g predicts y correctly. Note
that the margin of g on 〈x, y〉 is nonnegative if and only if g predicts y correctly.

2.2 The SmoothBoost Algorithm

The SmoothBoost algorithm is given in Figure 1. The parameter κ is the desired
error rate of the final hypothesis, the parameter γ is the guaranteed advantage of
the hypotheses returned by the weak learner, and θ is the desired margin of the
final hypothesis. SmoothBoost runs the weak learning algorithm several times on
a sequence of carefully constructed distributions and outputs a thresholded sum
of the hypotheses thus generated. The quantity Nt(j) in line 7 may be viewed
as the cumulative amount by which the hypotheses h1, . . . , ht beat the desired
margin θ on the labeled example 〈xj , yj〉. The measureMt+1 assigns more weight
to examples where Nt is small and less weight to examples where Nt is large,
thus forcing the weak learner to focus in stage t+1 on examples where previous
hypotheses have done poorly. Note that since any measure maps into [0, 1] there
is a strict bound on the amount of weight which can be assigned to any example.
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2.3 Proof of Correctness

Several useful properties of the SmoothBoost algorithm are easy to verify. The
algorithm is called SmoothBoost because each distribution it constructs is guar-
anteed to be “smooth,” i.e. no single point receives too much weight:

Lemma 1. Each Dt defined in step 5 of SmoothBoost has L∞(Dt) ≤ 1
κm .

Proof. Follows directly from Observation 1 and the condition in line 4. �
Another useful property is that the final hypothesis h has margin at least θ

on all but a κ fraction of the points in S :

Theorem 1. If SmoothBoost terminates then f satisfies |{j : yjf(xj)≤θ}|
m < κ.

Proof. Since NT (j) = T (yjf(xj)− θ), if yjf(xj) ≤ θ then NT (j) ≤ 0 and hence
MT+1(j) = 1. Consequently we have

|{j : yjf(xj) ≤ θ}|
m

≤
∑m
j=1MT+1(j)

m
=
|MT+1|

m
< κ

by the condition in line 4. �
Note that since θ ≥ 0 Theorem 1 implies that the final SmoothBoost hypoth-

esis is correct on all but a κ fraction of S.
Finally we must show that the algorithm terminates in a reasonable amount

of time. The following theorem bounds the number of times that SmoothBoost
will execute its main loop:

Theorem 2. If each hypothesis ht returned by WL in line 6 has advantage at
least γ under Dt (i.e. satisfies the condition of line 6) and θ is set to γ

2+γ , then
SmoothBoost terminates with T < 2

κγ2
√
1−γ .

As will be evident from the proof, slightly different bounds on T can be
established by choosing different values of θ in the range [0, γ].We take θ = γ

2+γ
in the theorem above both to obtain a margin of Ω(γ) and to obtain a clean
bound in the theorem. Theorem 2 follows from the bounds established in the
following two lemmas:

Lemma 2.
∑m
j=1

∑T
t=1Mt(j)yjht(xj) ≥ 2γ

∑T
t=1 |Mt|.

Lemma 3. If θ = γ
2+γ , then

∑m
j=1

∑T
t=1Mt(j)yjht(xj) < 2m

γ
√
1−γ+γ

∑T
t=1 |Mt|.

Combining these bounds we obtain 2m
γ
√
1−γ > γ

∑T
t=1 |Mt| ≥ γκmT where the

last inequality is because |Mt| ≥ κm for t = 1, . . . , T.
Proof of Lemma 2: Since ht(xj) ∈ [−1, 1] and yj ∈ {−1, 1}, we have yjht(xj) =
1− |ht(xj)− yj |, and thus

m∑
j=1

Dt(j)yjht(xj) =
m∑
j=1

Dt(j)(1− |ht(xj)− yj |) ≥ 2γ.
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This implies that

m∑
j=1

T∑
t=1

Mt(j)yjht(xj) =
T∑
t=1

|Mt|
m∑
j=1

Dt(j)yjht(xj) ≥
T∑
t=1

2γ|Mt|.

�
The proof of Lemma 3 is given in Appendix A.

2.4 Comparison with Other Boosting Algorithms

The SmoothBoost algorithm was inspired by an algorithm given by Impagliazzo
in the context of hard-core set constructions in complexity theory [15]. Klivans
and Servedio [18] observed that Impagliazzo’s algorithm can be reinterpreted as a
boosting algorithm which generates distributions Dt which, like the distributions
generated by SmoothBoost, satisfy L∞(Dt) ≤ 1

κm . However, our SmoothBoost
algorithm differs from Impagliazzo’s algorithm in several important ways. The
algorithm in [15] uses additive rather than multiplicative updates forMt(j), and
the bound on T which is given for the algorithm in [15] is O( 1

κ2γ2 ) which is worse
than our bound by essentially a factor of 1κ . Another important difference is that
the algorithm in [15] has no θ parameter and does not appear to output a large
margin final hypothesis. Finally, the analysis in [15] only covers the case where
the weak hypotheses are binary-valued rather than real-valued.

Freund and Schapire’s well-known boosting algorithm AdaBoost is some-
what faster than SmoothBoost, requiring only T = O( log(1/κ)γ2 ) stages [11]. Like
SmoothBoost, AdaBoost can be used with real-valued weak hypotheses and can
be used to output a large margin final hypothesis [22]. However, AdaBoost is not
guaranteed to generate only smooth distributions, and thus does not appear to
be useful in a malicious noise context.

Freund has recently introduced and studied a sophisticated boosting al-
gorithm called BrownBoost [10] which uses a gentler weighting scheme than
AdaBoost. Freund suggests that BrownBoost should be well suited for deal-
ing with noisy data; however it is not clear from the analysis in [10] whether
BrownBoost-generated distributions satisfy a smoothness property such as the
L∞(Dt) ≤ 1

κm property of SmoothBoost, or whether BrownBoost can be used
to generate a large margin final hypothesis. We note that the BrownBoost algo-
rithm is much more complicated to run than SmoothBoost, as it involves solving
a differential equation at each stage of boosting.

SmoothBoost is perhaps most similar to the modified AdaBoost algorithm
MadaBoost which was recently defined and analyzed by Domingo and Watan-
abe [9]. Like SmoothBoost, MadaBoost uses multiplicative updates on weights
and never allows weights to exceed 1 in value. Domingo and Watanabe proved
that MadaBoost takes at most T ≤ 2

κγ2 stages, which is quite similar to our
bound in Theorem 2. (If we set θ = 0 in SmoothBoost, a slight modification
of the proof of Theorem 2 gives a bound of roughly 4

3κγ2 , which improves the
Madaboost bound by a constant factor.) However, the analysis for MadaBoost
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given in [9] only covers only the case of binary-valued weak hypotheses, and
does not establish that MadaBoost generates a large margin final hypothesis. We
also note that our proof technique of simultaneously upper and lower bounding∑m
j=1

∑T
t=1Mt(j)yjht(xj) is different from the approach used in [9].

3 Learning Linear Threshold Functions with Malicious
Noise

In this section we show how the SmoothBoost algorithm can be used in con-
junction with a simple noise tolerant weak learning algorithm to obtain a PAC
learning algorithm for learning linear threshold functions with malicious noise.

3.1 Geometric Preliminaries

For x = (x1, . . . , xn) ∈ �n and p ≥ 1 we write ‖x‖p to denote the p-norm of x,
namely ‖x‖p = (

∑n
i=1 |xi|p)1/p . The ∞-norm of x is ‖x‖∞ = maxi=1,...,n |xi|.

We write Bp(R) to denote the p-norm ball of radius R, i.e. Bp(R) = {x ∈ �n :
‖x‖p ≤ R}.

For p, q ≥ 1 the q-norm is dual to the p-norm if 1p +
1
q = 1; so the 1-norm

and the ∞-norm are dual to each other and the 2-norm is dual to itself. For the
rest of the paper p and q always denote dual norms. The following facts (see e.g.
[25] pp. 203-204) will be useful:

Hölder Inequality: |u · v| ≤ ‖u‖p‖v‖q for all u, v ∈ �n and 1 ≤ p ≤ ∞.

Minkowski Inequality: ‖u+v‖p ≤ ‖u‖p+‖v‖p for all u, v ∈ �n and 1 ≤ p ≤ ∞.

Finally, recall that a linear threshold function is a function f : �n → {−1, 1}
such that f(x) = sign(u · x) for some u ∈ �n.

3.2 PAC Learning with Malicious Noise

Let EXη
MAL(u,D) be a malicious example oracle with noise rate η that be-

haves as follows when invoked: with probability 1− η the oracle returns a clean
example 〈x, sign(u · x)〉 where x is drawn from the probability distribution D
over Bp(R). With probability η, though, EXη

MAL(u,D) returns a dirty example
〈x, y〉 ∈ Bp(R)×{−1, 1} about which nothing can be assumed. Such a malicious
example 〈x, y〉 may be chosen by a computationally unbounded adversary which
has complete knowledge of u, D, and the state of the learning algorithm when
the oracle is invoked.

The goal of a learning algorithm in this model is to construct an approxi-
mation to the target concept sign(u · x). More formally, we say that a Boolean
function h : �n → {−1, 1} is an ε-approximator for u under D if Prx∈D[h(x) �=
sign(u · x)] ≤ ε. The learning algorithm is given an accuracy parameter ε and a
confidence parameter δ, has access to EXη

MAL(u,D), and must output a hypoth-
esis h which, with probability at least 1 − δ, is an ε-approximator for u under
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D. The sample complexity of a learning algorithm in this model is the number
of times it queries the malicious example oracle.

(A slightly stronger model of PAC learning with malicious noise has also
been proposed [1,6]. In this model first a clean sample of the desired size is
drawn from a noise-free oracle; then each point in the sample is independently
selected with probability η; then an adversary replaces each selected point with
a dirty example of its choice; and finally the corrupted sample is provided to
the learning algorithm. This model is stronger than the original malicious noise
model since each dirty example is chosen by the adversary with full knowledge
of the entire sample. All of our results also hold in this stronger model.)

A final note: like the Perceptron algorithm, the learning algorithms which we
consider will require that the quantity u ·x be bounded away from zero (at least
most of the time). We thus say that a distribution D is ξ-good for u if |u ·x| ≥ ξ
for all x which have nonzero probability under D, and we restrict our attention
to learning under ξ-good distributions. (Of course, dirty examples drawn from
EXη

MAL(u,D) need not satisfy |u · x| ≥ ξ.)

3.3 A Noise Tolerant Weak Learning Algorithm

As shown in Figure 2, our weak learning algorithm for linear threshold functions,
called WLA, takes as input a data set S and a distribution D over S. The algorithm
computes the vector z which is the average location of the (label-normalized)
points in S under D, transforms z to obtain a vector w, and predicts using the
linear functional defined by w. As motivation for the algorithm, note that if
every example pair 〈x, y〉 satisfies y = sign(u · x) for some u, then each point yx
would lie on the same side of the hyperplane defined by u as u itself, and hence
the average vector z defined in Step 1 of the algorithm intuitively should point
in roughly the same direction as u.

In [23] it is shown that the WLA algorithm is a weak learning algorithm for
linear threshold functions in a noise-free setting. The following theorem shows
that if a small fraction of the examples in S are affected by malicious noise, WLA
will still generates a hypothesis with nonnegligible advantage provided that the
input distribution D is sufficiently smooth.
Theorem 3. Fix 2 ≤ p ≤ ∞ and let S = 〈x1, y1〉, . . . , 〈xm, ym〉 be a set of
labeled examples with each xj ∈ Bp(R). Let D be a distribution over S such that
L∞(D) ≤ 1

κm . Suppose that ξ > 0 and u ∈ �n are such that ξ ≤ R‖u‖q and at
most η′m examples in S do not satisfy yj(u · xj) ≥ ξ, where η′ ≤ κξ

4R‖u‖q
. Then

WLA(p, S,D) returns a hypothesis h : Bp(R) → [−1, 1] which has advantage at
least ξ

4R‖u‖q
under D.

Proof: By Hölder’s inequality, for any x ∈ Bp(R) we have

|h(x)| = |w · x|‖w‖qR ≤
‖w‖q‖x‖p
‖w‖qR ≤ 1,

and thus h indeed maps Bp(R) into [−1, 1].
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Input: parameter p ≥ 2
sample S = 〈x1, y1〉, . . . , 〈xm, ym〉 where each yi ∈ {−1, 1}
distribution D over S
upper bound R on ‖x‖p

Output: hypothesis h(x)

1. set z =
∑m

j=1D(j)yjx
j

2. for all i = 1, . . . , n set wi = sign(zi)|zi|p−1

3. return hypothesis h(x) ≡ v · x where v = w
‖w‖qR

Fig. 2. The p-norm weak learning algorithm WLA.

Now we show that h has the desired advantage. Since ht(xj) ∈ [−1, 1] and
yj ∈ {−1, 1}, we have |h(xj)− yj | = 1− yjh(xj), so

1
2

m∑
j=1

D(j)|h(xj)−yj | = 1
2

m∑
j=1

D(j)(1−yjh(xj)) = 1
2
−
(∑m

j=1D(j)yj(w · xj)
2‖w‖qR

)
.

To prove the theorem it thus suffices to show that
∑m

j=1
D(j)yj(w·xj)

‖w‖q
≥ ξ
2‖u‖q

. The

numerator of the left side is w ·
(∑m

j=1D(j)yjxj
)
= w · z =∑n

i=1 |zi|p = ‖z‖pp.
Using the fact that (p− 1)q = p, the denominator is

‖w‖q =
(

n∑
i=1

(|zi|p−1)q
)1/q

=

(
n∑
i=1

|zi|p
)1/q

= ‖z‖p/qp .

We can therefore rewrite the left side as ‖z‖pp/‖z‖p/qp = ‖z‖p, and thus our goal
is to show that ‖z‖p ≥ ξ

2‖u‖q
. By Hölder’s inequality it suffices to show that

z · u ≥ ξ
2 , which we now prove.

Let S1 = {〈xj , yj〉 ∈ S : yj(u · xj) ≥ ξ} and let S2 = S \ S1. The definition
of S1 immediately yields

∑
j∈S1

D(j)yj(u · xj) ≥ D(S1)ξ. Moreover, since each
‖xj‖p ≤ R, by Hölder’s inequality we have yj(u ·xj) ≥ −‖xj‖p · ‖u‖q ≥ −R‖u‖q
for each 〈xj , yj〉 ∈ S2. Since each example in S2 has weight at most 1

κm under
D, we have D(S2) ≤ η′

κ , and hence

z · u =
m∑
j=1

D(j)yj(u · xj) =
∑
j∈S1

D(j)yj(u · xj) +
∑
j∈S2

D(j)yj(u · xj)

≥ D(S1)ξ −D(S2)R‖u‖q ≥
(
1− η′

κ

)
ξ − η′R‖u‖q

κ

≥ 3ξ
4
− ξ

4
=

ξ

2
,
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where the inequality (1− η′

κ ) ≥ 3
4 follows from the bound on η′ and the fact that

ξ ≤ R‖u‖q. �

3.4 Putting It All Together

The algorithm for learning sign(u · x) with respect to a ξ-good distribution D
over Bp(R) is as follows:

– Draw from EXη
MAL(u,D) a sample S = 〈x1, y1〉, . . . , 〈xm, ym〉 of m labeled

examples.
– Run SmoothBoost on S with parameters κ = ε

4 , γ =
ξ

4R‖u‖q
, θ = γ

2+γ using
WLA as the weak learning algorithm.

We now determine constraints on the sample size m and the malicious noise rate
η under which this is a successful and efficient learning algorithm.

We first note that since D is ξ-good for u, we have that ξ ≤ R‖u‖q. Further-
more, since κ = ε

4 , Lemma 1 implies that each distribution Dt which is given to
WLA by SmoothBoost has L∞(Dt) ≤ 4

εm . Let SC ⊆ S be the clean examples and
SD = S \ SC the dirty examples in S. If η ≤ εξ

32R‖u‖q
and m ≥ 96R‖u‖q

εξ log 2δ ,
then a simple Chernoff bound implies that with probability at least 1 − δ

2 we
have |SD| ≤ εξ

16R‖u‖q
m. Thus, we can apply Theorem 3 with η′ = εξ

16R‖u‖q
; so

each weak hypothesis ht(x) = vt · x generated by WLA has advantage ξ
4R‖u‖q

under Dt. Consequently, by Theorems 1 and 2, SmoothBoost efficiently outputs
a final hypothesis h(x) = signf(x) which has margin less than θ on at most
an ε

4 fraction of S. Since |SC | is easily seen to be at least m2 , we have that the
margin of h is less than θ on at most an ε

2 fraction of SC . This means that we
can apply powerful methods from the theory of data-dependent structural risk
minimization [5,24] to bound the error of h under D.

Recall that the final SmoothBoost hypothesis is h(x) = sign(f(x)) where
f(x) = v · x is a convex combination of hypotheses ht(x) = vt · x. Since each
vector vt satisfies ‖vt‖q ≤ 1

R , by Minkowski’s inequality we have that ‖v‖q ≤ 1
R

as well. The following theorem is proved in [23]:

Theorem 4. Fix any value 2 ≤ p ≤ ∞ and let F be the class of functions
{x �→ v ·x : ‖v‖q ≤ 1

R , x ∈ Bp(R)}. Then fatF (µ) ≤ 2 log 4n
µ2 , where fatF (µ) is the

fat-shattering dimension of F at scale µ as defined in, e.g., [4,5,24].

The following theorem is from [5]:

Theorem 5. Let F be a collection of real-valued functions over some domain
X, let D be a distribution over X × {−1, 1}, let S = 〈x1, y1〉, . . . , 〈xm, ym〉 be
a sequence of labeled examples drawn from D, and let h(x) = sign(f(x)) for
some f ∈ F . If h has margin less than θ on at most k examples in S, then with
probability at least 1− δ we have that Pr〈x,y〉∈D[h(x) �= y] is at most

k

m
+

√
2
m
(d ln(34e/m) log(578m) + ln(4/δ)), (1)

where d = fatF (θ/16).
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We have that h has margin less than θ on at most an ε
2 fraction of the clean

examples SC , so we may take k/m to be ε
2 in the above theorem. Now if we

apply Theorem 4 and solve for m the inequality obtained by setting (1) to be at
most ε, we obtain

Theorem 6. Fix 2 ≤ p ≤ ∞ and let D be a distribution over Bp(R) which is

ξ-good for u. The algorithm described above uses m = Õ

((
R‖u‖q

ξε

)2)
examples

and outputs an ε-approximator for u under D with probability 1−δ in the presence
of malicious noise at a rate η = Ω

(
ε · ξ

R‖u‖q

)
.

4 Comparison with Online Algorithms

The bounds given by Theorem 6 on sample complexity and malicious noise tol-
erance of our algorithms based on SmoothBoost are remarkably similar to the
bounds which can be obtained through a natural PAC conversion of the online
p-norm algorithms introduced by Grove, Littlestone and Schuurmans [14] and
studied by Gentile and Littlestone [13]. Grove, Littlestone and Schuurmans (The-

orem 6.1) proved that the online p-norm algorithm makes at mostO
((

R‖u‖q

ξ

)2)

mistakes on linearly separable data. Subsequently Gentile and Littlestone [13]
extended the analysis from [14] and considered a setting in which the examples
are not linearly separable. Their analysis (Theorem 6) shows that if an exam-
ple sequence containing K malicious errors is provided to the online p-norm
algorithm, then the algorithm will make at most

O

((
R‖u‖q

ξ

)2
+K · R‖u‖q

ξ

)

mistakes. To obtain PAC-model bounds on the online p-norm algorithms in the
presence of malicious noise, we use the following theorem due to Auer and Cesa-
Bianchi [3] (Theorem 6.2):

Theorem 7. Fix a hypothesis class H of Vapnik-Chervonenkis dimension d. Let
A be an online learning algorithm with the following properties: (1) A only uses
hypotheses which belong to H, (2) if A is given a noise-free example sequence then
A makes at most m0 mistakes, and (3) if A is given an example sequence with K
malicious errors then A makes at most m0+BK mistakes. Then there is a PAC
algorithm A′ which learns to accuracy ε and confidence δ, uses Õ(B

2

ε2 +
m0
ε +

d
ε )

examples, and can tolerate a malicious noise rate η = ε
2B .

Applying this theorem, we find that these PAC conversions of the online p-
norm algorithms have sample complexity and malicious noise tolerance bounds
which are essentially identical to the bounds given for our SmoothBoost-based
algorithm.
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5 SmoothBoost Is Optimally Smooth

It is evident from the proof of Theorem 6 that the smoothness of the distribu-
tions generated by SmoothBoost relates directly to the level of malicious noise
which our linear threshold learning algorithm can tolerate. On the other hand,
as mentioned in Section 1, Kearns and Li have shown that for a broad range
of concept classes no algorithm can learn to accuracy ε in the presence of ma-
licious noise at a rate η > ε

1+ε . Using the Kearns-Li upper bound on malicious
noise tolerance, we prove in this section that SmoothBoost is optimal up to con-
stant factors in terms of the smoothness of the distributions which it generates.
This demonstrates an interesting connection between bounds on noise-tolerant
learning and bounds on boosting algorithms.

Recall that if SmoothBoost is run on a set of m examples with input parame-
ters κ, γ, θ, then each distribution Dt which SmoothBoost constructs will satisfy
L∞(Dt) ≤ 1

κm . The proof is by contradiction; so suppose that there exists a
boosting algorithm called SuperSmoothBoost which is similar to SmoothBoost
but which has an even stronger guarantee on its distributions. More precisely
we suppose that SuperSmoothBoost takes as input parameters κ, γ and a la-
beled sample S of size m, has access to a weak learning algorithm WL, generates
a sequence D1,D2, . . . of distributions over S, and outputs a Boolean-valued
final hypothesis h. As in Section 2.3, we suppose that if the weak learning algo-
rithm WL always returns a hypothesis ht which has advantage γ under Dt, then
SuperSmoothBoost will eventually halt and the final hypothesis h will agree with
at least a 1 − κ fraction of the labeled examples in S. Finally, we suppose that
each distribution Dt is guaranteed to satisfy L∞(Dt) ≤ 1

64κm .
Consider the following severely restricted linear threshold learning problem:

the domain is {−1, 1}2 ⊂ �2, so any distribution D can assign weight only to
these four points. Moreover, we only allow two possibilities for the target concept
sign(u · x): the vector u is either (1, 0) or (0, 1). The four points in {−1, 1}2 are
classified in all four possible ways by these two concepts, and hence the concept
class consisting of these two concepts is a distinct concept class as defined by
Kearns and Li [16]. It is clear that every example belongs to B∞(1) (i.e. R = 1),
that ‖u‖1 = 1, and that any distribution D over {−1, 1}2 is 1-good for u (i.e.
ξ = 1).

Consider the following algorithm for this restricted learning problem:

– Draw from EXη
MAL(u,D) a sample S = 〈x1, y1〉, . . . , 〈xm, ym〉 of m labeled

examples.
– Run SuperSmoothBoost on S with parameters κ = ε

4 , γ =
ξ

4R‖u‖q
= 1
4 using

WLA with p =∞ as the weak learning algorithm.

Suppose that the malicious noise rate η is 2ε. As in Section 3.4, a Chernoff
bound shows that form = O( 1ε log

1
δ ), with probability at least 1− δ2 we have that

the sample S contains at most 4εm dirty examples. By the SuperSmoothBoost
smoothness property and our choice of κ, we have that L∞(Dt) ≤ 1

16εm . Theorem
3 now implies that each WLA hypothesis ht has advantage at least ξ

4R‖u‖q
= 1

4
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with respect to Dt. As in Section 3.4, we have that with probability at least 1− δ2
the final hypothesis h output by SuperSmoothBoost disagrees with at most an
ε
2 fraction of the clean examples SC .
Since the domain is finite (in fact of size four) we can bound generaliza-

tion error directly. A simple Chernoff bound argument shows that if m is suf-
ficiently large, then with probability at least 1 − δ the hypothesis h will be an
ε-approximator for sign(u · x) under D. However, Kearns and Li have shown
(Theorem 1 of [16]) that no learning algorithm for a distinct concept class can
learn to accuracy ε with probability 1 − δ in the presence of malicious noise at
rate η ≥ ε

1+ε . This contradiction proves that the SuperSmoothBoost algorithm
cannot exist, and hence the distributions generated by SmoothBoost are optimal
up to constant factors.

6 Conclusions and Further Work

One goal for future work is to improve the SmoothBoost algorithm given in Sec-
tion 2. As noted in Section 5, the smoothness of the generated distributions is
already essentially optimal; however it may be possible to improve other aspects
of the algorithm such as the number of stages of boosting which are required.
Is there an algorithm which matches the smoothness of SmoothBoost but, like
AdaBoost, runs for only O( log(1/κ)γ2 ) stages? Another possible improvement would
be to eliminate the θ (margin) parameter of SmoothBoost; a version of the algo-
rithm which automatically chooses an appropriate margin parameter would be
useful in practical situations.
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N(t)

0 1 2 3 4 t

e0 e1 e2 e3 e4 e5 e6 e7

Fig. 3. A plot of N̂ with T = 4. Note that N̂ is piecewise linear with joins at integer
values of t. A possible pairing of segments matches [e2, e3] with [e5, e6] and [e3, e4] with
[e4, e5], leaving [e0, e1], [e1, e2] and [e6, e7] unpaired. In this example N̂ is increasing on
each unpaired segment.

A Proof of Lemma 3

By the definition of Nt(j), we have

m∑
j=1

T∑
t=1

Mt(j)yjht(xj) =
m∑
j=1

T∑
t=1

Mt(j)(Nt(j)−Nt−1(j) + θ)

= θ

T∑
t=1

|Mt|+
T∑
t=1

m∑
j=1

Mt(j)(Nt(j)−Nt−1(j)). (2)

It thus suffices to show that if θ = γ
2+γ , then for each j = 1, . . . ,m we have

T∑
t=1

Mt(j)(Nt(j)−Nt−1(j)) <
2

γ
√
1− γ

+ (γ − θ)
T∑
t=1

Mt(j) (3)

since summing this inequality over j = 1, . . . ,m and substituting into (2) proves
the lemma. Fix any j ∈ {1, . . . ,m}; for ease of notation we write Nt and Mt in
place of Nt(j) and Mt(j) for the rest of the proof.

If Nt = Nt−1 for some integer t then the term Mt(Nt −Nt−1) contributes 0
to the sum in (3), so without loss of generality we assume that Nt �= Nt−1 for all
integers t. We extend the sequence (N0, N1, . . . , NT ) to a continuous piecewise
linear function N̂ on [0, T ] in the obvious way, i.e. for t an integer and ε ∈ [0, 1]
we have N̂(t+ ε) = Nt + ε(Nt+1 −Nt). Let

E = {e ∈ [0, T ] : N̂(e) = Nt for some integer t = 0, 1, . . . , T}.
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The set E is finite so we have 0 = e0 < e1 · · · < er = T with E = {e0, . . . , er}
(see Figure 3). Since for each integer t ≥ 1 the interval (t − 1, t] must contain
some ei, we can reexpress the sum

∑T
t=1Mt(Nt −Nt−1) as

r∑
i=1

M�ei�
(
N̂(ei)− N̂(ei−1)

)
. (4)

We say that two segments [ea−1, ea] and [eb−1, eb] match if N̂(ea−1) = N̂(eb)
and N̂(eb−1) = N̂(ea). For example, in Figure 3 the segment [e2, e3] matches
[e5, e6] but does not match [e6, e7]. We pair up matching segments until no more
pairs can be formed. Note that if any unpaired segments remain, it must be the
case that either N̂ is increasing on each unpaired segment (if NT > 0) or N̂ is
decreasing on each unpaired segment (if NT < 0). Now we separate the sum (4)
into two pieces, i.e.

∑r
i=1M�ei�(N̂(ei)− N̂(ei−1)) = P +U, where P is the sum

over all paired segments and U is the sum over all unpaired segments. We will
show that P < (γ − θ)

∑T
t=1Mt and U < 2

γ
√
1−γ , thus proving the lemma.

First we bound P . Let [ea−1, ea] and [eb−1, eb] be a pair of matching segments
where N̂ is increasing on [ea−1, ea] and decreasing on [eb−1, eb]. The contribution
of these two segments to P is

M�ea�
(
N̂(ea)− N̂(ea−1)

)
+M�eb�

(
N̂(eb)− N̂(eb−1)

)

= (M�ea� −M�eb�)
(
N̂(ea)− N̂(ea−1)

)
. (5)

Since each segment [ea−1, ea] is contained in [t− 1, t] for some integer t, we have
that �ea� − 1 ≤ ea−1 < ea ≤ �ea�. The linearity of N̂ on [�ea� − 1, �ea�] implies
that

N�ea�−1 ≤ N̂(ea−1) < N̂(ea) ≤ N�ea� ≤ N�ea�−1 + 1− θ (6)

where the last inequality is because yjht(xj) ≤ 1 in line 7 of SmoothBoost.
Similarly, we have that �eb� − 1 ≤ eb−1 < eb ≤ �eb�, and hence

N�eb�−1 ≥ N̂(eb−1) > N̂(eb) ≥ N�eb� ≥ N�eb�−1 − 1− θ. (7)

Since N̂(ea) = N̂(eb−1) inequalities (6) and (7) imply thatN�ea�−1 ≥ N�eb�−1−2.
The definition of M now implies that M�eb� ≥ (1 − γ)M�ea�. Since N̂(ea) −
N̂(ea−1) > 0, we thus have that (5) is at most

γM�ea�
(
N̂(ea)− N̂(ea−1)

)
≤ γ(1− θ)M�ea�(ea − ea−1) (8)

where the inequality follows from (6) and the linearity of N̂ on [ea−1, ea]. Since
N̂(ea)− N̂(ea−1) = N̂(eb−1)− N̂(eb), we similarly have that (5) is at most

γM�ea�
(
N̂(eb−1)− N̂(eb)

)
≤ γ

1− γ
M�eb�

(
N̂(eb−1)− N̂(eb)

)

≤ γ

1− γ
(1 + θ)M�eb�(eb−1 − eb). (9)
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Using the fact that θ = γ
2+γ and some algebra, inequalities (8) and (9) imply

that (5) is at most

γ(1 + γ)
2 + γ

(
M�ea�(ea − ea−1) +M�eb�(eb−1 − eb)

)
. (10)

If we sum (10) over all pairs of matching segments the resulting quantity is an
upper bound on P. In this sum, for each value of t = 1, . . . , T, the coefficient of
Mt will be at most

γ(1+γ)
2+γ = γ − θ. (This bound on the coefficient of Mt holds

because for each t, the total length of all paired segments in [t− 1, t] is at most
1). Consequently we have P < (γ − θ)

∑T
t=1Mt as desired.

Now we show that U, the sum over unpaired segments, is at most 2
γ
√
1−γ . If

N̂ is decreasing on each unpaired segment then clearly U < 0, so we suppose
that N̂ is increasing on each unpaired segment. Let [ec1−1, ec1 ], . . . , [ecd−1, ecd ]
be all the unpaired segments. As in Figure 2 it must be the case that the intervals
[N̂(eci−1), N̂(eci)) are all disjoint and their union is [0, NT ). By the definition of
M, we have U =

∑d
i=1(1− γ)(N�eci

�−1)/2
(
N̂(eci)− N̂(eci−1)

)
. As in the bound

for P, we have

N�eci
�−1 ≤ N̂(eci−1) < N̂(eci) ≤ N�eci

� ≤ N�eci
�−1 + 1− θ < N�eci

�−1 + 1

and hence

U ≤
d∑
i=1

(1− γ)(N̂(eci
)−1)/2

(
N̂(eci)− N̂(eci−1)

)

= (1− γ)−1/2
d∑
i=1

(1− γ)N̂(eci
)/2
(
N̂(eci)− N̂(eci−1)

)
.

Since N̂ is increasing, for each i we have

(1− γ)N̂(eci
)/2
(
N̂(eci)− N̂(eci−1)

)
<

∫ N̂(eci
)

z=N̂(eci−1)
(1− γ)z/2dz.

Since the disjoint intervals [N̂(eci−1), N̂(eci)) cover [0, NT ) we thus have

U < (1− γ)−1/2
∫ NT

z=0
(1− γ)z/2dz

< (1− γ)−1/2
∫ ∞
z=0

(1− γ)z/2dz

=
−2√

1− γ ln(1− γ)
<

2
γ
√
1− γ

for 0 < γ < 1/2.

(Lemma 3)
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Abstract. In the paper, we construct a framework which allows to
bound polynomially the distributions produced by certain boosting al-
gorithms, without significant performance loss.
Further, we study the case of Freund and Schapire’s AdaBoost algorithm,
bounding its distributions to near-polynomial w.r.t. the example oracle’s
distribution. An advantage of AdaBoost over other boosting techniques
is that it doesn’t require an a-priori accuracy lower bound for the hy-
potheses accepted from the weak learner during the learning process.
We turn AdaBoost into an on-line boosting algorithm (boosting “by fil-
tering”), which can be applied to the wider range of learning problems.
In particular, now AdaBoost applies to the problem of DNF-learning,
answering affirmatively the question posed by Jackson.
We also construct a hybrid boosting algorithm, in that way achieving
the lowest bound possible for booster-produced distributions (in terms
of Õ), and show a possible application to the problem of DNF-learning
w.r.t. the uniform.

1 Introduction

Boosting is a learning method which shows computational equivalence between
two learning models: the model of distribution-free (strong) PAC-learning and
that of distribution-free weak PAC-learning (the PAC-model was first introduced
by Valiant in [V84], the strong and the weak cases were distinguished by Kearns
and Valiant in [KV94]).

General framework for boosting algorithms is the following. Suppose we are
dealing with some binary concept class, say C, which is a subclass of all functions
from {0, 1}n to {0, 1}.

In the distribution-free (strong) PAC-learning model, our (the learner’s) task
is to produce an approximation to a concept c ∈ C, “known” to the oracle. Each
time it is called, the oracle provides us with an instance x ∈ {0, 1}n, chosen ac-
cordingly to some fixed but unknown distribution D and with the corresponding
labeling c(x) of the instance. The learner’s aim is to provide, with probability
at least 1− δ, a final hypothesis h(x) which 1− ε-approximates the concept c
w.r.t. the distribution D. Here ε and δ are received parameters.

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 490–506, 2001.
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In the framework of boosting, the learner is supplied with some auxiliary
algorithm WL (the weak learner) which satisfies the following conditions (ac-
cordingly to the distribution-free weak PAC-learning model). Given an access to
the standard PAC-oracle answering accordingly to some target function f ∈ C
over distribution Di, produces a hypothesis hi s.t.

Pr
Di

[f(x) = hi(x)] ≥ 1
2
+ γ

for some γ, 1γ = O(poly(n)). 1 AlgorithmWL provides the desired accuracy 12 + γ

with given confidence factor δ, runs in time polynomial in log(1/δ) and other
standard complexity parameters (n, the size of the target representation, etc.).

The booster is allowed to use WL as a subroutine, by sequentially providing
distributions Di and receiving corresponding weak hypotheses hi; afterwards
it combines the accepted weak hypotheses in some manner, thus producing
the strong PAC-hypothesis. This “combination” of the booster and the weak
learner should possess all qualities required from the learner by the standard
distribution-free PAC model (see above) and its complexity bounds should be
polynomial in all standard complexity parameters.

Sometimes, an additional restriction is applied to the booster: all the dis-
tributions Di it produces should be polynomially near-D, i.e., for all i and all
x ∈ {0, 1}n it holds that

Di(x) ≤ D(x) · poly(n). 2

In this paper we show that sometimes a boosting algorithm whose pro-
duced distributions are not polynomially near-D can be converted into an al-
gorithm possessing this property. As an example, we will consider the case of
the AdaBoost algorithm which was first introduced by Freund and Schapire
in [FS97]. This algorithm doesn’t need a-priori lower bound on the accuracy
of weak hypotheses accepted throughout the learning. Different weak hypothe-
ses play “different roles” in the final hypothesis, accordingly to their individual
accuracies w.r.t. the target concept. In this sense, AdaBoost makes a “more opti-
mal” use of the information accepted from the weak learner than other boosting
algorithms which use an a-priori accuracy lower bound.

Originally, AdaBoost was designed to work by sampling, i.e., in two stages. In
the first stage the algorithm collects a “sufficient” number of learning examples
and in the second stage it performs the learning over this examples collection
only. Using our technique, we transform the algorithm into booster by filtering,
i.e., no pre-collection is performed in this case and the learning is performed
over the whole set of instances. This allows to apply AdaBoost to DNF-learning,
which affirmatively answers the question posed by Jackson in [J97].
1 In this paper, the meaning of the notation poly(n) is that there exist some polynomial
that satisfies the condition.

2 In certain cases, this restriction makes sense when the target distribution D is poly-
nomially near-uniform, like the case of DNF-learning considered in Section 6. In this
case, all the distributions Di are also polynomially near-uniform.
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Eventually, we construct a hybrid boosting algorithm, whose produced distri-
butions is even more “flat”, achieving the lowest bound possible for near-uniform
distributions produced by a booster, in terms of Õ.

For the sake of demonstration, we apply this algorithm to DNF-learning
w.r.t. the uniform distribution. The performance achieved is somewhat weaker
then that of Klivans and Servedio’s algorithm shown in [KS99], but the case
provides a good example of learning problem where the “flatness” is critical to
the solution complexity. It is possible that a more detailed study of the case
could lead to some improvement.

2 Definitions and Notation

We will call a boosting algorithm producing only polynomially near-D distribu-
tions a polynomially near-D boosting algorithm3.

Let B be any boosting algorithm learning some concept class C using a
weak learning algorithm WL. Let us consider the way B is producing its final
hypothesis using weak hypotheses received during the boosting iterations. As an
example, consider the Freund and Schapire’s AdaBoost algorithm [FS97], whose
final hypothesis is a weighted majority vote of all the weak hypotheses seen
during the boosting process.

In this final hypothesis structure, one interesting feature can be observed: if
we insert some “additional” relative error ε′ into any of the weak hypotheses,
this change can, in the worst case, add the same relative error ε′ to the final
hypothesis. In other words, an inaccuracy present in some instance of any weak
hypothesis can cause an inaccurate result accepted only in the same instance of
the final hypothesis.

We will call a final hypothesis structure possessing this quality and a boosting
algorithms producing such hypotheses accuracy preserving.

3 Providing Near-D Bounds to Distributions

In this section, for simplicity we will not take into account the fact that WL
has some probability to fail (δ mentioned above), i.e., WL will be treated as a
deterministic algorithm.

Consider some accuracy preserving boosting algorithm B. Recall that the
overall number T of weak hypotheses is polynomially bounded. If we allow an
“additional” error ε′ in each one of the weak hypotheses, it will result, in the
worst case, in T · ε′ additional inaccuracy in the final hypothesis4.

Suppose that the booster in a certain stage of the game provides not poly-
nomially bounded distribution Di to the weak learner. Let’s assume that we
3 In further references the word polynomially will be omitted sometimes.
4 Notice that any modification made in some iteration is not allowed to affect the
following iterations, otherwise some “side effects” can be caused by the change.
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can estimate Di(x) for all instances x5. So we will act in the following manner:
first we estimate the total weight (w.r.t. Di) of the instances x whose weight is
above p0(n) ·D(x), where p0(n) is a polynomial to be fixed later6. If this weight
exceeds 34 , we will not call the weak learner but return an “empty” hypothesis
(e.g., const. 1) to the booster; otherwise we will just “suppress” all instances
whose weight exceeds p0(n) ·D(x).

Let’s call the distribution produced this way at the i’th stage D′i; it can be
seen that if WL was executed during the i’th stage then

D′i(x) =

{
Di(x)

PrDi
[Di(x)≤p0(n)·D(x)] if Di(x) ≤ p0(n) ·D(x)

0 otherwise
. (1)

There is no such instance x that receives a weight higher than 4p0(n) ·D(x) after
the modification, and the resulting distribution is therefore near-D.

In the later case there is no such instance x that receives a weight higher than
4p0(n) ·D(x) after the modification, and the resulting distribution is therefore
near-D.

First of all, as mentioned above, we should provide a “stable work” of the
booster during the succeeding stages. To do that, we will modify the booster a
bit. Successful learning can be ensured if and only if all weak hypothesis seen
by the booster are ( 12 + γ)-accurate at least.

Assume that at the i’th stage the booster received some hypothesis hi (which
is ( 12 + γ)-accurate w.r.t. D′i, but not necessary w.r.t. Di). Define:

h′i(x) =
{
hi(x) if Di(x) ≤ p0(n) ·D(x)
f(x) otherwise

. (2)

The modified booster must proceed on receiving hi like the original one would
on receiving h′i; the possibility of this modification obviously also depends on
the internal structure of the boosting algorithm. Note that this will “localize”
the influence of the each distribution alteration to a single boosting stage.

Let’s examine the properties of the new algorithm. First of all, we can see
that all the h′i-s are well correlated with f . If WL wasn’t executed in the i’th
iteration then

Pr
Di

[h′i(x) = f(x)] ≥ 3
4
>
1
2
+ γ. 7

Otherwise it holds that

Pr
Di

[h′i(x) = f(x)] ≥ 1
2
+ γ,

5 This assumption, like some further constructions, employs a prior “knowledge” about
the boosting algorithm; in this paper we are not handling the booster as a “black
box”.

6 The bound is polynomial in all the standard complexity parameters, and is as well
in n, assuming that the complexity parameters themselves are polynomial in n.
Notice also that in practice we will sometimes use the Chernoff bound to perform
estimations; this will affect slightly some constructions of this section.

7 In general, 1
2 + const > 1

2 + γ seems to be a reasonable assumption.
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which naturally follows from (1) and (2).
Therefore, the only “damage” brought to the booster’s performance by the

above-mentioned modification is that resulting from the differences between hi-
s and corresponding h′i-s being substituted into the final hypothesis. For any
iteration i it holds that

|PrD[h′i = f ]− PrD[hi = f ]| ≤
≤ PrD[h′i 	= hi] ≤ PrD [Di(x) > p0(n) ·D(x)] < 1

p0(n)
� ε′. (3)

Let’s denote the modified version of the boosting algorithm by B′; call the initial
weak learnerW , which can be viewed as an oracle in this case. Denote by Fp0(W )
the weak learning oracle simulated by the technique described above and by
F ′p0(W ) the “virtual” version of the Fp0(W ) where all hi-s (the produced weak
hypotheses) are replaced by corresponding h′i-s. Denote by BΥ (ε, δ) the final
hypothesis returned by the boosting algorithm B using Υ as a weak learner and
given accuracy and confidence parameters ε and δ respectively. Assume that the
overall number of boosting iterations is T , B is accuracy preserving and denote
by Err(B) the value of PrD [B(x) 	= f(x)]. The lemma follows:

Lemma 1.

Err(B′Fp0 (W )(ε, δ)) ≤ Err(BF
′
p0
(W )(ε, δ)) +

T

p0(n)
.

4 The Case of AdaBoost

In this section we will apply the technique described in the previous section to the
case of the AdaBoost algorithm ([FS97]). In general, hi(x) (a weak hypothesis)
is not necessary a binary function, it can be a real-valued hypothesis; in fact, we
only assume that this function has [0, 1] range. Therefore, we will consider the
value of

E
D
|hf (x)− f(x)|

as the error of the final hypothesis hf (x) (instead of PrD[hf (x) 	= f(x)] used so
far).

Recall that the final hypothesis produced by AdaBoost is accuracy preserving.
At the same time, the number of iterations required by AdaBoost to achieve
desired accuracy depends upon all εi-s - the errors of the weak hypotheses seen
during the boosting process. However, being provided with an upper bound
for those (some γmin s.t. for every iteration i it holds: εi ≤ 1

2 − γmin), the overall
number of iterations can be bounded. As shown in [FS97], in this case the number
of iterations T satisfies:

T ≤
⌈

1
2γmin2

ln
1
ε

⌉
.

In this section we will consider two possible applications of the above “poly-
nomializing” technique: to the case of boosting by sampling (which is very similar
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to the “original” AdaBoost) and to the case of boosting by filtering. The latter
is made possible by the technique introduced in this paper8.

4.1 Boosting by Sub-sampling

The main idea behind boosting by sampling is the following. The algorithm col-
lects a training set; the further learning is performed over this training set only.
The set is obviously polynomial by size (which intuitively reduces the “need for
Chernoff”, as the necessary statistical measurements can be performed straight-
forward over the whole training set). After achieving a certain accuracy of the
final hypothesis on the training set (which is often the absolute coincidence),
theoretic-informational techniques are applied to measure the overall accuracy
of the same hypothesis (Occam, VC-dim, etc.).

We call our algorithm QuickSamp(n,WL, γmin, S,m). We denote by m the
size of the training set S = {(x1, f(x1)), ..., (xm, f(xm))}. In this case the distri-
bution D is defined to be uniform over the set S, therefore the (final) hypothesis
is correct on S when it has error smaller than 1/m.

The algorithm is shown in Figure 3 in the appendix section. As mentioned
before, the algorithm is very similar to AdaBoost ; its analysis can also be found
in the appendix section. We will not make further use of the result achieved in
this section; it is considered only to represent the approach introduced in this
paper9.

4.2 Boosting by Filtering

In this section we no longer assume that WL is deterministic; now it is provided
with an argument δ′, which is the allowed probability to fail.

The meaning of the term of boosting by filtering is that the booster takes
the whole instances set as its domain. The examples accepted by the booster
are not stored (like the set S used by QuickSamp) but are either forwarded to
the current session of WL or “rejected” (i.e., are not used at all). This approach
has two obvious advantages over boosting by sampling: the space complexity is
lowered because we are not storing the examples and no generalization error is
present. At the same time, the analysis and the algorithm itself become slightly
more involved, as now we cannot collect “statistics” by running through all the
instances of the sample and need to use some estimation schemes (e.g., Chernoff
bound).

We call the QuickSamp’s “twin” working by filtering QuickFilt (see Figure 1
and Figure 2). The arguments of this new algorithm are (n,EX,WL, γmin, ε, δ);
the changes in comparison with QuickSamp are that D, S and m are no longer
8 In general, boosting by filtering is possible only if all distributions produced by the
booster are polynomially near-D.

9 The advantages of the “polynomializing” are minimized in this case by the fact
that the distribution D is (always) not polynomially near-uniform, and therefore the
distributions provided by the booster are not near-uniform as well.
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needed, they are “replaced” by example oracle EX (producing learning examples
accordingly to the target distribution D); other new arguments are ε which is the
error allowed for the final hypothesis and δ which denotes the allowed probability
for QuickFilt to fail (i.e., δ = 1−confidence).

QuickFilt(n,EX,WL, γmin, ε, δ)
1. set γmin = min{γmin,

1
30}; Tmax =

⌈
1

2γmin
2 ln

( 6
ε

)⌉

2. set B = 5Tmax
δ

; C = 4Tmax
ε

3. set ∆ε = min{ ε
64Tmax

, 1
15}; kσ = 1 1

2 ; ∆σ = 1− 1
kσ

4. set εc = 1; i = 0
5. while (εc ≥ 5ε

6 )
6. set i = i+ 1
7. set σi = Evaluate(X =xj∼D Get w(i+ 1, j),

λ
b−a

= ∆σ
2C·k2

σ
, δ = 1

B
)

8. call WL(δ′ = 1
B
), providing it with distribution generated

by Digen; denote the returned weak hypothesis by hi

9. define ĥ′
i(x) �

{
hi(x) if wj ≤ C · kσσi

f(x) otherwise
10. call ReviewDestroy
11. set βi = εi

1−εi

12. define h′
f (x) =

{
1 if

∑i
t=1(log

1
βt
)ht(x) ≥ 1

2

∑i
t=1 log

1
βt

0 otherwise
13. set εc = Evaluate(X =x∼D |h′

f (x)− f(x)|, λ
b−a

= ε
6 , δ =

1
B
)

14. endwhile
15. Output the final hypothesis: hf (x) = h′

f (x)

Fig. 1. The QuickFilt(n,EX,WL, γmin, ε, δ) hypothesis boosting algorithm.

Denote by Av[Xi] the mean value of {Xi} 10. The analysis of the algorithm
can be found in the appendix section. It shows that with probability at least
δ, the algorithm QuickFilt halts and returns the final hypothesis which (1− ε)-
approximates the target function. Moreover, in the same case the running time
of the algorithm is:

Õ
 1

Av[γ′
i

2
]
· T [WL(δγmin2)]+

+ 1
εγmin2(Av[γ′

i

2
])2
·Q[WL(δγmin2)] + 1

ε2γmin4(Av[γ′
i

2
])2

,
and the query complexity is

Õ

(
1

εγmin2Av[γ′i
2
]
·Q[WL(δγmin2)]

)
,

10 If X is a random value, we consider the set of its instances accepted during specific
algorithm execution.
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Digen
1. do
2. get (xj , f(fj)) from EX; chose r ∼ U0,1

3. if (r < wj

2C·k3
σσi

) then return (xj , f(fj))
4. enddo

Get w(i, j)
1. set wj = 1, k = 1
2. while (k < i)

3. set wj =

{
wj · β1−ai|hk(xj)−f(xj)|−bi

k if wj ≤ C · kσσk

wj · βk otherwise

4. set k = k + 1
5. endwhile
6. return wi

j = wj

ReviewDestroy
1. set ε̂i = Evaluate(X =

x∼Digen |ĥ′
i(x)− f(x)|, λ

b−a
= ∆ε, δ = 1

B
)

2. if (εi < 1
3 +∆ε) then

3. set ai =
2
3 −∆ε

1−ε̂i
; bi = 1− ai; εi = 1

3 +∆ε

4. else
5. set ai = 1; bi = 0; εi = ε̂i
6. endif
7. define h′

i(x) � aiĥ′
i(x) + bi(1− f(x))

Evaluate(X, λ
b−a
, δ)

1. set m =
⌈

ln( 2
δ )

2( λ
b−a )

2

⌉

2. return
∑m

i=1 Xi

m

Fig. 2. Subroutines used in the QuickFilt hypothesis boosting algorithm.

where T [WL(δ′)] and Q[WL(δ′)] are correspondingly time and query complex-
ity11 of a single WL execution with confidence parameter δ′. All distributions
provided by QuickFilt to WL satisfy for all x:

Di(x) ≤ 9
εγmin2

ln
(
6
ε

)
·D(x).

4.3 Implementation Considerations

Note that both QuickSamp’s and QuickFilt ’s time complexity depends on two
different “γ-related” attributes: γmin and Av[γ2i ]. In fact, in both cases γmin is
used only to pre-estimate the overall number of boosting iterations. This number,
in fact, depends on Av[γ2i ] only; therefore, in both cases γmin may be replaced
11 Both expressions assumed to be polynomials in 1/δ′
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by Av[γ2i ] (or its lower bound), whenever a suitable estimation for that can be
found. But unfortunately, in most cases such an estimation cannot be found.

We shall now introduce the Freund’s boosting algorithm and then make use
of it in order to create a “boosting tandem” possessing still better performance
characteristics.

5 Towards “Flat” Boosting

Using the result of the previous section it is possible to directly apply the
QuickFilt algorithm to DNF-learning; this approach would posses all advan-
tages of AdaBoost-application mentioned above, in particular, it would make
a “rational use” of all the weak hypotheses seen. On the other hand, another
approach is possible, which further “unbends” the distributions produced by the
booster.

Historically, the AdaBoost algorithm has a predecessor, which is described by
Freund in [F95]. This algorithm (denote it by F ), while not capable of utilizing
the “additional” accuracy, has some advantages over AdaBoost . One of them
is that all distributions produced by F are “initially” polynomially bounded;
moreover, this bound depends on the value of ε only and is independent of γ.
The later feature can be utilized to further lower the bound for poly-near-D
distributions provided by QuickFilt (this will also improve the complexity of the
algorithm).

We will replace the weak learner WL in QuickFilt by F executed with
ε ≡ const. This allows us to make Di-s produced by the algorithm to be near-
uniform bounded by

O

(
1
ε
ln
(
1
ε

))
= Õ

(
1
ε

)
,

while no result better than O
( 1
ε

)
is possible 12.

5.1 Freund’s Boosting Algorithm

Algorithm F is a modification of the original boosting algorithm introduced by
Freund in [F95]; we will shortly describe it here. This version of the algorithm
was used in [J97]. We denote by WLF the weak learning algorithm accepted by
F , by γF the corresponding γ value (note that now we assume some uniform γ
is hold by all the weak hypotheses produced), by δF and εF the confidence and
the accuracy required from F correspondingly. We will use the corresponding
12 To see that, recall that we are dealing with a “context free” boosting model, i.e.
a booster may be executed with any concept class, being provided with a proper
weak learner for the same class. However, considering the class of all binary func-
tions over n binary inputs, one can easily see that the weak learner could totally
“conceal” the value of the target in any specific area of total weight ε from the
booster under assumptions that all queries made by the booster are k-near-D for
some k < ( 1

2 − γ) 1
ε
.
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notation of T [WLF (δ′)] and Q[WLF (δ′)] for the time and query complexity of
WLF , still assuming that both are polynomials in δ′.

The algorithm works by collecting

TF � 1
2γF 2

ln
4
εF

weak hypotheses and representing their majority vote as the strong hypothesis.
The whole algorithm is very similar to AdaBoost ; the two main differences are
that the final hypothesis is represented by unweighted majority vote and that
the algorithm uses a different scheme for generating of intermediate distribu-
tions. The distributions produced are O(ε−3)-near-D, and the confidence δWLF

required from WLF satisfies

δWLF
≥ δF

/
O
(
γF
−2 ln

(
ε−1F
))
.

Freund shows in [F95] that the algorithm is correct. Its query complexity is

O(poly(εF )TF ) = O(γF−2poly(εF ))

times the number of examples required by a single WLF execution and its time
complexity is

O(γF−2poly(εF )) + [the time consumed by TF calls to WLF ].

5.2 F + QuickFilt Hybrid’s Analysis

In this section we will make the notation clearer by adding subscript QF to
parameters and variables which belong to QuickFilt . As mentioned before, we
are going to use the F and QuickFilt algorithms with εF ≡ const, γQF ≡ const
and δF � δQF γQF

2 13. Therefore the corresponding expressions for query and
time complexity of F are

O
(
γF
−2 ·Q[WLF (δF γF 2)]

)
and

O
(
γF
−2 · T [WLF (δF γF 2)]

)
.

The query complexity of the booster resulting from the two booster’s (F+
QuickFilt) combination is

Õ
(
ε−1γ−2 ·Q[WLF (δQF γF 2)]

)
,

and the time complexity is

Õ
(
ε−2 + γ−2 · T [WLF (δQF γF 2)] + ε−1γ−2 ·Q[WLF (δQF γF 2)]

)
.

13 I.e., the QuickFilt algorithm will be executed given γmin ≡ const, provided with F
as a weak learner; in this way we create “chain” of 3 algorithms QuickFilt , F and
WLF , each taking the following as a subroutine.
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Notice that the distributions produced by F are poly-near-D having the same
bounding polynomial, up to a constant factor, as the distributions passed from
QuickFilt to F . Therefore, the distributions produced by the boosting tandem
are near-D satisfying

∀i : Di(x) = O
(
ε−1 ln(ε−1)D(x)

)
= Õ

(
ε−1D(x)

)
.

6 Learning DNF over the PAC-Model with Membership
Oracle under Polynomially Near-Uniform Distribution

In this section we assume that the target distribution D of the booster is poly-
nomially near-uniform holding

∀x ∈ {0, 1}n : D(x) ≤ 1
2n
· pD(n)

for some polynomial pD. Notice that in this case the boosting tandem described
in the previous section produces poly-near-uniform distributions.

One of the boosting problems where the near-uniform bound is critical for
the solution’s efficiency is learning of DNF over the model of (strong) PAC-
learning with membership queries w.r.t. the near-uniform distributions. There
exist some limitations for boosting algorithms which can be used in DNF-learning
scheme similar to that described in [J97], which result from the features of the
weak learning algorithm used, which, in the case of [J97] is the KM algorithm
described in [KM93].

For the purposes of this paper we will use another weakly learning algorithm
introduced by Bshouty, Jackson and Tamon in [BJT99], which was designed
having DNF-learning scheme in mind; this algorithm is developed from another
one, described by Levin in [L93]. We will denote the algorithm introduced in
[BJT99] simply by W. Algorithm W possesses all the features of KM which are
critical for DNF-learning but has some complexity advantages over KM.

Like KM, W is capable of finding “heavy” Fourier coefficients of the tar-
get w.r.t. the uniform only; therefore the following reduction is used. Instead of
weakly learning the target binary function f(x) under some non-uniform distri-
bution Di we will consider the following real-valued function g(x):

g(x) � 2nDi(x) · f(x),

which, as shown in [J97], has “heavy” Fourier constituents (parity functions)
which weakly approximate f(x) w.r.t. the distribution Di. Algorithm W must
be provided with some bound θ which describes the magnitude of the Fourier
coefficients desired, which in our case represents the approximation accuracy of
the returned parities. We supply W with example oracle for the function

g′(x) � g(x)
maxx{2nDi(x)}
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(which can be easily simulated knowing f(x) and maxx{2nDi(x)}) and with

θ′ � θ

maxx{2nDi(x)} .

The complexity of W depends polynomially on θ−1, therefore the produced
distributions Di should by polynomially near-uniform, as follows from the con-
struction above. Furthermore, W needs to be provided with a so-called dis-
tribution oracle, or, in other words, the booster should be able to report the
probabilistic weight assigned to a specific point. Regarding the later condition,
it was shown in [J97] that F is capable of estimating up to some constant mul-
tiplicative factor the produced distributions, being supplied with a distribution
oracle of its own target distribution. Such estimation is obviously possible for
QuickFilt as well (which follows from the algorithm analysis represented in the
appendix section). Jackson shows that such accuracy is sufficient and doesn’t
affect adversely the performance of KM ; the same holds for W.

In the case of weak DNF approximation using parity functions, the value
of γF−1 is hold within O(s), where s is the number of DNF-terms contained
in the formula. Another observation relevant to DNF-learning using W is that
the query complexity may be significantly reduced by reuse of the same set of
instances throughout the iterations. That can be done because oblivious sampling
is used by the algorithm; that is, the samples are chosen without regard to the
target function 14. This considerations turn the query complexity of the boosting
tandem (described in Section 5.2) to

Õ
(
ε−1 ·Q[W]

)
,

and its time complexity to

Õ
(
ε−2 + s2 · T [W] + ε−1 ·Q[W]

)
. 15

The distributions supplied to W are ε−1pD(n)-near-uniform, the W ’s com-
plexity in this case is Õ(nθ′−2) queries and Õ(nθ′−2) time. Denote:

d∞(Di) � max
x
{2nDi(x)}.

As follows from the construction of g′(x), it holds that

θ′−1 = O(d∞(Di) · γ−1) = O
(
sε−1pD(n)

)
,

and
Q[W] = T [W] = Õ

(
ns2ε−2p2D(n)

)
14 Notice that in this case the boosting analysis is still applied to the whole set of
instances, and, aside from the memory required to store the set of examples, the
case entirely corresponds to the boosting in filtering mode.

15 Here we make two simplification: first, we remove the dependency of T [W] and of
Q[W] upon the confidence required, which is done because the impact is logarithmic
in the case of W ; second, we don’t really distinguish between membership and PAC
query complexity; in fact, the upper bound on both is considered.
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(recall that pD(n) is a bound on the target distribution’s “non-uniformity”).
The resulting DNF-learning complexity is

Õ
(
ns2ε−3 · p2D(n)

)
queries and

Õ
(
np2D(n) · (s4ε−2 + s2ε−3)

)
time 16.

A Appendix

A.1 QuickSamp’s Analysis

The whole subroutine SampEX can be viewed as a weak learner, in which case
the only difference between this booster and AdaBoost is line 8, where we “re-
define” the hypothesis for the further references. Notice that in line 8 we don’t
really construct h′i(x) (we couldn’t do that for we don’t have f(x) at our dis-
posal), but for the further operation we only need to know whether h′i(x) = f(x).

The SampEX subroutine implements the “distribution bounding” ideas in-
troduced in this paper. In line 6 of the subroutine we need to efficiently sample
accordingly to D′i(x) defined in line 5, which can be done easily; for example see
Bsamp algorithm from [F95].

Lemma 2. Suppose the subroutine SampEX returned without making a call to
WL (line 3 of SampEX) T1 times and WL was executed T2 times (T = T1 + T2).
Suppose also that WL was called in the iterations k1, ..., kT2 and it returned
hypotheses hk1 , ..., hkT2

s.t. for every ki it holds that ErrD′
ki
(hki) = ε′ki

. Then
the error w.r.t. D of the final hypothesis hf generated by QuickSamp is bounded
above by

εf ≤
T2∏
i=1

2
√
ε′ki
(1− ε′ki

) ·
(√

3
2

)T1

+
T1 + T2

C
.

Theorem 1. Suppose QuickSamp was executed with arguments (n, WL, γmin,
S, m). Suppose also that the subroutine SampEX returned without making a
call to WL (line 3 of SampEX) T1 times and WL was executed T2 times
(T = T1 + T2). Suppose also that WL was called in the iterations k1, ..., kt2 and
it returned hypotheses hk1 , ..., hkT2

s.t. for all ki (1 ≤ i ≤ t2) it holds:

Err
D′

ki

(hki) = ε′ki
≤ 1
2
− γmin.

Then the algorithm QuickSamp halts and returns the final hypothesis which
makes a correct prediction over the instances of S.
16 It is shown in [BJT99] that the algorithm can easily be modified into attribute-

efficient, i.e., the complexity, when represented in terms of Õ, is independent of n
but depends on r- the number of attributes that are relevant to the target. The
resulting complexity bounds are the same with n being replaced by r.
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QuickSamp(n,WL, γmin, S,m)

1. define D(x) =
{
1/m if x ∈ S
0 otherwise

2. set ε = 1/m; γmin = min{γmin, 1/4}; C =
⌈

1
εγmin

2 ln
( 2

ε

)⌉

3. set εc = 1; i = 0; w1 = ... = wm = 1
4. while (εc ≥ ε

2 )
5. set i = i+ 1; σ =

∑m
j=1 wj ·D(xj)

6. define Di(xj) =
wj ·D(xj)

σ

7. call SampEX

8. define h′
i(x) �

{
hi(x) if Di(x) ≤ C ·D(x)
f(x) otherwise

9. set εi =
∑

xj∈S Di(xj) · |h′
i(xj)− f(xj)|; βi = εi

1−εi

10. set ∀j ∈ {1...m} : wj = wj · β1−|h′
i(xj)−f(xj)|

i

11. set εc = εc · 2
√
εi(1− εi)

12. endwhile
13. Output the final hypothesis:

hf (x) =
{
1 if

∑i
t=1(log

1
βt
)ht(x) ≥ 1

2

∑i
t=1 log

1
βt

0 otherwise

SampEX
1. define E = {xj ∈ S | wj > C · σ}; µ = Di(E)
2. if (µ ≥ 3

4 ) then
3. hi ≡ 1
4. else

5. set D′
i(x) =

{
Di(x) · 1

1−µ
if x ∈ E

0 otherwise
6. call WL, providing it with distribution D′

i;
denote the returned weak hypothesis by hi

7. endif

Fig. 3. The QuickSamp(n,WL, γmin, S,m) hypothesis boosting algorithm.

Denote by T [WL](n) the time complexity of WL running over the instance
space {0, 1}n, and by Q[WL](n) its query complexity (i.e., the number of re-
quested examples).

Theorem 2. Suppose that all the conditions of Theorem 1 hold. Then all dis-
tributions D′i supplied by QuickSamp to WL satisfy:

D′i(x) ≤
4

εγmin2
ln
(
2
ε

)
·D(x)

for all x, and the running time of QuickSamp(n,WL, γmin, S,m) is

O

(
ln( 1

ε )
Av[γ2

i ]
· (mQ[WL](n) + T [WL](n))

)
=

= Õ
(

1
Av[γ2

i ]
· (mQ[WL](n) + T [WL](n))

)
.
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Notice that in this section we still assumedWL to be a deterministic algorithm; in
practice,WL usually desires an additional argument δ′, which is its probability to
fail. In this case, QuickSamp will accept an additional argument δ, the confidence
measure desired, andWL will always be executed with confidence factor δ′ = δ

C ,
which is polynomial in δ, 1ε and n.

A.2 QuickFilt’s Analysis

The QuickFilt algorithm has a subroutine called Evaluate, used to estimate
expectancies of random variables, based on the Hoeffding bound. The routine
Evaluate(X, λ

b−a , δ) estimates the expectancy of X with accuracy 1− λ and con-
fidence 1− δ, and has time complexity of

O


 ln

( 1
δ

)
(

λ
b−a
)2

 .

Notice that QuickFilt “limits” the allowed accuracy of weak hypotheses,
which can be seen in the ReviewDestroy subroutine. That is done to properly
bound some intermediate values, which simplifies the error estimation; on the
other hand, this doesn’t affect the time complexity (in terms of O) of the al-
gorithm. Note also that the aforementioned bounding is applied to the “vir-
tual” hypotheses ĥ′i only (i.e., the final hypotheses is built using the original
hi-s, but the weights update is held using the hypotheses h′i resulting from the
ReviewDestroy execution, which, in certain cases, are slightly “damaged”).

In the case of filtering, we cannot permanently keep the values of wj as we
did in QuickSamp; now we use the Get w subroutine to calculate the values of wij
(i and j are this subroutine’s arguments). The values of wij are defined exactly
as they were before, in the case of QuickSamp.

For the QuickFilt ’s analysis, we use the notation of value to denote the
“true” values, as distinct from those resulting from the estimations produced by
the algorithm; e.g., by βi we denote the value that is assigned to the variable of
the same name during a specific algorithm’s execution, while βi is the value that
would be accepted using the “actual” value of εi (εi), i.e., βi = εi

1−εi . Err(value)
denotes the estimation inaccuracy, i.e., Err(value) = |value− value|.

We denote by Di the distribution produced by Digen.

Claim. Each time lines 8-11 of QuickFilt are executed, with probability 1− 2
B

at least the following is true. The resulting weak hypothesis h′i satisfies:

1
2
− γmin ≥ εi ≥ 1

3
, Err(εi) ≤ ∆ε, Err(βi) ≤ 4∆ε (4)

w.r.t. Di. Also it holds that

1
2
− γmin ≥ εi ≥ 1

3
+∆ε and

1
2
< βi < 1. (5)
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Moreover, if hi returned by WL satisfies EDi |hi(x)− f(x)| ≥ 1
3 + 2∆ε, then it

holds that
E
Di

|h′i(x)− f(x)| ≤ E
Di

|hi(x)− f(x)|,
and if EDi

|h′i(x)− f(x)| > EDi
|hi(x)− f(x)| then

E
Di

|h′i(x)− f(x)| ≤
1
3
+ 2∆ε.

Now we show that all distributions produced by the QuickFilt are polyno-
mially near uniform.

Claim. There exists a probability, 1− T
B at least (where T is the overall number

of boosting iterations performed), that each time WL is called, the distribution
Di is near-uniform bounded by 2C · k2σD, i.e.,

∀i, j : Di(xj) ≤ 2C · k2σD(xj)
and that all the estimations of σi performed in line 7 of QuickFilt are accurate
up to the multiplicative factor kσ (i.e., k−1σ σi ≤ σi ≤ kσσi). Moreover, for each
i Di satisfies:

∀j : Di(xj) =
wij∑
xj
wij
·D(xj) =

wij
σi
·D(xj). (6)

As mentioned before, it was shown in [J97] that F is capable of estimating
up to some constant multiplicative factor the produced distributions, being sup-
plied with a distribution oracle of its own target distribution. Note that such
estimation is possible for QuickFilt as well, this follows from Equation (6): re-
call that the estimations of σi is assumed to be accurate up to the multiplicative
factor kσ.

Theorem 3. Suppose QuickFilt was executed with arguments (n, EX, WL,
γmin, ε, δ). Suppose also that each time WL was called with argument δ′ be-
ing supplied with distribution Di, it returned a hypothesis hi s.t.

Pr[E
Di

|hi(x)− f(x)| ≤ 1
2
− γmin] ≥ δ′.

Then there exists a probability, δ at least, that algorithm QuickFilt halts and
returns the final hypothesis which makes (1− ε)-correct prediction over the in-
stance space.

Let’s denote by T [WL( 1B )](n, d∞) the time complexity of WL(δ′ = 1
B ) run-

ning over the instance space {0, 1}n and being supplied with a distribution D′,
satisfying

∀x ∈ {0, 1}n : D′(x) ≤ 1
2n
· d∞,

and by Q[WL( 1B )](n, d∞) its query complexity (i.e., the number of examples
requested by WL).
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Theorem 4. Suppose that all conditions of Theorem 3 hold. Suppose also that
the target distribution D is near-uniform with bound pD(n), i.e.,

∀x : D(x) ≤ 1
2n
· pD(n).

Then the running time of QuickFilt(n, EX, WL, γmin, ε, δ) is

Õ
 1

Av[γ′
i

2
]
· T [WL(δγmin2)](n, 1

εγmin2 pD(n))+

+ 1
εγmin2(Av[γ′

i

2
])2
·Q[WL(δγmin2)](n, 1

εγmin2 pD(n))+

+ 1
ε2γmin4(Av[γ′

i

2
])2

,
and its query complexity is

Õ
 1

εγmin2Av[γ′i
2
]
·Q[WL(δγmin2)](n,

1
εγmin2

pD(n))
.
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Abstract. We extend the boosting paradigm to the realistic setting of
agnostic learning, that is, to a setting where the training sample is gen-
erated by an arbitrary (unknown) probability distribution over examples
and labels. We define a β-weak agnostic learner with respect to a hypoth-
esis class F as follows: given a distribution P it outputs some hypothesis
h ∈ F whose error is at most erP (F ) + β, where erP (F ) is the minimal
error of an hypothesis from F under the distribution P (note that for
some distributions the bound may exceed a half).
We show a boosting algorithm that using the weak agnostic learner com-
putes a hypothesis whose error is at most max{c1(β)er(F )c2(β), ε}, in
time polynomial in 1/ε. While this generalization guarantee is signif-
icantly weaker than the one resulting from the known PAC boosting
algorithms, one should note that the assumption required for β-weak ag-
nostic learner is much weaker. In fact, an important virtue of the notion
of weak agnostic learning is that in many cases such learning is achieved
by efficient algorithms.

1 Introduction

Boosting has proven itself as a powerful tool both from a theoretical and a prac-
tical perspective of Machine Learning [11]. From a theoretical perspective, it
gives a very clean and elegant model in which one can develop new algorith-
mic ideas and even hope to analyze some existing heuristics. From a practical
perspective, although the weak learning assumption can rarely be proven, the
boosting algorithms have had a dramatic impact on practitioners. In a sense,
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this work can be viewed as a step towards providing a theoretical explanation to
this phenomenon. We prove that under certain conceivable conditions, boosting
has some nontrivial performance guarantees even when no weak learners exist.

The Probably Approximately Correct (PAC) model [12] developed two sepa-
rate models. The first one assumes that the target function belongs to the class
studied, which was the original PAC assumption, and tries to drive the error
as close to zero as possible. The second allows an arbitrary target function, but
rather than shooting for absolute success, compares the error of the learner’s
hypothesis to that of the best predictor in some pre-specified comparison class
of predictors. This model is also known as agnostic learning [8]. When one tries
to consider which model is more realistic, it has to be the case that the agnostic
model wins. We rarely know if there is a clear target function, let alone if it
belongs to some simple class of hypotheses.

The aim of this paper is to study the boosting question in an agnostic setting.
The first step has to be to define an analogue of the weak learning assumption. In
the original formulation, a fixed but unknown target function generated labels,
and a weak learner was assumed to achieve error less than 1/2 − γ for any
distribution over the instances.

We define a β-weak agnostic learner with respect to a hypothesis class F
as follows: given any distribution P over instance-label pairs it outputs some
hypothesis h ∈ F whose error is at most erP (F ) + β. Since error of 1/2 can be
trivially achieved (let us assume that every concept class we consider contains
both the constant 1 and the constant 0 functions), this implies that in order for
the answer of the weak learner to convey interesting information it has to be the
case that erP (F ) is less than 1/2− β.

Note that the β-weak agnostic learner assumption is only an assumption
about the learner and not about the hypothesis class F , that is, such learners
exist for every hypothesis class, even if we take β = 0. The interesting aspect of
such weak learners is their complexity (both sample complexity and computa-
tional complexity).

The search for a ‘strong’ hypothesis in the agnostic setting is NP hard. More
precisely, there are no known learning algorithm that, for a non-trivial hypothesis
class F , finds in time polynomial in 1/ε a hypothesis in F that has error below
erP (F ) + ε. Furthermore, for many interesting classes F , for small enough β (in
the order of 0.005), unless P=NP there exist no β-weak agnostic learner ( [2], [3]).
However, no currently known result rules out the existence of agnostic β-weak
learners for these classes once β is sufficiently large (say, β > 0.1). Furthermore,
the hardness results cited above rule out only the existence of efficient finders
of good hypothesis within a class F . Since the output of a boosting algorithm
is a member of a larger class of functions - the convex hull of F , all currently
known hardness results are consistent with the existence of efficient algorithms
that solve the agnostic learning task for non-trivial classes via boosting.

The question is what can one hope to achieve under the β-weak agnostic
learner assumption. It seems unreasonable to expect that agnostic weak learners
can be always transformed into strong learners, as weak learners exist also for
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trivial classes, say F that includes only a single hypothesis. On the other hand,
clearly we can find a hypothesis whose error is erP (F )+β, but can we do better?

In this paper we answer this question in the affirmative. We show that given a
parameter ε, there is an efficient algorithm that, using a β-weak agnostic learner
as an oracle, can construct a predictor whose error is at most

c1(β)erP (F )c2(β) + ε,

where c2(β) = 2(1/2− β)2/ ln(1/β − 1), and c1(β) is a constant which depends
only on β. Note that for small values of erP (F ) we outperform the naive bound.

Our algorithm simply runs AdaBoost [6] for a certain number of pre-specified
steps. The interesting part is to show that one can exhibit a significant gain in
the accuracy this way. By no means do we think that this is the ultimate answer.
A major open problem of this research is whether one can achieve a bound of
O(erP (F ) + ε) using a β-weak agnostic learner.

To motivate our results and model we consider agnostic learning of a general
hypothesis class of VC dimension d. Assume that the error-minimization task -
finding a member of the class that minimizes the error over a sample of size m -
is performed in T (m) time. The naive way to produce a hypothesis h such that
erP (h) ≤ erP (F ) + ε, is to sample m = Õ(d/ε2) examples, and try to find the
best hypothesis from our class. The running time of such a learner is therefore of
order T ( dε2 ). Our approach would be to create β-weak agnostic learner, for some
fixed β. For that purpose we need to sample only m′ = Õ(d), and the running
time of the minimization is T (Õ(d)), independent of ε. Applying our boosting
result we get a learner that runs in time T (Õ(d))×poly(1/ε) for some polynomial
poly(), and finds a hypothesis such that erP (h) ≤ c1(β)erP (F )c2(β) + ε. The
main benefit is that the running time depends fairly weakly on ε. This benefit
becomes apparent as erP (F ) approaches zero. (A similar result, for the case of
erP (F ) = 0, is implicit in [10,5]. While they consider the sample complexity,
their ideas can be used also for the computational complexity.)

2 Preliminaries

Fix a set X. An example is an element of X × {−1, 1} and a sample is a finite
sequence of examples. A hypothesis is a function from X to {−1, 1}. For a
hypothesis h, and a probability distribution P over X×{−1, 1}, define the error
of h with respect to P , to be

erP (h) = E(x,y)∼P (h(x) �= y)).

Similarly, for a sample S, let erS(h) be the fraction of examples (x, y) in S for
which h(x) �= y. For a set F of functions from X to {−1, 1}, define erP (F ) =
infh∈F erP (h).

A learning strategy is a mapping from samples to hypotheses; If it is com-
putable, then it is a learning algorithm.
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For some domain X and a comparison class F of functions from X to {−1, 1},
a β-weak agnostic learning oracle, given as input an oracle for sampling according
to some probability distribution P over X×{−1, 1}, returns a hypothesis h such
that

erP (h) ≤ erP (F ) + β.

The following definition places a mild requirement that is satisfied by most
common concept classes.

Definition 1. Let F be a class of functions from some domain X to {−1, 1}.
– The F -consistency problem is defined as follows:

Input: A finite labeled sample S.
Output: A hypothesis h ∈ F such that erS(h) = 0, if such h exists, and

NO otherwise.
– We say that a class F is con-decidable if the F - consistency problem is
decidable.

Notation: Let H2(p) be the binary entropy function, i.e. H2(p) = −p log2(p)−
(1− p) log(1− p). It is well known that for k ≤ n/2,

∑k
i=0

(
n
i

) ≤ 2H2(k/n)n.

3 Existence of Efficient Agnostic Weak Learners

It should be clear from the definition that, for every hypothesis class F of finite
VC-dimension, for every fixed β, a β-weak agnostic learning strategy always
exists – simply chose h to minimize erS(h) for a sufficiently large sample S drawn
independently at random according to P . The interesting question that arises in
this context is the computational complexity of weak learning algorithms.

Theorem 1. Let F be a con-decidable class with VC-dim(F ) = d < ∞. Then,
for every β > 0 there exist a β - weak learner for F that succeeds with probability
≥ 1− δ and runs in time

O

(
tF (s(β, d))× exp (H2(erP (F ) + β/2)s(β, d)) ln(

1
δ

)
)
,

where tF : N 
→ N is the running time of an algorithm for the consistency
problem for the class F , and s(β, d) = c dβ2 , for some constant c.

Proof. Let d denote the VC-dimension of the class F . Having access to an oracle
sampling according to a distribution P , the weak learner starts by asking for
a sample S of size s(β, d). By the standard VC-dimension uniform convergence
bounds, such sample size guarantees that with probability exceeding 1/2, for
every h ∈ F , |erS(h)− erP (h)| ≤ β/2.

Next, the weak learner performs an exhaustive search for Argmin{erS(h) :
h ∈ F}. One way of carrying out such a search is as follows:

Given a sample S of size m, the algorithm considers all subsets T ⊂ S in
order of their size, breaking ties arbitrarily. Once it finds a hypothesis h ∈ F that
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classifies all the examples in S−T correctly, it returns this h. It follows that the
running time of the algorithm can be bounded by tF (|S|) × exp(H2(erP (F ) +
β/2)|S|). Finally, using a standard ‘test and re-sample’ trick, for a multiplicative
factor of order ln(1/δ), the confidence parameter can be boosted from 1/2 to 1−δ
(see e.g., [10]). ��

Corollary 1. If F is s con-decidable class having a constant VC-dimension,
then, for every β > 0 there exist a β - weak agnostic learner for F that runs in
time O(ln(1/δ)) and succeeds with probability ≥ 1− δ.

4 Agnostic Boosting

In this section we prove our main theorem about boosting using β-weak agnostic
learner. Theorem 1 above essentially states that for classes of finite VC dimension
there are learning algorithms that run in time exponential in a parameter β (and
some other parameters) and outputs a hypothesis whose expected error is within
an additive factor β from the best hypothesis in the class. The boosting results
of this section show that, as long as the additive approximation factor β (or, as it
is commonly denoted, ε) is above some threshold, there are learning algorithms
whose running time is only polynomial in ε. The threshold for which we can
prove these results is a function only of erP (F ) and goes to zero as erP (F )
does.

The algorithm that we analyze is a slight variant of AdaBoost [6]. It uses
the oracle for sampling according to P to generate oracles for sampling under a
sequence D1, D2, ... of filtered distributions, and passes these to the weak learner,
which in response returns a sequence h1, h2, ... of weak hypotheses.

The main intuition is as follows. The generalization guarantee that the algo-
rithm has to achieve is sufficiently weak as to allow a trivial hypothesis for input
probability distributions that drive the error rate of a weak learner close to 1/2.
Consequently, we only have to address input distributions relative to which a β-
weak agnostic learner is guaranteed to have small error. In order to carry out the
usual analysis of boosting, we have to make sure that this assumption remains
valid for the new distributions that are generated by the boosting algorithm. We
therefore work out an upper bound on the rate at which the boosting distribu-
tions may change. We can keep iterating the boosting steps as long as we do not
generate distributions that are too far from the input sample distribution. The
final step of our analysis is a calculation of the amount of progress that boosting
can achieve under this constraint.

Theorem 2. Fix a domain X, and a class F of functions from X to {−1, 1}.
There is an algorithm A such that, for any probability distribution P over X ×
{−1, 1}, if A is given access to a β-weak agnostic learning oracle for F , and a
source of random examples of P , then for any ε > 0, in polynomial in 1/ε time,
with probability at least 1/2, algorithm A returns a hypothesis h such that

erP (h) ≤ c1(β)erP (F )c2(β) + ε,
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where c2(β) = 2(1/2 − β)2/ ln(1/β − 1), and c1(β) is a constant which depends
only on β.

Proof. We will begin by assuming that the algorithm is also given erP (F ) as
input. We will discuss how to remove this assumption at the end of the proof
(in short, standard guessing and hypothesis testing techniques suffice).

We now spell out algorithm A, which is simply AdaBoost [6], with some of
the parameters fixed. Let

T = min
{⌈

ln((1/2− β)/erP (F )
ln(1/β − 1)

⌉
,

⌈
1

(1/2− β)2
ln

1
ε

⌉}
.

and
ηi = (1/2− β)− (1/β − 1)ierP (F ).

This implies that ηi ≥ 0 for i ≤ T . Also

αi =
1
2

ln
1/2 + ηi
1/2− ηi

which implies that

e2αi =
1/2 + ηi
1/2− ηi

≤ 1
β
− 1.

Algorithm A starts by setting D0 to be P , then for t = 0, ..., T , it

– passes Dt to the weak learning algorithm,
– gets ht in return
– generates Dt+1 in two steps by first, for each (x, y) ∈ X × {−1, 1}, setting

D′t+1(x, y) =
{
eαtDt(x, y) if ht(x) �= y
e−αtDt(x, y) otherwise

then normalizing by setting Zt+1 =
∑
(x,y)D

′
t+1(x, y) and Dt+1(x, y) =

D′t+1(x, y)/Zt.

Finally, it outputs a function h obtained through a majority vote over h1, ..., hT .
Note that

Zt ≥
∑
(x,y)

e−αt−1Dt−1(x, y) ≥ e−αt−1 .

This implies that for any (x, y), Dt+1(x, y) ≤ e2αtDt(x, y). By induction, for
each t ≤ T ,

Dt(x, y) ≤ e2
∑t

i=0
αiP (x, y)

Since, by assumption, erDt(ht) ≤ erDt(F ) + β, this implies that

erDt(ht) ≤ e2
∑t

i=0
αierP (F ) + β ≤ 1/2− ηt.
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and A achieves an edge of at least ηt in round t. The performance of AdaBoost
[6] guarantees that

erP (h) ≤ e−2
∑T

i=0
η2

i .

Recall that,

T∑
i=0

η2i =
T∑
i=0

[
(
1
2
− β)− (

1
β
− 1)ierP (F )

]2

= (
1
2
− β)2T − 2(

1
2
− β)erP (F )

( 1β − 1)T+1 − 1
1
β − 2

+er2P (F )
( 1β − 1)2(T+1) − 1

( 1β − 1)2 − 1

= (
1
2
− β)2T + c(β)

where the last identity uses the fact that (1/β − 1)T ≤ (1/2 − β)/erP (F ). In
the case that T =

⌈
1

(1/2−β)2 ln 1
ε

⌉
, then erP (h) ≤ ε, completing the proof. In the

case that T =
⌈
ln((1/2−β)/erP (F )

ln(1/β−1)
⌉
, then

erP (h) ≤ exp
(
−2(

1
2
− β)2

ln((12 − β)/erP (F )
ln(1/β − 1)

)
= c1(β) (erP (F ))

2
( 1
2 −β)2

ln( 1
β

−1)

for some constant c1(β) which depends only on β.
It is easy to see how to simulate the distributions D1, ..., DT , given access

to a source of examples for P , in polynomial time, using the rejection method

[9], since always e−
∑T

i=1
αi ≥ (1/β − 1)−T/2. Therefore, since T is bounded by

a logarithm in 1/ε, the time for Algorithm A is polynomially bounded.
Recall that we assumed that Algorithm A “knew” erP (F ). One can con-

struct an algorithm that does not need to know erP (F ) from A as follows.
Note that Algorithm A can use an upper bound b on erP (F ), and achieve
erP (h) ≤ c1(β)bc2(β) + γ in poly(1/γ) time. Define φ : [0, 1] → [0, c1(β)] by
φ(x) = c1(β)xc2(β). Consider the Algorithm B that uses as guesses for b all val-
ues of φ−1(z) for multiples z of ε/4, sets γ = ε/4, calls Algorithm A for each
of these values, then uses hypothesis testing as in [7] to estimate which of those
roughly 4/ε hypotheses is the best. One of the poly(1/ε) runs would produce
a hypothesis with error at most c1(β)erP (F )c2(β) + ε/2, and hypothesis testing
can be applied to find from among a set of hypothesis with one such good one a
hypothesis with error at most c1(β)erP (F )c2(β) + ε. ��

We can now apply the bound of Theorem 1 on the time complexity of weak
learners to the above boosting result to obtain:

Corollary 2. Let F be a con-decidable class so that VC-dim(F ) = d <∞. For
every β > 0, there is an algorithm A such that, for any probability distribution
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P over X × {−1, 1}, if A is given access to a source of random examples of P ,
A runs in time

O(tF (s(β, d,
1

ln(ln(1/ε))
))× exp(H2(erP (F ) +β/2)s(β, d,

1
ln(ln(1/ε))

)× ln(1/ε))

(where tF : N 
→ N is the running time of an algorithm for the consistency
problem for the class F , and s(β, d, δ) = c

β2

(
d + ln(1δ )

)
, for some constant c).

Also, with probability at least 1/2, algorithm A returns a hypothesis h such
that

erP (h) ≤ c1(β)erP (F )c2(β) + ε,

where c2(β) = 2(1/2 − β)2/ ln(1/β − 1), and c1(β) is a constant which depends
only on β.

Proof Sketch. We apply the boosting algorithm to the agnostic weak learning
algorithm of Theorem 1. However, one has to make sure that the success proba-
bility of the weak learner is high enough to endure the T many iterations required
by the boosting algorithm. For that purpose, we have to chose the δ of the weak
learner to be of order (ln(ln(1/ε)))−1. ��
Corollary 3. Let F be a con-decidable class of functions from some domain X
to {−1, 1}. If the VC dimension of F is finite then, for every β > 0, there is
an algorithm A such that, for any probability distribution P over X × {−1, 1},
if A is given access to a source of random examples of P , then for any ε > 0,
in polynomial in 1/ε time, with probability at least 1/2, algorithm A returns a
hypothesis h such that

erP (h) ≤ c1(β)erP (F )c2(β) + ε,

where c2(β) = 2(1/2 − β)2/ ln(1/β − 1), and c1(β) is a constant which depends
only on β.

5 Learning with Large-Margin Half-Spaces

As a first application of the above results we briefly present a learning algorithm
for learning with margin half-spaces. In this learning problem the instance space
is the n-dimensional Euclidean unit ball and the learner is assessed by compari-
son with the best half-space, but where examples falling within a given distance
γ of a separating hyper-plane in the comparison class are counted as wrong.

The motivation for such learning is that, as agnostically learning with half-
spaces is computationally infeasible (see [3]), a hypothesis half-space that is
computed an efficient learner is bound to make more mistakes that the best
possible hyper-plane. However, it may be argued that making mistakes near the
boundary of a separating hyper-plane is less costly than erring on points that
are classified with large margins. The margin half-space learning model can be
viewed as a model that adopts this view by ignoring mistakes on points that are
within γ margins of a comparison half-space.
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Previous work [4] provided an algorithm for this problem whose hypothesis
h satisfies erP (h) ≤ erP (Hγ,n) + ε in (1/ε)O(1/γ

2) time.
Using the basic margin generalization bound (see [1]) it is not difficult to

prove the following weak learner result.
Let Bn be the unit ball in Rn and, for a probability distribution P over

Bn × {−1, 1}, let erP (Hγ,n) denote the minimal P - expected error of any half-
space in Rn, when points that have margin less than γ to the half-space are
counted as errors.

Theorem 3. Choose γ, ε > 0. There is a polynomial-time learning algorithm A
and a polynomial p such that, for any natural number n, any δ > 0, and any
probability distribution P over Bn × {−1, 1} (where Bn is the unit ball in Rn),
if p(n, 1/δ) examples are drawn according to P and passed to algorithm A, then
with probability at least 1− δ, the output h of algorithm A satisfies

erP (h) ≤ er(Hγ,n) + ε.

We can now apply our boosting technique, namely Theorem 2, to obtain:

Theorem 4. Choose γ > 0. There is a learning algorithm that runs in time
poly(cO(1/γ

2)
1 ,1/ε) time, while achieving erP (h) ≤ c2erP (Hγ,n)c3 + ε, where c1,

c2 and c3 are constants.
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Abstract. We consider the problem of determining which of a set of ex-
perts has tastes most similar to a given user by asking the user questions
about his likes and dislikes. We describe a simple and fast algorithm
for a theoretical model of this problem with a provable approximation
guarantee, and prove that solving the problem exactly is NP-Hard.

1 Introduction

Recommender systems (also known as collaborative filtering systems) use the
opinions of past users to make recommendations to new users. The design of
many such systems is based on the assumption that people with similar opinions
about some things are likely to have similar opinions about others (see [10,
4]). The user is typically asked to rate a few items before any new item is
recommended. Once a sufficient number of items have been rated, the system
can use those ratings to estimate which previous users of the system are most
similar to the current user overall. The opinions of these previous users can
then used to generate recommendations; methods based on weighted majority
prediction [8] and correlation coefficients [9] usually work quite well for this.

In this paper, we investigate a different aspect of the problem: how to select
the initial items for the user to rate. These items are not presented as recom-
mendations, but are asked only for the purpose of learning about the user. Since
these are troublesome to the user, a high priority must be placed on asking few of
these questions. (This is in contrast to the work on “approximate nearest neigh-
bor searching” [3,7,5], where all the components of the point being searched are
assumed to be given.) If later questions are decided based on the answers to
earlier questions, the questions must also be generated in real time.

We allow the ratings to come from any finite set Y , and assume that the
algorithm is given an integer-valued loss function � on Y to measure the distance
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between different ratings. We require that the loss function � be a metric, that
is, it satisfies the properties: �(x, y) ≥ 0, �(x, y) = 0 if and only if x = y,
�(x, y) = �(y, x) and �(x, y) ≤ �(x, z) + �(z, y) for any z ∈ Y . Common loss
functions that satisfy these properties include the 0 − 1 loss and the absolute
loss. The distance between users will then be measured by the sum, over all
items, of the loss between their ratings on a given item.

The emphasize the role that they play, we refer to the previous users as
experts; our approximation bounds will be in terms of the number of such experts.
Therefore, it may be worthwhile to cluster the previous users in a preprocessing
step, and use the cluster centers as the experts.

Before proceeding to the general case, we illustrate our techniques in a highly
idealized setting. We assume that there are only two possible ratings, that the
distance between ratings is 1 if they are different and 0 if they are the same, and
that some expert agrees with the user on all items. In this case, the problem can
be described in terms of the membership query model [1].

In the membership query model [1], the learning algorithm is trying to learn
an unknown {0, 1}-valued function f (called the “target”) chosen from a known
concept class F . The algorithm is allowed to ask the value of f(x) for domain
elements x of its choosing, and must eventually halt and output the identity of
f .

In the idealized case described above, the problem of finding the perfect
expert can be viewed as the problem of learning using membership queries. The
different items would be the domain X, the likes and dislikes of the user is the
function f to be learned, and asking the user its opinion about an item can be
interpreted as a membership query. The experts are then the concept class F .
Viewed this way, the problem we are faced with is that of, given a concept class
F as input, designing a membership query algorithm for F .

We begin by showing that the very simple and fast “query-by-committee”
[11] algorithm, which maintains a list of possible targets, and chooses the query
for which the remaining possibilities are most evenly divided, learns any class
F with an approximately optimal number of membership queries in the worst
case. Specifically, if opt(F ) is the optimal worst-case bound on the number of
membership queries for learning arbitrary elements of F , then the query-by-
committee algorithm learns F while making at most opt(F )(ln(|F |/opt(F )) +
1) + 1 queries. We also show that it is NP-Hard to design a polynomial-time
algorithm that, given F as input and an membership oracle for an element f of
F , is guaranteed to learn f using opt(F ) queries.

Next, we look at the more general case. To study this case, we use a variant of
the membership query model similar to that proposed by Angluin, Krikis, Sloan
and Turán [2]. Here, the range of the target f (our model of the user) and the
functions in F (the experts) is an arbitrary finite set Y . As mentioned above, the
algorithm is given an integer-valued metric � on Y ×Y , and the distance between
functions f and g is measured by

∑
x∈X �(f(x), g(x)). The target function f is

not necessarily in F , but the algorithm is given a parameter η such that there
is a function g in F at a distance at most η from f . The algorithm must output
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some element of F within distance η (there may be more than one). Let us refer
to the optimal worst-case bound on the number of queries for this model by
opt(F, η).

The algorithm we analyze for this problem also maintains a list of elements
of F that are “alive”; here, these are elements that might possibly be within
distance η of the target function f . Loosely speaking, it repeatedly chooses a
domain element for which any response will discredit the remaining possibilities
in total by a large amount.

To analyze this algorithm, we make use of a quantity that we call the η-
degree of F . In the recommender system application, this can be interpreted
as a measure of the diversity of opinion among the experts; for example, if any
possible target f is at a distance at most η from a unique element of F , then the
η-degree of F is 0. The motivation for this measure is strongest if we imagine
that F is the result of a clustering preprocessing step. Note that, informally, if
F consists of the centers of tight clusters, and users typically belong to one such
cluster, being much closer to one element of F than to any other should often
be expected in practice. Tight clustering is the implicit assumption underlying
the design of many collaborative filtering systems.

One can view the definition of η-degree as follows: imagine centering balls
of radius η at the elements of F , and constructing a graph where the vertices
are these balls, and there are edges between pairs of vertices that overlap. The
η-degree of F is the edge degree of that graph.

Our generalization of the query-by-committee algorithm is guaranteed to find
an element of F within distance η after at most

2opt(F, η) ln
|F |

1 + deg(F, η)
+ η(1 + deg(F, η))

queries. Thus, if each possible target is within distance η of a unique element of
F , 2opt(F, η) ln |F |+ η queries suffice.

2 Membership Queries

Fix some finite domain X. For some function f from X to {0, 1}, a membership
oracle for f , when queried about an element x of X, returns f(x). For an algo-
rithm A with access to a membership oracle for f , let Q(A, f) be the number of
queries asked by A before it outputs the identity of f . For a class F of functions
from X to {0, 1}, let Q(A,F ) be the maximum of Q(A, f) over all f ∈ F . Let
opt(F ) be the minimum of Q(A,F ) over all algorithms A (note that there is no
limitation on the time taken by A).

In this section, we show that there is an algorithm that takes F as input,
and, given access to an oracle for an arbitrary element f of F , learns f with a
nearly optimal number of queries in polynomial time.

The algorithm analyzed in this section is the “query-by-committee” [11] al-
gorithm. (Our analysis of it builds on Johnson’s analysis of his approximation
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algorithm for Set Cover [6].) It maintains a list of the elements of F consis-
tent with the answers received so far, and asks the query x that divides the
elements the most evenly, i.e. for which the number of “alive” functions g for
which g(x) = 1 and the number for which g(x) = 0 are as close as possible.
After receiving f(x), those possibilities that are inconsistent with this value are
deleted, and the algorithm continues. When only one possibility remains, the
algorithm halts and outputs it.

The key lemma in our analysis is the following.

Lemma 1. For any domain X, and any finite set F of at least two functions
from X to {0, 1}, there is an x for which miny∈{0,1} |{f ∈ F : f(x) = y}| ≥
(|F | − 1)/opt(F ).

Proof: Let A be an optimal membership query algorithm for F . Assume for
contradiction that for all x ∈ X, either |{f ∈ F : f(x) = 1}| < (|F |− 1)/opt(F ),
or |{f ∈ F : f(x) = 0}| < (|F | − 1)/opt(F ).

Our strategy will be to use the fact that any possible query that A could
ask has an answer that eliminates few possibilities to argue that after asking a
certain number of queries, A cannot know the function to be learned. We will
design an adversary that repeatedly gives the answer to A that eliminates the
fewest possibilities.

Let F0 = F (in general, Ft will be the possibilities remaining after t queries
have been asked). Let x1 be the first query asked by A. Choose y1 to minimize
|{f ∈ F : f(x1) = y1}|. Let F1 = {f ∈ F : f(x1) = y1}. Then, by assumption,
|F1| − 1 > |F | − 1− (|F | − 1)/opt(F ).

Continuing, let each xt be the tth query asked, and choose yt to minimize
|{f ∈ F : f(xt) = yt}|, and let Ft = {f ∈ F : f(x1) = y1, ..., f(xt) = yt}. For
each such t, |Ft| − 1 > |Ft−1| − 1− (|F | − 1)/opt(F ). Telescoping,

|Fopt(F )| − 1 > (1− opt(F )/opt(F ))(|F | − 1) = 0. (1)

Thus, after opt(F ) queries, there is more than one element of F consistent with
the information received by A, a contradiction. 	

Theorem 1. For any finite set X, and any finite set F of at least two functions
from X to {0, 1}, the query-by-committee algorithm, given F and a membership
oracle for any arbitrary f ∈ F , outputs f after asking at most

opt(F )
(

1 + ln
|F | − 1
opt(F )

)
+ 1

queries.

Proof: Choose F , and a target f ∈ F . Suppose the query-by-committee algo-
rithm asks T queries before learning f , and for each 0 ≤ t ≤ T , let Ft be the
set of functions in F consistent with the information received after the first t
queries. Lemma 1 implies that for all t ≤ T ,

|Ft| − 1 ≤ (1− 1/opt(Ft−1))(|Ft−1| − 1)
≤ (1− 1/opt(F ))(|Ft−1| − 1). (2)
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We also have
|Ft| ≤ |Ft−1| − 1. (3)

Let S be largest index for which |FS | − 1 ≥ opt(F ). Then (2) implies

(
1− 1

opt(F )

)S
(|F | − 1) ≥ opt(F )

and, applying the fact that ∀x, 1− x ≤ e−x and solving for S, we get

S ≤ opt(F ) ln
|F | − 1
opt(F )

.

Also, (3), together with the fact that |FT−1| > 1, implies that

T − S < opt(F ) + 1,

completing the proof. 	


2.1 Hardness Result

We now show that the problem of, given F , learning an arbitrary element of f
with opt(F ) membership queries is NP-Hard. Since this is a special case of our
model of the query selection problem for collaborative filtering, this problem is
NP-hard also. Our proof is via a reduction from the set covering problem.

An instance (X ′, F ′) of the set covering problem consists of a finite set X ′

and a family F ′ of subsets of X ′ such that every element of X ′ belongs to at
least one subset of F ′. The problem is to find the minimum-sized subset C ⊆ F ′,
such that every element of X ′ belongs to at least one subset of C.

For any instance of the set covering problem where |X ′| = n and |F ′| = m,
we will construct an optimal query problem whose solution will give the solution
to the set covering problem. We first describe a closely related optimal query
problem. An instance of the optimal query problem can be given as an |F |× |X|
matrix. We construct an initial matrix M of size n × m, where an element of
X ′ in the set covering problem corresponds to an element in F of our optimal
query problem while an element of F ′ in the set covering problem corresponds
to an element of X in our optimal query problem. For each subset s ∈ F ′, the
ith entry in the corresponding column of matrix M is set to 1 if the element
of X ′ corresponding to the ith row is a member of s, otherwise it is set to 0.
Assume that we augment the matrix M with an all zero row which we set as the
target for a query algorithm. Each query corresponds to a member of F ′ and
will eliminate all the rows with 1’s at that column. When the target is identified,
all the rows except the all zero row will have been eliminated. The subset of F ′

corresponding to the subset of queries will thus form a cover for X ′.
However, our optimal query algorithm is guaranteed to give only the opti-

mal worst case number of queries which does not necessarily correspond to the
smallest cover. In order to ensure that the optimal worst case queries gives us
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the optimal cover, we solve the optimal query problem for an augmented matrix
M ′. We first augment the matrix M with n columns that are zero in every entry.
Then we augment the augmented matrix with n + 1 rows. The last row of the
matrix consist of all zero elements while the n+ ith row (i = 1, . . . , n) consist of
all zeros except for element m+ i which is set to 1. Call the doubly augmented
matrix M ′. We will show that if an optimal query algorithm for the matrix M ′

uses at most n+q queries, then the optimal cover for the corresponding covering
problem has size q.

The all zero row will be used as the target of an optimal query algorithm.
Each query corresponding to the one of the first m columns corresponds to a
member of F ′. Hence the subset of F ′ corresponding to queries from the first m
columns will form a cover of X ′. We call this subset the cover generated by the
query algorithm. Note that the rows n + 1 to 2n cannot be eliminated by any
query except the query to the column where they have entry 1 and that such
a query will eliminate only one row. Hence to uniquely identify the target, n of
the queries must be to the last n columns. We now need to show that the cover
generated by the optimal query algorithm is an optimal cover.

Lemma 2. The cover generated by an optimal query algorithm for matrix M ′

is a cover of the smallest size.

Proof: Let A be an optimal query algorithm. Assume that the cover generated
by A is not a cover of the smallest size. Hence it is possible to reduce the number
of queries needed to identify the all zero row target by generating a smaller cover.
Let B be an algorithm that uses the fewest number of queries to identify the
all zero row target. We transform B into another algorithm B′. The algorithm
B′ has the property that any query on the last n columns always happens after
the queries to the first m columns. This can be done by delaying the queries
on the last n columns while retaining the ordering of the other queries. Since a
query to column m + i can eliminate only row n + i, the effect of the delays is
to potentially reduce the number of queries required for the first n rows while
potentially increasing the number of queries required for the other rows. The
number of queries required for the all zero rows remain the same.

The algorithm B′ will take the optimal number of queries for identifying the
all zero row target and no more than n queries to identify any of the first n rows.
This is because rows n+ 1 to 2n+ 1 are identically zero when restricted to the
first m columns, giving effectively a matrix with n + 1 distinct rows. At least
n+ 1 queries is needed by any algorithm to identify the all zero row target and
the all zero row target always takes more queries than rows n+ 1 to 2n. Hence,
algorithm B′ has better worst case performance than algorithm A contradicting
the optimality of algorithm A. 	


3 General Case

Choose a finite nonempty set Y , a positive integer M , and a metric � mapping
Y × Y to the nonnegative integers.
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For functions f and g from X to Y define the distance d(f, g) between f and
g by

d(f, g) =
∑
x∈X

�(f(x), g(x)).

Let F⊕η consist of all g : X → {0, 1} such that there is an f ∈ F for which
d(f, g) ≤ η.

In this model, the adversary picks a function f from F⊕η (which we will call
the target), and provides an evaluation oracle for f to the algorithm; this oracle
responds to a query of x with f(x). The algorithm then must output h ∈ F
such that d(f, h) ≤ η (there may be more than one such possibility). The worst
case number of queries for an algorithm A in this setting is Q(A,F, η), and the
optimal number of queries is opt(F, η).

For a function f : X → Y , and U ⊆ X, denote the restriction of f to U by
f|U .

For a set F of functions from X to Y , define the η-degree of F , denoted by
deg(F, η), to be the maximum, over all g ∈ F , of |{f ∈ F : 0 < d(f, g) ≤ 2η}|.
For µ : F → Z+, define φ(F, µ) to be the maximum, over all g ∈ F , of

∑
f∈F :d(f,g)≤µ(f)+µ(g)

µ(f).

For technical reasons, we will consider a related model. In this model, instead
of η, the learning algorithm is given a priori a function µ : F → Z+ called a
quota function, and access to an evaluation oracle for some f : X → Y such
that there is an g ∈ F with d(f, g) ≤ µ(g). The algorithm then must output an
h ∈ F such that d(f, h) ≤ µ(h). Let opt(F, µ) be the optimal worst-case number
of queries for learning in this model.

Algorithm Our algorithm works in time polynomial in |X|, |Y |, and |F |. (Note
that the latter is significantly less than |F⊕η|.)

Our algorithm (let’s call it BF ), is defined recursively as follows. Suppose
at some point in time BF has previously asked queries x1, ..., xt−1, which were
answered with y1, ..., yt−1 respectively. Let

Ft = {f|X−{x1,...,xt−1} : f ∈ F,
∑
s<t

�(f(xs), ys) ≤ η}.

Informally Ft consists of the restrictions of those elements of F that are “still
alive” to the unexplored portion of X. If |Ft| = 1, it halts, and outputs an exten-
sion h of the single element of Ft to all of X that minimizes

∑
s<t �(h(xs), ys).

Otherwise, it chooses xt from X − {x1, ..., xt−1} in order to maximize

min
y∈Y

∑
f∈Ft

�(f(xt), yt).

The following is the main lemma in our analysis of this algorithm.
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Lemma 3. Choose a finite X, a finite Y , a finite set F of at least 2 functions
from X to Y , and µ : F → Z+. There is an x ∈ X for which

min
y∈Y

∑
f∈F

�(f(xt), yt) ≥ 1
opt(F, µ)




∑
f∈F

(1 + µ(f))


− φ(F, µ)




Proof: Let A be an optimal membership query algorithm for learning F with
a quota function µ in the model of this section. Let T = opt(F, µ). Assume
without loss of generality that A always asks exactly T queries before halting
and outputting a function in F . Assume for contradiction that

∀x,∃y,
∑
f∈F

�(f(x), y) <
1
T




∑
f∈F

(1 + µ(f))


− φ(F, µ)


 . (4)

Generate (x1, y1), ..., (xT , yT ) recursively as follows. For each t, let xt be
A’s query when its previous queries x1, ..., xt−1 were answered with y1, ..., yt−1
respectively. Choose

yt = argminu
∑
f∈F

�(f(xt), u). (5)

First, we claim that (x1, y1), ..., (xT , yT ) are “legal”, in the sense that there
is at least one potential target function f such that f(x1) = y1, ..., f(xT ) = yT
for which there is a g ∈ F with d(f, g) ≤ µ(g). To see this, note that (4) and (5)
imply

∑
g∈F

T∑
t=1

�(g(xt), yt) =
T∑
t=1

∑
g∈F

�(g(xt), yt)

<


∑
g∈F

(1 + µ(g))


− φ(F, µ) (6)

≤

∑
g∈F

(1 + µ(g))


 .

Thus, there is a g ∈ F such that
∑T
t=1 �(g(xt), yt) ≤ µ(g). So if f is defined by

f(x1) = y1, ..., f(xT ) = yT and f(x) = g(x) for x �∈ {x1, ..., xT }, f satisfies the
requirements of a target function.

Suppose A outputs h. Loosely speaking, any f ∈ F that is too far from h had
better be eliminated as a possible target by (x1, y1), ..., (xT , yT ), since otherwise
an adversary could choose f as a target. Specifically, for any f ∈ F such that
d(h, f) > µ(h) + µ(f), it must be the case that

∑T
t=1 �(f(xt), yt) > µ(f), since

otherwise, an adversary could modify f to get a target function with distance
at most µ(f) from f , and therefore distance greater than µ(h) from h. Thus

∑
f∈F

T∑
t=1

�(f(xt), yt) ≥
∑

f∈F :d(f,h)>µ(f)+µ(h)
(1 + µ(f))
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≥

∑
f∈F

(1 + µ(f))


− ∑

f∈F :d(f,h)≤µ(f)+µ(h)
µ(f)

≥

∑
f∈F

(1 + µ(f))


− φ(F, µ),

contradicting (6) and completing the proof. 	

Now we’re ready for our theorem about BF .

Theorem 2. Choose X, a set F of functions from X to Y , and an integer
η ≥ 1. Then Q(BF , F, η) ≤ 2opt(F, η) ln(|F |/(1 + deg(F, η))) + η(1 + deg(F, η)).

Proof: Consider a run of algorithm BF in which it asks queries x1, ..., xT , which
are answered with y1, ..., yT . For each t, let

Ft = {fX−{x1,...,xt−1} : f ∈ F,
∑
S<t

�(f(xs), ys) ≤ η}.

For each t, define µt : Ft → Z+ by

µt(f) = η −min
{∑
s<t

�(g(xs), ys) : g ∈ F, g|X−{x1,...,xt−1} = f
}
.

Informally, µt(f) is the amount of loss left before f is eliminated as a possible
target.

We divide our analysis of BF into two stages. Let

S = max


t :

∑
f∈Ft

(1 + µt(f)) ≥ 2η(1 + deg(F, η))


 .

Choose t ≤ S. By Lemma 3,

∑
f∈Ft+1

(1 + µt+1(f))

≤

∑
f∈Ft

(1 + µt(f))


−∑

f∈Ft

�(f(xt), yt)

≤

∑
f∈Ft

(1 + µt(f))


− 1

opt(Ft, µt)




∑
f∈Ft

(1 + µt(f))


− φ(Ft, µt)


 . (7)

We will now prove that

φ(Ft, µt) ≤ η(1 + deg(F, η)). (8)
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For each f ∈ Ft, let fE ∈ F be obtained by extending f to X so as to minimize∑
s<t �(f

E(xs), ys). Recall that

φ(Ft, µt) = max
g∈Ft

∑
f∈Ft:d(f,g)≤µt(f)+µt(g)

µt(f).

Choose g∗ ∈ Ft achieving this maximum. We have

η(1 + deg(F, η)) = ηmax
g∈F
|{f ∈ F : d(f, g) ≤ 2η}|

≥ η|{f ∈ F : d(f, gE∗ ) ≤ 2η}|
=

∑
f∈F :d(f,gE∗ )≤2η

η

≥
∑

f∈Ft:d(fE ,gE∗ )≤2η
η. (9)

For any f, g ∈ Ft,

d(fE , gE) =
∑
x∈X

�(fE(x), gE(x))

= d(f, g) +
∑
s<t

�(fE(xs), gE(xs))

≤ d(f, g) +
∑
s<t

�(fE(xs), ys) + �(gE(xs), ys)

≤ d(f, g) + 2η − (µt(f) + µt(g))

since, by definition, for all f ∈ Ft,
∑
s<t �(f

E(xs), ys) ≤ η − µt(f). Thus (9)
implies

η(1 + deg(F, η)) ≥
∑

f∈Ft:d(f,g∗)≤µt(f)+µt(g∗)

η

≥
∑

f∈Ft:d(f,g∗)≤µt(f)+µt(g∗)

µt(f),

proving (8).
Putting (8) together with (7), we have

∑
f∈Ft+1

(1 + µt+1(f))

≤

∑
f∈Ft

(1 + µt(f))


− 1

2opt(Ft, µt)

∑
f∈Ft

(1 + µt(f))

=
(

1− 1
2opt(Ft, µt)

) ∑
f∈Ft

(1 + µt(f))
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≤
(

1− 1
2opt(F, k)

) ∑
f∈Ft

(1 + µt(f)).

Thus, ∑
f∈FS

(1 + µS(f)) ≤
(

1− 1
2opt(F, η)

)S
|F |(η + 1).

But, by definition,
∑
f∈FS

(1 + µS(f)) ≥ 2η(1 + deg(F, η)), and so

2η(1 + deg(F, η)) ≤
(

1− 1
2opt(F, η)

)S
|F |(η + 1)

2η(1 + deg(F, η)) ≤ exp
(
− S

2opt(F, η)

)
|F |(η + 1)

ln 2 + ln η + ln(1 + deg(F, η)) ≤ − S

2opt(F, η)
+ ln |F |+ ln(η + 1)

S ≤ 2opt(F, η) ln(|F |/(1 + deg(F, η))).

For all t ≤ T , since |Ft| > 1, and �(u, v) ≥ 1 for u �= v,

∑
f∈Ft+1

(1 + µt+1(f)) ≤

∑
f∈Ft

(1 + µt(f))


− 1. (10)

Since
∑
f∈FS+1

(1 + µS+1(f)) < 2η(1 + deg(F, η)) and
∑
f∈FT

(1 + µT (f)) ≥ 1,
(10) implies that T − S ≤ 2η(1 + deg(F, η)). This completes the proof. 	
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Abstract. The Kushilevitz-Mansour (KM) algorithm is an algorithm
that finds all the “heavy” Fourier coefficients of a boolean function. It is
the main tool for learning decision trees and DNF expressions in the PAC
model with respect to the uniform distribution. The algorithm requires
an access to the membership query (MQ) oracle.
We weaken this requirement by producing an analogue of the KM al-
gorithm that uses extended statistical queries (SQ) (SQs in which the
expectation is taken with respect to a distribution given by a learning
algorithm). We restrict a set of distributions that a learning algorithm
may use for its SQs to be a set of specific constant bounded product
distributions. Our analogue finds all the “heavy” Fourier coefficients of
degree lower than c log n (we call it BS). We use BS to learn decision
trees and by adapting Freund’s boosting technique we give algorithm
that learns DNF in this model. Learning in this model implies learning
with persistent classification noise and in some cases can be extended to
learning with product attribute noise.
We develop a characterization for learnability with these extended SQs
and apply it to get several negative results about the model.

1 Introduction and Overview

The problems of learning decision trees and DNF expressions are among the
most well studied problems of computational learning theory. In this paper we
address learning of these classes in the popular PAC model with respect to the
uniform distribution. The first algorithm that learns decision trees in this setting
was given by Kushilevitz and Mansour in [13]. The main tool that they used is
the algorithm for finding all the Fourier coefficients of a boolean function larger
than given threshold (it is usually referred as the KM algorithm). Later Jackson
in [10] used this algorithm and Freund’s boosting technique to build his famous
algorithm for learning DNF expressions. These outstanding results became pos-
sible through utilization of membership query (MQ) oracle. That is, in order to
use these algorithms we need an access to values of the learned function at any
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given point. Angluin and Kharitonov in [3] proved that under standard crypto-
graphic assumptions every class that is learnable in the distribution-independent
PAC model with MQs is also learnable without MQs, i.e., MQs are not helpful
in this model. On the other hand, there is no known algorithm that learns the
above-mentioned classes in the PAC model with respect to the uniform distri-
bution without use of MQs. The access to MQ oracle is not available in most of
applications and thus we suggest a way to weaken the requirement of MQs that
results from the following approach.
Learning in the basic PAC model (without MQs) represents learning with-

out any control over the points in which the value of the target function will be
known. On the other side, membership queries represent the total control over
these points. It may be the case that a learning algorithm has more than no con-
trol and less than total control over the choice of points. We reflect this situation
by allowing the learning algorithm to get points sampled with respect to the dis-
tribution given by the learning algorithm. Set of distributions D that a learning
algorithm may use measures the amount of control the learning algorithm has 1

Naturally, this defines learnability with respect to given D or learnability in the
PAC-D. In this paper we discuss SQ-D — the statistical query (SQ) analogue
of the above model. This is an extension of SQ model introduced by Kearns
in [12] in which a learning algorithm may get statistical queries with respect
to any distribution from D. An important property of this model is that under
some limitations on D it can be simulated using MQs with persistent noise (this
model is particularly interesting as defining a type of agnostic learning (see [14]
for more details)). This gives us a general framework for producing persistent
noise tolerant algorithms. Shamir and Shwartzman in [17] were first to consider
extending the notion of SQ as a way to produce (persistent) noise tolerant algo-
rithms. Their extension allows estimating expectation of real-valued functionals
of arbitrary range and order higher than one. Their approach was developed in
[11] and permits use of several distributions. Thus SQ-D is, in some sense, in-
cluded in their extension. The framework they have developed focuses on use of
second-order SQs to offset persistent classification noise in Jackson’s algorithm
for learning DNF. On the other hand, we stress limiting the set D as a way to
avoid MQs.
We consider the set Dρ containing all the product distributions with each

input bit being 1 with probability ρ, 1/2 or 1 − ρ for a constant 0 < ρ < 1/2.
Learnability with respect to this set of distributions represents a situation when
a learning algorithm has some influence on each input bit (or attribute) of the
next sampled value. That is, if a learning algorithm chooses distribution with
i-th bit being 1 with probability ρ - this bit will be more probably be 0 than 1
(1 − ρ > ρ); choosing 1 − ρ represents symmetrical situation and choosing 1/2
means 0 or 1 with equal probability. Amount of this influence is given by ρ and is
limited by restrictions on ρ. It is easy to see that boundary values of ρ represent

1 It should be noted that any specific set D does not necessarily reflect any practical
situation. But we think that this approach generalizes the notion of control over the
choice sample points.
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regular the PAC learning with respect to uniform distribution. (ρ = 1/2) and
the PAC model with MQs (ρ = 0).

We give a weaker analogue of the KM algorithm for SQ–Dρ that finds all the
“heavy” target function Fourier coefficients of degree lower than c log n (we call it
the Bounded Sieve). We show that the Bounded Sieve (BS) is, in fact, sufficient
for learning the class of decision trees and weakly learning the class of DNF
formulae. Then, by employing Freund’s boosting algorithm, we can strongly
learn DNF in SQ–Dρ. To prove this fact we first need to adapt the Freund’s
technique to SQ–Dρ. Our adaptation is simple and more efficient than the one
previously given in [1] (for regular SQ model).

Since Dρ meets the above-mentioned limitation our algorithms can be simu-
lated using MQs with persistent classification noise. We then show how to modify
BS so that it could handle another non-trivial noise - product attribute noise in
MQs. This type of noise was previously considered in [18], [8] and [5]. In these
papers attribute noise appeared in randomly sampled points (i.e., in the regular
PAC model). We extend this noise model to learning with MQs. Particularly, for
every sample point x (random or received through MQ) oracle flips every bit i
of x with probability pi and returns the value of target function at the resulting
point (unless classification noise is also present). This type of noise may reflect
the situation when communication with oracle is done using faulty channel or
querying very specific point is difficult (or even impossible) to attain. Specifi-
cally, we handle any known attribute noise rates bounded away from 1/2 by a
constant.

In the second part of this paper we show some negative results about the
newly introduced model. We start by developing a characterization of classes
weakly learnable in regular SQ model and extend it to the SQ-D. In fact, we
will show that concept classes are weakly learnable in the SQ model if and only
if they are weakly learnable by SQ algorithms of a very restricted form. Besides
giving an interesting insight into the nature of weakly SQ-learnable classes, this
form provides an information theoretic characterization of weakly SQ-learnable
classes. This characterization is used similarly to the SQ-DIM characterization
which was given in [4]. We have decided to use our characterization for its sim-
plicity and easy extendability to SQ-D. The characterization will enable us to
show that the class of all parity functions having at most k(n) variables is not
weakly learnable in SQ-Dρ if k(n) is greater thanO(log n). This fact complements
the Bounded Sieve which obviously learns every such class for k(n) = O(log n).
Another interesting application of this characterization will help us to show that
although the model we have introduced is powerful enough to learn DNF ex-
pressions it still cannot learn a class of parity functions learnable in the PAC
model with classification noise (to show this we rely on the result proved in
[6]). We also show that the class of all parity functions is not weakly learnable
with respect to any “non-biased” distribution (i.e., not containing points with
probability greater than 1

poly(n) ) even in SQ-D for D containing all “non-biased”
distributions. This gives another evidence that the class of all parity functions
is hard for any statistics based learning.
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2 Definitions and Notation

Throughout this paper we refer to several well-studied and well-known models of
learning. Particularly, the PAC model, use of membership queries, the statistical
query model and two relevant models of classification noise (random independent
and random persistent). Many parts of our analysis rely heavily on the use
of the well-known Fourier transform technique. This beautiful technique was
introduced to learning theory by Linial et al. in [15]. An extended survey of the
technique and the KM algorithm can be found in [16].
Below we describe notation we will use in this paper. Most of it follows the

common practice and is provided for reference purposes.

2.1 General Notation

We consider an input space X = {0, 1}n. A concept is a boolean function on
X. For convenience, when applying the Fourier transform technique, we define
boolean functions to have output in {−1,+1}. A concept class F is a set of
concepts. For any vector x we denote by xi an i-th element (or bit) of x and by
x[i,j] we denote xixi+1 . . . xj . We use [a]k to denote a vector of k elements equal
to a.
U is used to denote the uniform distribution over X. We say that a function g

ε−approximates f with respect to distribution D if PrD[f = g] ≥ 1−ε. It is easy
to see that this is equivalent to saying that ED[fg] ≥ 1−2ε. For any real-valued
function φ we define L∞(φ) = maxx∈X |φ(x)|. If p(n) = O(q(n)) and q′(n) is q(n)
with all the logarithmic factors removed we write p(n) = Õ(q(n)). Similarly we
define Ω̃ for lower bounds. This extends to k-ary functions in obvious way.

2.2 Estimating Expected Values

We will frequently need to estimate the expected value of a random variable.
Although the SQ model itself provides us with such estimates, sometimes a
random variable will be a result of a statistical query. In such a case we usually
cannot use SQ to estimate the expectation of the variable. Thus we will find the
expectation by sampling the variable and averaging the results. The justification
for the method results from Hoeffding’s lemma. According to the lemma if we
sample randomly and independently a random variable Y with values in [a, b]
then to reach the accuracy of at least µ with confidence of at least δ it is sufficient
to take H(µ, b− a, δ) = O(log (1/δ)(b− a)2 1µ2 ) samples of Y .

Another implication of the fact that a value of random variable is a result
of SQ is that we get the value within some tolerance ρ. It is easy to see that in
such a case the above procedure will return the expectation within ρ+ µ.

3 Extending the SQ Model

We are now going to consider an extension of the SQ model. In this new model
we allow the learning algorithm to supply a distribution with respect to which it
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wants to calculate the expectation. More formally, let D be a set of distributions
over X containing distribution D.
Learning algorithm in the SQ-D model is supplied with the STAT(f,D) or-

acle, where f is the target concept. The query to this oracle is a triple (ψ, r,D′)
where ψ : {0, 1}n × {−1,+1} → {−1,+1} is a query function, r ∈ [0, 1] is a
tolerance (as in SQ model) and D′ is a distribution from D. To such a query the
oracle responds with the value v satisfying |ED′ [ψ(x, f(x))] − v| ≤ r. Respec-
tively, we say that concept class F is (weakly) learnable in SQ-D model with
respect to D if it is (weakly) learnable by a polynomial algorithm (as defined in
the regular SQ model) with access to the newly defined oracle.
It is important to note that if we do not restrict D we can simulate member-

ship queries using distributions with all the weight concentrated in one point.
Our second observation is that this model is equivalent to the regular SQ model
for D = {D}. A more interesting property of this model is that given oracles for
the distributions in D (or being able to sample according to these distributions)
it is easy to simulate the statistical query oracle using membership queries.
An important property of the model is that a learning algorithm can be fur-

ther extended to learning in the presence of random classification noise. Trans-
formation to learning in this model is done by offsetting the effect of the noise on
the query (see [12] for more details). Since we are simulating using membership
queries we are actually interested in learning with persistent classification noise.
Offsetting noise in this model can be a more complicated task. However, if the
probability of seeing the same point in sample of every D′ ∈ D is negligible (rel-
ative to learning parameters) we can offset the noise in the same way as before.
This probability is negligible if and only if the probability to see each specific
point in D′ is negligible. Formally, if we denote by L∞(D) = maxD′∈D{L∞(D′)}
we get the following theorem.

Theorem 1. Let F be a concept class and D be a set of distributions with
oracle available for every D′ ∈ D. If F is learnable in SQ-D with respect to D
and L∞(D) < ρn for a constant 0 < ρ < 1, then F is learnable with respect to
D given access to MQs corrupted by random persistent classification noise.

4 Learning with Respect to the Uniform Distribution
Using Product Distributions

4.1 Definitions and Prerequisites

In this section we will examine D that contains all the product distributions such
that every input bit is 1 with probability ρ , 1/2 or 1−ρ, i.e., for every input bit
xi, Pr[xi = 1] = pi independently of all the other inputs and p ∈ {ρ, 1/2, 1−ρ}n
(we call such p a probability vector). We assume that ρ is a constant satisfying
1/2 > ρ > 0. For every p ∈ {ρ, 1/2, 1−ρ}n denote by Dp the product distribution
defined by this probability vector. Denote by

Dρ = {Dp | p ∈ {ρ, 1/2, 1− ρ}n} .
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This distribution class will be used to learn with respect to the uniform dis-
tribution which itself is contained in Dρ for any ρ. It is important to note that
according to Theorem 1 learning in SQ–Dρ implies learning with persistent noise
since L∞(Dρ) = (1− ρ)n.
In further algorithms we will need to get statistics not only about boolean

functions but also about any real-valued function involving f(x). For this purpose
we will rely on the following simple lemma.

Lemma 1. There exists a procedure RVMEAN such that for every bounded real-
valued function φ : {0, 1}n × {−1, 1} → [−b, b], tolerance r and distribution
D′ ∈ D, RVMEAN(φ, b, r,D′) returns a value v satisfying

|ED′φ(x, f(x))− v| ≤ r .
Its time complexity is O(log b/r). The required tolerance is bounded from below by
r2

4b log b/r and complexity of the query functions is the complexity of computation
of φ plus O(n).

4.2 An Analogue of the KM Algorithm

Our learning algorithms will be based on a weaker analogue of the KM algorithm
implemented in the SQ-Dρ model. It will find all the “heavy” Fourier coefficients
of degree lower than # in time polynomial in 2� thus allowing only the Fourier
coefficients with degree bounded by c log n to be found efficiently.
Particularly, for the target function f , given parameters n, θ, # and δ it will,

with probability at least 1 − δ, find the set of S ⊆ {0, 1}n with the following
properties:

1. For all a, if |f̂(a)| ≥ θ and w(a) ≤ # then a ∈ S
2. For all a ∈ S, |f̂(a)| ≥ θ/2.
We say that such a set possesses the large Fourier coefficient property for function
f , threshold θ and degree # (this property can be defined for any real-valued
function).
The KM algorithm is based on the subroutine that estimates the sum of squares

of all the coefficients for vectors starting with given prefix. In the same fashion
our algorithm will be based on ability to estimate weighted sum of squares of all
the coefficients for vectors starting with given prefix. Particularly, for 0 ≤ k ≤ n
and α ∈ {0, 1}k denote

Sρα(f) =
∑

b∈{0,1}n−k

f̂2(αb)(1− 2ρ)2w(b) .

Lemma 2. There exists an SQ-Dρ randomized algorithm C that for any target
function f , prefix vector α of length at most n and confidence δ, C(n, α, τ, δ)
returns, with probability at least 1−δ, a value estimating Sρα(f) within τ . It runs
in O(τ−2 log (1/δ)) time and tolerance of its queries is bounded from below by
τ/6.
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Proof: Let k denote the length of α and let p = [ 12 ]
k[ρ]n−k and α0 = α[0]n−k.

Denote by p⊕x probability vector for which (p⊕x)i = pi if xi = 0 and (p⊕x)i =
1 − pi if xi = 1. It is easy to see that if p ∈ {ρ, 1/2, 1 − ρ}n then p ⊕ x ∈
{ρ, 1/2, 1 − ρ}n and that Dp⊕x(y) = Dp(x ⊕ y). The algorithm is based on the
following equation

Sρα(f) = Ex∼U
[
Ey∼Dp⊕x [f(y)χα0(x⊕ y)]

]2
.

To prove it denote

π(x) � Ey∼Dp⊕x
[f(y)χα0(x⊕ y)] .

Since by Parseval equality for every function f , Ex∼U [f2(x)] =
∑
a∈{0,1}n f̂2(a),

it is enough to prove that

π(x) =
∑

b∈{0,1}n−k

f̂(αb)(1− 2ρ)w(b)χαb(x) .

This can be proved as follows

π(x) = Ey∼Dp⊕x [f(y)χα0(x⊕ y)] =
∑

y∈{0,1}n

f(y)χα0(x⊕ y)Dp⊕x(y)

=
∑

y∈{0,1}n

f(y)χα0(x⊕ y)Dp(x⊕ y)

=
∑

z∈{0,1}n

f(x⊕ z)χα0(z)Dp(z)

= Ez∼Dp [f(x⊕ z)χα0(z)]

= Ez∼Dp


 ∑
a∈{0,1}n

f̂(a)χa(x⊕ z)χα0(z)




= Ez∼Dp


 ∑
a∈{0,1}n

f̂(a)χa(x)χa⊕α0(z)




=
∑

a∈{0,1}n

f̂(a)χa(x)Ez∼Dp
[χa⊕α0(z)].

But since p = [12 ]
k[ρ]n−k and α0 = α[0]n−k,

Ez∼Dp [χa⊕α0(z)] =
∏

i∈{1,..n}
1−pi+pi(−1)ai⊕α0,i =

∏
i∈{1,..n},ai⊕α0,i=1

(1−2pi) =


 ∏
i∈{1,..k},ai �=αi

0




 ∏
i∈{k+1,..n},ai=1

(1− 2ρ)

 ,
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i.e., if a = αb then Ez∼Dp
[χa⊕α0(z)] = (1−2ρ)w(b), otherwise Ez∼Dp [χa⊕α0(z)] =

0. This finishes the proof of the required identity.
All we need now is to estimate Ex∼U [π2(x)]. By the definition of π(x), for

every xi, we can estimate π(xi) within τ/6 using a statistical query (f(x)χα0(xi⊕
x), τ/6, Dp⊕α0) and we can assume that the estimate has absolute value of at
most 1. Hence by squaring this estimate we get an estimate for π2(xi) within
τ/2. Now, by applying Hoeffding’s lemma we get that using H(τ/2, 1, δ) random
samples will give us the required estimate. Since asking a query requires O(1)
time, the complexity of the algorithm is O(τ−2 log (1/δ)). ��
With algorithm C we are now ready to describe the Bounded Sieve.

Theorem 2. There exists an SQ-Dρ randomized algorithm BSρ that for any
target concept f , threshold θ > 0, confidence δ > 0 and degree bound 0 ≤ # ≤ n,
BSρ(n, θ, #, δ) returns, with probability at least 1−δ, the set with the large Fourier
coefficient property for function f , threshold θ and degree #. Its running time is
Õ(n(2�)−6 log (1−2ρ)θ−6 log (1/δ)). Tolerance of queries is bounded from below by
(2�)2 log (1−2ρ)θ2/24.

Proof: If there is at least one coefficient greater than θ with degree lower than
# for the parity function of vector starting with α then Sρα(f) is at least (1 −
2ρ)2�θ2 = 22 log (1−2ρ)�θ2 = 2−c0�θ2 for a positive constant c0 = −2 log (1− 2ρ).
All the coefficients for the vectors starting with α can be separated into two
disjoint sets — those for the vectors that start with α0 and those for the vectors
that start with α1. With these observations and the procedure for estimating
Sρα(f) we can write a recursive subroutine SA that for every α returns all the
vectors from the required set that start with α. SA is called recursively only when
Sρα(f) ≥ 3b/4 − b/4 = b/2. Since

∑
α∈{0,1}k Sρα(f) ≤

∑
a f̂

2(a) = 1, SA will be
invoked at most 2 · 2c0�θ2 times for each length of α, i.e., there will be at most
2n22c0�θ−2 calls to SA. To find all the required coefficients we invoke SA for an
empty prefix. Lemma 2 gives the required complexity bounds. ��
In our future applications we will need to find the Fourier coefficients not

only of a boolean target f but also of any real-valued function involving f(x).
Thus we extend BS as follows.

Theorem 3. Let φ : {0, 1}n × {−1, 1} → R be any real-valued function. There
exists an SQ-Dρ randomized algorithm BS′ρ that for every target concept f , pos-
itive threshold θ, confidence δ > 0, degree bound 0 ≤ # ≤ k and β that bounds
L∞(φ), BS′ρ(n, φ, β, θ, #, δ) returns, with probability at least 1−δ, the set with the
large Fourier coefficient property for function φ, threshold θ and degree #. It runs
in Õ(n(2�)−6 log (1−2ρ)θ−6β2 log (1/δ)) time and tolerance of queries is bounded
from below by Ω̃(β−2(2�)2 log (1−2ρ)θ2). Complexity of query functions is bounded
by O(τ) +O(n), where τ is the complexity of computation of φ.

According to Lemma 1, using the procedure RVMEAN we can make statisti-
cal queries for φ in the same fashion as for f . Thus the previous proof with
insignificant modifications is applicable in this case.
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4.3 Learning Decision Trees

Below we will show the first application of the BSρ algorithm. We prove that
the class of decision trees is learnable in SQ-Dρ model. For this and ongoing
applications we take ρ = 1

4 . This makes − log (1− 2ρ) to be 1. Let DT-size(f)
denote the size (number of leaves) of minimal decision tree representation of f .

Theorem 4. There exists an SQ-D 1
4
randomized algorithm DT-learn that for

any target concept f , s =DT-size(f), ε > 0 and δ > 0, DT-learn(n, s, ε, δ) with
probability at least 1 − δ returns ε-approximation to f . The algorithm runs in
Õ(ns6ε−6 log (1/δ)) time. Tolerance of its queries is Ω(ε2s−2).

Proof: A simple corollary of two facts that are proven in [16] is that it is possible
to approximate decision tree only by considering its “heavy” coefficients (this
fact is used to learn DT’s in [13]) and these coefficients have degree bounded
by function logarithmic in size (of DT) and accuracy. This ensures that we can
learns DTs by a single call to BS and estimation of coefficients for returned parity
functions. ��

4.4 Weak DNF Learning

Another simple application the Bounded Sieve algorithm is weak DNF learning
in SQ-D 1

4
. It is based on the fact that every DNF expression has a “heavy”

Fourier coefficient of “low” degree. Below we prove generalization of this fact
that will also be required for our future application.

Lemma 3. Let f be a boolean function, s be a DNF-size(f) and D be a distri-
bution over X. There exists a parity function χa such that ED[fχa] ≥ 1

2s+1 and
w(a) ≤ log ((2s+ 1)L∞(2nD)).
Proof: By Fact 8 in [10] there exists a parity function χa such that ED[fχa] ≥
1

2s+1 . Let A = {i | ai = 1}. As it can be seen from the proof of the fact, A ⊆ T ,
where T is a term of f (a set of literals and a boolean function it represents)
and PrD[T = 1] ≥ 1

2s+1 . On the other hand,

PrD[T = 1] =
∑

x,T (x)=1

D(x) < 2−|T |2nL∞(D) .

Thus w(a) = |A| ≤ |T | ≤ log ((2s+ 1)L∞(2nD)). ��
Let DNF-size(f) denote the size (number of terms) of minimal DNF represen-
tation of f .

Theorem 5. There exists an SQ-D 1
4
randomized algorithm UWDNF that for any

target concept f , s =DNF-size(f), ε > 0 and δ ≥ 0, UWDNF(n, s, δ) returns, with
probability at least 1 − δ, ( 12 − 1

6s )-approximation to f . The algorithm runs in
Õ(ns6 log (1/δ)) time. Tolerance of its queries is Ω(s−2). The weak hypothesis
is parity function (possibly negated).
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Proof: By Lemma 3 call to BS 1
4
(n, θ = 1

2s+1 , # = log (2s+ 1), δ) returns,
with probability at least 1− δ, a set containing at least one vector. Among the
returned vectors we can easily find vector b such that χb or its negation will give
an (12 − 1

6s )–approximation to the target. By Theorem 2 the running time of this
invocation will be Õ(ns6 log (1/δ)) and tolerance of queries is Ω(s−2).

5 Strongly Learning DNF in SQ-D1
4

Certainly, the next interesting question is whether we can strongly learn DNF in
SQ-D 1

4
. We answer this question positively by following the way used by Jackson

in his proof of DNF learnability. The proof consists of two components. The
first one is weak DNF learning with respect to any given distribution (although
efficient only on distributions that are polynomially close to uniform). The second
one is Freund’s boosting technique that boosts the weak learner to a strong
learner. First we present the required weak learner.

Theorem 6. Let f be a boolean function, s =DNF-size(f) and let Df be a
computable probability distribution over the sample space. The computation of
Df (x) may involve the value of f(x). There exists a randomized SQ-D 1

4
algo-

rithm WDNF 1
4
such that for the target function f , confidence δ > 0 and β that

bounds L∞(2nDf ), WDNF 1
4
(n, s,Df , β, δ) finds, with probability at least 1 − δ, a

boolean function h that ( 12 − 1
6s )-approximates f . The running time of the al-

gorithm is Õ(nβ8s12 log (1/δ)). The tolerance of its queries is lower bounded by
Ω̃(β−4s−4). Complexity of its query functions is the time complexity of Df plus
O(n). The weak hypothesis is parity function(possibly negated).

Proof: As it is proved in Lemma 3 for every DNF expression f there exists a
parity function χb such that |EDf

[fχb]| ≥ 1
2s+1 and

w(b) ≤ log ((2s+ 1)L∞(2nDf )) ≤ log ((2s+ 1)β) .
EDf

[fχb] = E[2nDffχb] thus in order to find a parity function that weakly
approximates f with respect to Df we can find the “heavy” Fourier coefficients
of function 2nDff . This means that by invoking

BS′1
4
(n, φ = 2nDff, β, θ =

1
2s+ 1

, # = log ((2s+ 1)β), δ)

and then proceeding as in UWDNF we can find the required weak approximator.
By Theorem 3 we get that all the complexities are as stated.
The next step is adapting Freund’s boosting technique for SQ-Dρ model. The

main advantage of Freund’s booster F1 utilized by Jackson is that it requires only
weak learning with respect to polynomially computable distributions that are
polynomially close to the uniform distribution (i.e., L∞(D) ≤ p(n, s, ε) for some
polynomial p).
Below we are going to give the brief account of the Freund’s boosting tech-

nique and in particular his F1 algorithm for the PAC learning with respect to
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distribution D. Detailed discussion of the technique can be found in [7] and in
[10].
As input, F1 is given positive ε, δ, and γ, a weak learner WL that produces

( 12 − γ)–approximate hypotheses for functions in a function class F , and an
example oracle EX(f,D) for some f ∈ F . The WL is assumed to take the
example oracle for some distribution D′ and confidence parameter δ′ as inputs
and produce (12 − γ)–approximate hypothesis with probability at least 1 − δ′.
Given these inputs, F1 steps sequentially through k stages (k is given below).
At each stage i, 0 ≤ i ≤ k − 1 F1 generates distribution function Di, runs
WL on simulated oracle EX(f,Di) and (with high probability) gets a (12 − γ)–
approximate hypothesis wi. Finally, F1 generates its hypothesis using majority
function MAJ of all the wi.
For every i, value of Di(x) can be found easily using values of the previ-

ous hypotheses at point x and f(x). Thus with our weak learner used to learn
with respect to Di the technique will gives us the required strongly approxi-
mating hypothesis. In Figure 1 we give a straightforward implementation of the
adaptation.

Input: Example oracle STAT (f,D 1
4
); DNF-size s of f ; ε > 0; δ > 0

Output: h such that, with probability at least 1− δ, PrU [f = h] ≥ 1− ε

1. γ = 1/6s; k ← 1
2γ−2 ln (4/ε)

2. w0 ←UWDNF 1
4
(n, s, δ/k)

3. for i← 1, ..., k − 1 do
4. ri(x) ≡ |{0 ≤ j < i|wj(x) = f(x)}|
5. B(j;n, p) ≡ (

n
j

)
pj(1− p)n−j

6. α̃i
r ≡ B(
k/2� − r; k − j − 1, 1/2 + γ̂) if i− k/2 < r ≤ k/2, α̃i

r ≡ 0 otherwise
7. αi

r ≡ α̃i
r/maxr′=0,...,i−1{α̃i

r′}
8. θ ≡ ε3/57
9. Eα ←RVMEAN(αi

ri(x), 1, θ/3, U)
10. if Eα ≤ 2

3θ then
11. k ← i
12. break do
13. endif
14. D′

i(x) ≡ U(x)αi
ri(x)/Eα

15. wi ←WDNF 1
4
(n, s, D′

i, 3/(2θ), δ/k)
16. enddo
17. h(x) ≡MAJ(w0(x), w1(x), ..., wk−1(x))
18. return h

Fig. 1. Adaptation of Freund’s algorithm for boosting a weak learner in the PAC
model to SQ-D 1

4

As in Jackson’s adaptation of F1 we neglected the fact that D′i is only the
estimate of the correct Di since Eα is only the estimation of the true expec-



540 N.H. Bshouty and V. Feldman

tation. To be more precise, there is a constant ci ∈ [1/2, 3/2] such that for all
x, D′i(x) = ciDi(x). Now consider the functional impact of supplying this ap-
proximate distribution rather than true distribution to WDNF 1

4
. WDNF 1

4
uses its

given distribution for exactly one purpose: to find the “heavy” Fourier coeffi-
cients of the function 2nDff . Since the Fourier transform is a linear operator
(i.e., ĉg(a) = cĝ(a)) we can be certain that 2nD′if has a Fourier coefficient with
absolute value of at least 1

6s . Thus by slightly modifying WDNF 1
4
we can handle

this problem. As a result of the modification WDNF 1
4
will return hypothesis that

( 12 − 1
12s )– approximates target function. These modifications may increase the

running time of the algorithm only by a small constant and thus do not affect
our analysis.
Our last concern is the complexity of this algorithm. Total number of phases

executed will be O(s2 log ε−1). Clearly the “heaviest” part of each phase is the
execution of the weak learner. By Theorem 6 the running time of each call to
WDNF 1

4
is Õ(ns12ε−24 log (1/δ)). Thus the total running time of the algorithm

is Õ(ns14ε−24 log (1/δ)). The tolerance of queries is Ω̃(s−4ε12). The complexity
of query functions is as complexity of αiri(x) plus O(n). All the O(k

2) = Õ(s4)
possible values of αiri(x) can be evaluated in advance, i.e., complexity of query
functions will be O(n). The dependence on ε can be significantly reduced using
a recent hybrid boosting algorithm by Bshouty and Gavinsky. In this algorithm
for every stage i, L∞(Di) = Õ(ε−1). The algorithm can be adapted to SQ-D
in the same way as Freund’s algorithm. Thus dependence of running time on ε
becomes ε−8 and dependence of tolerance becomes ε4.

6 Learning with Attribute Noise in Membership Queries

Now we would like to show that it is possible to implement BS using membership
queries with random product attribute noise of known rate.

6.1 Noise Model

For a constant probability vector p ∈ (0, 1)n and Dp the product distribution
defined by p, we define noisy membership oracle MEMp(f) as follows. For a query
x, MEMp(f) chooses randomly (and independently of any previous queries) b
according to the distribution Dp and returns f(b ⊕ x). This type of noise is
called random product attribute noise. It was previously considered as appearing
in example oracle EX(f,D) (see [18],[8] and [5] for more details). The oracle
EXp(f, U) can be easily simulated using MEMp(f) and thus we will not use it
in our applications.
We may also add a classification noise to the oracle and define MEMp,η(f).

This classification noise does not have to be persistent as a learner cannot get a
label of the same point twice (with any non-negligible probability).
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6.2 Offsetting Attribute Noise in BS

Let p ∈ (0, 1)n be a probability vector and τ > 0 be a constant such that for all
i, |pi − 1/2| ≥ τ .
Theorem 7. Given p as above, the Bounded Sieve can be efficiently imple-
mented using access to MEMp(f) oracle.

Proof: A query to the oracle MEMp(f) at point y returns f(y ⊕ b) where b
is chosen randomly according to the distribution Dp, thus by the Hoeffding’s
formula we can get an estimate for

fp(y) � Eb∼Dpf(y ⊕ b).
Obviously L∞(fp) ≤ 1 thus by further sampling we can estimate (with any
desired accuracy σ and probability 1− δ) the values

Sρα(f
p) = Ex∼U

[
Ey∼Dp⊕x

[fp(y)χα0(x⊕ y)]
]2 and f̂p(a) = Ex∼U [fp(x)χa(x)]

as it is done in procedure C (see Lemma 2)(the running time will be polynomial
in σ−1 and log (1/δ)). By using this estimate as in the original BS we can find
the set with the large Fourier coefficients property for function fp, threshold ϑ
and degree # in time polynomial in n, ϑ−1, 2� and log (1/δ). But

fp(y) = Eb∼Dp
f(y ⊕ b) =

∑
a∈{0,1}n

f̂(a)Eb∼Dp
χa(y ⊕ b)

=
∑

a∈{0,1}n

[f̂(a)Eb∼Dp
χa(b)]χa(y) ,

i.e., we have that for all a, f̂p(a) = f̂(a)Eb∼Dpχa(b). We can easily calculate the
value

ca � Eb∼Dpχa(b) =
∏
ai=1

(1− 2pi) .

By the properties of p, |ca| ≥ (2τ)w(a). Thus if we run the above algorithm
for the threshold ϑ = (2τ)�θ we will get the set S′ that contains the set with
the large Fourier coefficient property for the function f , threshold θ and degree
#. Size of S′ is bounded by (2τ)−2�θ−2. In order to estimate the values of the
coefficient f̂(a) with accuracy σ we estimate the coefficient f̂p(a) with accuracy
σ|ca| > (2τ)�σ and return c−1a f̂p(a). Thus we can refine the set S

′ and return
the set with the large Fourier coefficient property for the function f , threshold θ
and degree #. All the parts of the described algorithm run in time polynomial in
n, (2τ)−�θ−1 and 2�, i.e., for a constant τ it is polynomial in n, θ−1 and 2�. ��
Remark 1. When using MEMp,η(f) oracle instead of MEMp(f) in the above
algorithm we can immediately offset the classification noise in a standard way
(multiplying the expectation by 1

1−2η ).

By sole use of BS we can efficiently learn decision trees and weakly learn DNF
expressions as described in Theorems 4 and 5.
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7 Characterizing SQ-D Learnable Concept Classes

7.1 The Characterization

We start by showing a new and simple way to characterize weakly SQ–learnable
concept classes. This characterization will then be extended to SQ-D.
Our characterization is based on the fact that every SQ can be substituted

by two SQs that are independent of the target function (i.e., query function φ
does not depend on f) and two SQs for which query function equals g(x)f(x)
for some boolean function g. This fact is proven by the following equation :

ED[ψ(x, f(x))] = ED

[
ψ(x,−1)1− f(x)

2
+ ψ(x, 1)

1 + f(x)
2

]
=

1
2
ED[ψ(x, 1)f(x)]− 12ED[ψ(x,−1)f(x)] +

1
2
ED[ψ(x, 1) + ψ(x,−1)] .

Thus we may assume that learning algorithms in SQ use only these types of
queries. Moreover, we may assume that queries that are independent of target are
not asked since their values may be estimated in advance. From this inspections
we can directly obtain the following theorem.

Theorem 8. Let F be a concept class weakly SQ–learnable with respect to D,
particularly there exists an algorithm A that for f ∈ F , such that size(f) =
s, uses at most p(n, s) queries of tolerance lower bounded by 1

r(n,s) to produce

( 12 − 1
q(n,s) )–approximation to f . Let r

′(n, s) � max{2r(n, s), q(n, s)}. There
exists a collection of sets {Ws} such that |Ws| ≤ p(n, s)+1 and for every f ∈ F ,
there exists g ∈ Wsize(f) that ( 12 − 1

r′(n,size(f)) )–approximates f with respect to
D (or {Ws} ( 12 − 1

r′(n,s) )–approximates F with respect to D for short).

Proof: According to the above discussion we may assume that all the queries
that A asks are for query functions of the form fg. We build the set Ws as
follows. We simulate algorithm A(n, s) and for every query (fgi, ρ) we add gi to
Ws and return the value 0 as a result of the query. We continue the simulation
till it violates any of the complexity bounds of A or A stops and returns final
hypothesis h. In the last case we also add h to Ws. First, by the definition
of Sn,s, |Ss| ≤ p(n, s) + 1. Now, assume that {Ws} does not ( 12 − 1

r′(n,s) )–
approximate F , i.e., there exists f ∈ F such that s = size(f) and for every
g ∈ Ws, |ED[fg]| < 2

r′(n,s) . This means that in our simulation for building Ws
we gave answers that are valid for oracle STAT(f,D). Thus by the validity of
A it returns hypothesis h that (12 − 1

q(n,s) )–approximates f , i.e., h ∈ Ws. This
contradicts the assumption that |ED[fh]| < 2

r′(n,s) ≤ 2
q(n,s) . ��

Remark 2. When the size of description of every function in F is bounded by
some fixed polynomial in n, we can omit the s parameter in all the discussion
and get a single set W of polynomial (in n) size that ( 12 − 1

r′(n) )–approximates
F .
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This characterization can be easily extended to SQ-D in the following way.
Every query (fg, ρ,D′) to STAT(f,D) has its own distribution D′ ∈ D. Thus
along with every function in the approximating collection of sets we need to
record the distribution with respect to which function in F is approximated.
Formally, we define sets in collection to contain function-distribution pairs and
get the following theorem.

Theorem 9. Let F be a class learnable in SQ-D. For p and r′ defined as in
Theorem 8 there exists a collection of sets (of pairs) {Ws} such that |Ws| ≤
p(n, s) + 1 and for every f ∈ F and s = size(f) there exists (g,D′) ∈ Ws such
that D′ ∈ D and g ( 12 − 1

r′(n,s) )–approximates f with respect to D
′ (or {Ws}

( 12 − 1
r′(n,s) )–approximates F with respect to D for short).

7.2 Applications

Although the characterization we gave for SQ is not equivalent to SQ-DIM given
in [4] it is applied in the very similar way. In fact, is easy to see that the main
result of application of SQ-DIM (concerning the SQ-learnability of class contain-
ing superpolynomial number of parity functions) can be as well easily obtained
using our characterization.
Our characterization of SQ-D learnable classes can be used to show the lim-

itations of SQ-Dρ model. BSρ learns the class of all parity function containing
at most O(log n) variables (with respect to U). On the other hand, we will show
that class of all parity function containing at most c(n) logn variables for an
unbounded c(n) cannot be learned in SQ-Dρ. For this purpose we denote by
Ak = {0, 1}k[0]n−k, and let PARk denote the class of all parity functions for
vectors in Ak, i.e., all parity functions based on the first k variables. In fact, we
give somewhat stronger result.

Theorem 10. Let c(n) any unbounded function. PARc(n) log n is not weakly
learnable in SQ-Dρ for any unbounded c(n).
Proof: Assume that the theorem is not true. By Theorem 9 (with Remark 2)
there exist polynomials p(n) and r(n) and set of pairs W such that |W | ≤ p(n)
and for every f ∈PAR there exists (g,D′) ∈ W , where D′ ∈ Dρ, such that
ED′ [gχa] ≥ 1/r(n). This means that

∑
1≤i≤|W |E

2
Di
[giχa] ≥ 1/r2(n). And thus

∑
a∈Ak

∑
1≤i≤|W |

E2Di
[giχa] ≥ |Ak|/r2(n) .

This means that there exists i such that∑
a∈Ak

E2Di
[giχa] ≥ |Ak|/(|W |r2(n)) ≥ |Ak|/(p(n)r2(n)) .

Or, if we denote by Uk a uniform distribution over Ak, then we get that

Ea∼Uk

[
E2Di

[giχa]
] ≥ 1/(p(n)r2(n)) . (1)
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On the other hand,

Ea∼Uk

[
E2Di

[giχa]
]
= Ex∼Di [Ey∼Di [gi(x)gi(y)Ea∼Uk [χa(x⊕ y)]]] .

But

λ(x) � Ea∼Uk [χa(x)] = Ea∼Uk [χx[1,k](a[1,k])] =
{
0 x[1,k] �= [0]k
1 x[1,k] = [0]k

We denote by Dki distribution induced by Di over [0]
k{0, 1}n−k. Using the fact

that Di is a product distribution we can write the expression we are evaluating
as follows

Ex∼Di


 ∑
y∈{0,1}n

Di(y)gi(x)gi(y)λ(x⊕ y)

 =

Ex∼Di


 ∑
y∈0k{0,1}n−k

PrDi [x[1,k] = [0]
k]Dki (y[k+1,n])gi(x)gi(y)


 =

PrDi
[x[1,k] = [0]k]Ex∼Di

[
Ey∼Dk

i
[gi(x)gi(y)]

]
≤

PrDi [x[1,k] = [0]
k] ≤ (1− ρ)k (2)

For k = c(n) logn, (1 − ρ)k = n−c0c(n) for a positive constant c0. As c(n) is
unbounded, equation 1 contradicts equation 2. ��
The last theorem may also be used to prove that the set of concept classes

learnable in the PAC model with classification noise of constant rate is not
contained in the set of concept classes weakly learnable in SQ-D 1

4
. This result

can be obtained by combining our result with the following theorem for k =
log n log log n (see Theorem 2 in [6])

Theorem 11. PARk for noise rate η equal to any constant less than 1
2 , can

be learned with respect to the uniform distribution using number of samples and
total computation time 2O(k/ log k).

Another interesting application of our characterization is to demonstrate that
PAR - the class of all parity functions possesses some inherent hardness for any
statistics based learning. For this purpose we give the following definition. We
say that a distribution class D is biased if there exist a polynomial p(n) such
that L∞(D) ≥ 1

p(n) . We may notice that if a distribution class D is biased then
a non-uniform learning algorithm may get a value the target function at the
“biased” point. This ability contradicts the idea of statistical learning and, on
the other hand, is the main element of known algorithms for learning of parity
functions.

Theorem 12. Let D be a class of distributions. If D is not biased then for
every D ∈ D, PAR is not weakly learnable in SQ-D model with respect D.
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1 Introduction

Angluin’s exact learning model [1], using equivalence queries and membership
queries, has attracted much attention in COLT literature so far. One of its
biggest disadvantages, however, is its requirement of the membership oracle to
be able to supply, on demand, the value of the target function at any point
of its domain. To relax this requirement, the model of Incomplete Membership
Queries was suggested by Angluin and Slonim [2]. In this model, some of the
points cannot be queried: an MQ query for such a point returns the result “I
don’t know” instead of the value of the target function. Points for which MQs
are not answered are chosen randomly and independently of each other. So far,
this model was known to allow learning of functions not learnable by EQs alone,
only if many of the MQs were answered (see, for example, [2], [6] and [5]).

In this work we show that even when the MQ oracle has a polynomially
small probability of supplying an answer, Monotone DNF can still be efficiently
learned. As Monotone DNF is not efficiently learnable from equivalence queries
alone, this shows that even adding a very “weak” membership oracle to the
equivalence oracle gives additional power to the learning algorithm. The idea
behind our algorithm is that, at any stage, it is possible to find polynomially
many points on which MQs may be asked, such that any one of them being
answered would allow us to, again, generate polynomially many new points on
which MQs may be asked. Our result improves upon the previous results that
required a constant fraction of the queries to be answered for successful learn-
ing [5]. Note that this is the best possible, since an efficient learning algorithm
that uses an incomplete membership oracle with sub-polynomial probability of
answering queries should expect to never receive any answers to MQs, as it will
make only polynomially many queries. Thus, efficient exact learning with an
Incomplete Membership Oracle with probability less than polynomial of answer-
ing queries is equivalent to learning from EQs alone, and it is well known that
learning MDNF from EQs alone implies the learning of DNF from EQs alone.

We also present a more accurate analysis of the Angluin-Slonim algorithm
[2], that shows that this algorithm can actually learn MDNF with an Incomplete
MQ oracle that has success probability that is poly-logarithmically small in the
target size. This improves on the previous results known for the performance of
that algorithm.

The rest of this paper is organized as follows: Section 2 formally defines the
framework within which our results are presented, including the learning models
used and the type of problems addressed. Section 3 briefly introduces our results.
Section 4 includes a detailed presentation our main positive result, showing that
Monotone DNF can be efficiently learned using Equivalence Queries and In-
complete Membership Queries of polynomially small probability of success. We
conclude with discussion of our results and some open problems in Section 5. The
improved analysis of the Angluin-Slonim algorithm is brought in the appendix.
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2 Preliminaries

2.1 Exact Learning

The exact learning model was introduced by Angluin [1], with many variants of
it defined over the years (for instance, in [7,8,3,4]). We first define some of the
basic terms used in exact learning; We concern ourselves with learning boolean
concepts. A learning algorithm is trying to identify a target function f : X �→
{0, 1}, which is known to have been chosen from a concept class C, of boolean
functions over an instance space, or domain X . The learning process is successful
if the algorithm outputs a hypothesis function h that is equivalent to f . The
learning algorithm may query oracles. One type of oracle used is the Equivalence
Oracle EQ. This oracle receives as input some hypothesis h : X �→ {0, 1}, and
either answers ’YES’, if h ≡ f , or else, answers with some counter-example
x ∈ X for which f(x) 	= h(x). A concept class C is said to be exactly learnable
from equivalence queries, if there exists an algorithm such that for all f ∈ C and
any equivalence oracle, the algorithm, using the equivalence oracle, will output,
in polynomial time, a hypothesis h that is equivalent to f .

Another often-used oracle in exact learning is the membership oracle MQ.
The membership oracle is given as input a point x ∈ X , and returns as a re-
sult the value of the target function at the given point f(x). The criterion for
successful learning remains the same.

2.2 Monotone DNF

The concept class which we concern ourselves with is the class of Monotone
DNF formulas. A Monotone DNF formula f over n variables x1, . . . , xn is the
disjunction of terms, denoted T1, . . . , Tt. Each term is a monotone monomial in
the variables over which the formula is defined.

We may regard an assignment x to the n variables as a binary vector. We
further consider the lattice defined over these vectors by the component-wise
“and” and “or” operators. This lattice implies the ordering such that x ≤ y iff
xi ≤ yi for all i ∈ {1, . . . , n}. Once this partial order is defined, we may uniquely
define any monotone term by the minimal assignment that satisfies it. We refer
to such an assignment as the minterm of a monotone term, and denote the
monotone term whose minterm is x by T (x). We denote by wt(x) the Hamming
weight of the assignment x. Given a pair of assignments x and y, we define the
distance between them, dist(x, y)

�
= wt(x+ y) where x+ y is the sum of x and

y as vectors over GF(2). x and y are called d-close if dist(x, y) ≤ d. We say y is
a descendant of x if y < x. For a natural number d, the d-descendants of x are
all assignments y such that y is a descendant of x, and x and y are d-close.

2.3 Incomplete Membership Queries

One of the learning models with which we concern ourselves uses incomplete
membership queries, originally introduced in [2]. This is a variant of the exact
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learning model, in which the learner is given access to an oracle MQp, called the
Incomplete Membership Oracle of Probability p (where clear from the context,
we will call it just the “Incomplete Membership Oracle”, and drop the superscript
p from the notation), in addition to the equivalence oracle EQ. MQp is a prob-
abilistic function mapping the instance space X to the set {0, 1, I don’t know}.
When given as input a point x ∈ X , MQp first checks to see if this point was ever
given to it before. If so, it answers with the same answer it gave on the previous
time. If not, it tosses a biased coin with probability p of landing on “heads”. If
it lands “heads”, MQp answers “I don’t know”. Otherwise, it answers with f(x).

3 Statement of Main Results

In this paper we present two new main results regarding the learnability of
MDNF with an Incomplete MQ oracle. The first result is the following:

Theorem 1. There exists an algorithm that, with probability at least 1 − δ,
learns Monotone DNF from EQs plus incomplete MQs of probability p in time
polynomial in n, the size of the target, 1/(1− p) and log 1/δ.

Section 4 presents such a learning algorithm and its analysis. Note that, by
using p = 1− 1/poly(n, |f |), Theorem 1 implies:

Corollary 1. It is possible to efficiently exact-learn Monotone DNF formulas
from EQs and Incomplete MQs, even if MQs are answered with polynomially
small probability.

The second result, refers to the algorithm Angluin and Slonim [2] suggested
for learning MDNF:

Theorem 2. For any p < 1 − 1/2log
α n for any constant α < 1, the time com-

plexity of Angluin-Slonim’s algorithm is

tn
O

(
log 1

1−p
log log n

)
.

In particular, the algorithm runs in polynomial time for any

p = 1− 1
poly(log n)

.

The proof of this theorem is presented in the appendix.

4 A New Algorithm for Learning Monotone DNF with
Incomplete Membership Queries

In this section we present an algorithm (see Figure 1) that exact-learns the class
of Monotone DNF, using an Equivalence Oracle, and an Incomplete Membership
Oracle. The algorithm we present runs in time polynomial in the size of the
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Algorithm LearnFromIncomplete:

1. Initialization: N ← ∅, P ← ∅.
2. x← EQ(0).
If x =“YES” – output f(x) ≡ 0 and terminate.

3. Otherwise, let B ← {x}.
4. As long as no EQ was answered “YES”, do:

a) Remove from P all points x for which there exist x′ ∈ N such that x′ ≥ x
or for which there exists x′ ∈ B such that x′ ≤ x.

b) Let H ← ∨
x∈P∪B

T (x)
Ask x← EQ(H).
If x = YES, output H and halt.
If H(x) = 1, let N ← N ∪ {x}, and goto 4a.

c) For all x′ ∈ B:
let z ← x ∧ x′,
let b← MQp(z).
If b = 1, insert z to B, remove x′ from B.
If b = 0, let N ← N ∪ {z}.
If b =“I don’t know”, let P ← P ∪ {z}.

d) If none of the MQs in step 4c were answered positively, insert x into B.

Fig. 1. LearnFromIncomplete – An algorithm for Learning Monotone DNF

target function (that is n – the number of variables, and t – the number of
terms), log 1/δ, where δ is a confidence parameter, and 1/(1− p) where p is the
probability that the Incomplete Membership Oracle does not answer a query.

First, we give an informal explanation of the algorithm: The algorithm works
by maintaining three sets of points in X . The set N contains points that are
known to be negative. The set B contains points that are known to be positive.
The set P contains points that are generated by taking the conjunction of a
pair of points from B (which implies |P | = O(|B|2)). Points in P for which the
classification is known are moved to either B or N , depending on the classifi-
cation. The algorithm also removes “redundent” points from B and N (a point
x is redundent if it is covered by another point in the same set that implies x’s
classification).

The algorithm initializes N and P to be empty, and B to contain some
positive point. It then progresses by presenting the function whose minterms
are B ∪ P to the EQ oracle. If a negative counter-example is returned, it must
imply that some point in P actually belongs in N . In that case, the algorithm
will remove that point from P , and try the EQ again. If the result of the EQ
is a positive counter-example, the algorithm will ask Incomplete MQs on all
conjunctions of the new point with a point from B. The results are then stored
in one of the three sets depending on the result of the queries. A formal analysis
of the algorithm follows.

In the sequel, we assume that the target function f has t terms whose
minterms are M1, . . . ,Mt (i.e., f =

∨t
i=1 T (Mi)). Furthermore, we denote by
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Bi the following subset of B:

Bi
�
= {x ∈ B : x ≥Mi} .

Lemma 1. In each complete iteration of Step 4 of LearnFromIncomplete at least
one of the following happens: Either a point x is inserted into B such that for
all i ∈ {1, . . . , t}, if x ≥Mi then Bi = ∅, or, at least one MQ is asked on a point
y such that for some i for which y ≥ Mi, y has Hamming weight strictly less
than that of any point in Bi. Furthermore, in the second case, this y was never
queried before.

Proof. The algorithm is such that the only way to finish an iteration of step 4 is
if an equivalence query returns a positive counterexample. If the EQ returns a
positive counter example x that satisfies that for all i, if Mi ≤ x then no other
point exists in Bi then we are done with the proof. We therefore assume that
we receive a positive counter example x such that there is some Mi such that
Mi ≤ x. Furthermore, let x′ ∈ Bi be a point with minimal Hamming weight in
Bi. Consider the point x ∧ x′. Since x and x′ both satisfy T (Mi), we have that
f(x ∧ x′) = 1. Furthermore, since T (x′) was part of the hypothesis we used as
input for the EQ oracle, we know that x is not above x′ in the lattice order.
Hence x′ ∧ x < x′.

All that remains to be seen is that this point was never queried before. Indeed,
had it been queried before, the result would have been either positive (in which
case either x′∧x itself, or some point below it would have been inserted into B),
or it would have been answered with “I don’t know”, in which case it would have
been inserted into P , and never be removed from it, as its true label is 1. In both
cases, T (x∧x′) would have been one of the terms in the hypothesis passed to the
EQ oracle, in contradiction with the fact that x is a positive counter example.
Hence, x′ ∧ x was never passed to the Incomplete Membership Oracle before.

Lemma 2. With probability at least 1−δ, Algorithm LearnFromIncomplete ter-
minates after at most

O

(
tn

1− p
log

1
δ

)

iterations.

Proof. Consider the two options that we have for completing an iteration of step
4, according to Lemma 1: If the point we receive is covered only by minterms
Mis for which their Bis were empty, then for at least one of these minterms, from
now on, there will always be a point in B that belongs to it (i.e., for at least
one Bi that was empty, it will never be empty anymore). Therefore, at most t
iterations of step 4 may be such that all minterms below the counter-example
returned from the EQ oracle do not have other points above them in B (i.e., the
first case of Lemma 1 happens).

Consider the other option by which an iteration of step 4 may be completed,
according to Lemma 1: Let i be as in the statement of Lemma 1. Let x′ be a
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point with minimal Hamming weight in Bi. If the MQ on x′∧x will be answered
by the Incomplete Membership Oracle (which will happen with probability 1−p,
independent of other points in the run of the algorithm), the minimal Hamming
weight for points in Bi will be strictly reduced. Since all points in Bi must have
Hamming weight not less than that of Mi, and since no point can have Hamming
weight greater than n, the minimal Hamming weight for a point in Bi may be
lowered at most n times. Thus, for each i ∈ {1, . . . , t}, at most n “successful”
iterations, in which the query on x′∧x is answered, may occur during the running
of the algorithm. Since each iteration is “successful” for at least one term, with
probability 1− p, we have, by the Chernoff inequality, that after

O

(
tn

1− p
log

1
δ

)

iterations, with probability 1 − δ we had nt successful iterations, meaning all
minimal points in all the sets Bi are the minterms Mi themselves, which means
the target was found, and the algorithm will terminate.

Lemma 3. With probability at least 1 − δ, each iteration of Step 4 Algorithm
LearnFromIncomplete makes takes time at most:

O

((
tn

1− p
log

1
δ

)2)
.

Proof. In each iteration of Step 4, |B| grows by at most 1. Hence, by Lemma 2,
with probability at least 1− δ, |B| will never be more than

O

(
tn

1− p
log

1
δ

)
.

In each iteration, MQs are asked for every element in B (which takes O(|B|)
time). For each MQ asked, an element may be inserted into P . Thus the maximal
size of P is O(|B|2) (since there are |B| iterations, with possibly |B| elements
inserted in each one). Then, in the loop of Step 4a – Step 4b, in each iteration,
at least one element is removed from P . Thus, there are at most O(|B|2) EQs
made in that stage, before P is emptied, and a negative counter-example must
be returned. All in all, the running time of a single iteration is O(|B|2). This
completes the proof of this lemma.

Lemma 4. Throughout the running of Algorithm LearnFromIncomplete, with
probability at least 1− δ, at most

O

((
tn

1− p
log

1
δ

)2)

queries (both EQs and MQs) are made.
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Proof. Clearly, in each iteration, at most |B|MQs are made. Since |B| is at most
the total number of iterations, it follows from Lemma 2 that, w.h.p., at most

O

((
tn

1− p
log

1
δ

)2)

membership queries are asked during the running of the algorithm. For each EQ
asked, either a point is added to B (if a positive counter-example is returned),
or a point is added to N (if a negative counter-example is returned). However,
when a point is added to N , it causes at least one point to be removed from P .
Thus, the total number of equivalence queries cannot be more than |B|+|B|2 (as
there are at most |B| EQs answered positively, and at most |P | ≤ |B|2 answered
negatively). Again, from Lemma 2, this gives the required bound on the number
of equivalence queries.

The proof of Theorem 1 now becomes an immediate application of Lemmas 2
and 3.

5 Conclusion

In this work we have shown that, even when limited to answering a very small
fraction of the queries (in a sense, the smallest fraction that can still be used
by an efficient algorithm at all), the Membership Query Oracle adds significant
power to the learner. We demonstrated how an Incomplete MQ oracle can still
be used to allow exact learning of Monotone DNF. Two natural questions arise:

1. Which algorithms may be modified to work with such an Incomplete Mem-
bership Oracle? Specifically, can other interesting classes, such as Decision
Trees be efficiently learned with such an Incomplete Membership Oracle?

2. Are there any concept classes for which it may be proven that learning
with an EQ oracle and an Incomplete MQ oracle that gives answers with
polynomially small probability is not possible, but for which efficient learning
algorithms for learning with an EQ oracle and a standard MQ oracle exist?
This may be restated in the following way: Can we prove that an Incomplete
MQ oracle of polynomial probability is strictly weaker than a standard MQ
oracle?
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Appendix: A New Analysis of the Angluin-Slonim
Algorithm

We present a new analysis of the algorithm of Angluin and Slonim described
in [2]. Their algorithm proceeds by using the EQ oracle to receive a positive
counter-example, and then using the procedure Reduce attempt to locate a
min-term of the target that covers that counter-example.

(1) Reduce(x, d)
(2) Let D be the set of all d-descendants of v
(3) For each y ∈ D in breadth-first order
(4) If MQ(y) = 1 then
(5) Return Reduce(y, d)
(6) Return v.

In this procedure we start from a positive example x of f (f is the target
function) and at each iteration we move to a new positive example y that is
a d-descendant of v. When no positive example is found we return from the
procedure.

Angluin and Slonim show the following: Let x be any positive example 0 <
p < 1. If d = O(log(1/(1− p))) then with probability at least 1/2, Reduce(x, d)
returns an assignment u that is d-close to a minterm of the target formula.
Therefore adding all the d-descendants of u to the hypothesis will guarantee
getting a new minterm of the target with probability at least 1/2.

The algorithm also adds to the hypothesis all the assignments queried by
Reduce that result in an answer “I don’t know”. This guarantees that none of
those assignments will be queried twice. Some of those assignments are negative
and will be removed by the negative counterexamples we get from the equivalence
queries. (See [2, pp. 18–20] for more details of the algorithm.)

The following Lemma follows from [2, Lemma 1 and 2] and the analysis of
[2, Lemma 3].
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Lemma 5. Let f be a monotone DNF formula. Assume we have an incomplete
membership oracle for f with failure probability p, and some queries have already
been made to the oracle. Assume that x is a positive example of f such that
no descendant of x that is a positive example of f has yet been subject of a
membership query to the oracle. Let d be a positive integer, and let

g(k, d) =
(
k + 1

d

)
+
(
k + 1
d− 1

)
+ · · ·+

(
k + 1
1

)
.

Let Reduce be called with arguments x and d and let w denote the assignments
returned. Then the probability that some minterm u of f that is below w satisfies
dist(u,w) > k is at most

pg(k,d)

1− p
.

We now prove our main Lemma

Lemma 6. The probability that w is a minterm of f is at least

(1− p)k
(
1− pg(k,d)

1− p

)

for any k.

Proof. Let x = x1 and x2, x3, . . . , xl = w be the assignments that Reduce
passes through in step (5) of the algorithm. Let U be the set of all points in
{0, 1}n such that for any u ∈ U every minterm of f that is below u is of distance
at most k from u. For u ∈ U let Au be a random variable that is 1 if x1 = u or for
some i > 1 we have xi = u and xi−1 	∈ U , and 0 otherwise and let A =

∑
u∈U Au.

Let B be a random variable that is 1 if w is a minterm and 0 otherwise. We first
prove the following

1. If B = 1 then Au = 1 for exactly one u ∈ U .
2. E[A] ≥ 1− pg(k,d)

1−p .
3. E[B|Au] ≥ (1− p)k for every u ∈ U .

To prove (1) we have: If B = 1 then xl = w is a minterm of f and xl ∈ U . If
x1 ∈ U then Ax1 = 1 and it is the only one that is equal to 1. Otherwise let i
be the least integer such that xi ∈ U and xi−1 	∈ U . Then Axi = 1 and it is the
only one that is equal to 1.

(2) is true because if w ∈ U then Axi = 1 for some xi ∈ U and then A = 1.
Therefore, by Lemma 5

E[A] ≥ Pr[w ∈ U ] ≥ 1− pg(k,d)

1− p
.

To prove (3) notice that E[B|Au] is the probability that Reduce(u, d) returns
a minterm. Since u ∈ U we have dist(u, y) ≤ k for any minterm y of f that
is below u. We consider the path u → u(0) → u(1) → · · · → u(k

′) that is
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produced from running Angluin’s algorithm for monotone DNF in [1] (with per-
fect membership queries) with the positive counterexample u. This is the same
path that Reduce(u, d) would take if p = 0. We will find the probability that
Reduce(u, d) will take this path. Notice first that this probability is at most
E[B|Au]. Now since k′ ≤ k and the success probability of moving from u(i) to
u(i+1) in Reduce is 1 − p, the probability that this path is taken is exactly
(1− p)k

′ ≥ (1− p)k. Therefore,

E[B|Au] ≥ (1− p)k.

Now we are ready to prove the Lemma. By (1)–(3) we have

Pr[w is a minterm] = E[B]

= E

[∑
u∈U

AuB

]
By (1)

=
∑
u∈U

E[AuB]

=
∑
u∈U

E[Au]E[B|Au]

≥ min
u

E[B|Au]
∑
u∈U

E[Au]

= min
u

E[B|Au]E[A] and by (2) and (3)

≥ (1− p)k
(
1− pg(k,d)

1− p

)

In [2] Angluin and Slonim show that the expected time and total number of
queries needed for the algorithm is

tnO(log
1

1−p ).

We are now ready to present the proof of Theorem 2:

Proof. (Theorem 2) Since the success probability of getting a minterm is

w = (1− p)k
(
1− pg(k,d)

1− p

)

the expected number of queries is tnd/w. Now we choose

d =
log 1

1−p + log ln 2
1−p

log log n+ log c− log log 1
1−p

=
log
(

1
1−p ln

2
1−p
)

log
(
c logn
log 1

1−p

)
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and
k = cd

log n

log 1
1−p

for some constant c < 1.
Now

pg(k,d) ≤ (1− (1− p))(
k
d )

d

≤ e−(1−p)(
k
d )

d

= e
−(1−p)

(
c log n

log 1
1−p

)d

= e− ln
2

1−p =
1
2
(1− p)

and therefore

1− pg(k,d)

1− p
≥ 1

2

and
w =

1
2
(1− p)k =

1
2
n−cd.

Hence we have
tnd

w
= 2tn(1+c)d.

Now since p < 1− 1/2log
α n we have log log 1

1−p < α log log n and therefore

d = O

(
log 1

1−p
log log n

)
.

and
tnd

w
= tn

O

(
log 1

1−p
log log n

)
.
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Abstract. We show that the class of monotone 2O(
√

log n)-term DNF
formulae can be PAC learned in polynomial time under the uniform dis-
tribution from random examples only. This is an exponential improve-
ment over the best previous polynomial-time algorithms in this model,
which could learn monotone o(log2 n)-term DNF, and is the first efficient
algorithm for monotone (logn)ω(1)-term DNF in any nontrivial model of
learning from random examples. We also show that various classes of
small constant-depth circuits which compute monotone functions on few
input variables are PAC learnable in polynomial time under the uniform
distribution. All of our results extend to learning under any constant-
bounded product distribution.

1 Introduction

A disjunctive normal form formula, or DNF, is a disjunction of conjunctions of
Boolean literals. The size of a DNF is the number of conjunctions (also known
as terms) which it contains. In a seminal 1984 paper [30] Valiant introduced the
distribution-free model of Probably Approximately Correct (PAC) learning from
random examples and posed the question of whether polynomial-size DNF are
PAC learnable in polynomial time. Over the past fifteen years the DNF learning
problem has been widely viewed as one of the most important – and challenging
– open questions in computational learning theory. This paper substantially
improves the best previous results for a well-studied restricted version of the
DNF learning problem.

1.1 Previous Work

The lack of progress on Valiant’s original question – are polynomial-size DNF
learnable from random examples drawn from an arbitrary distribution in poly-
nomial time? – has led many researchers to study restricted versions of the DNF
learning problem. As detailed below, the restrictions which have been considered
include

– allowing the learner to make membership queries for the value of the target
function at points selected by the learner;
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– requiring that the learner succeed only under restricted distributions on ex-
amples, such as the uniform distribution, rather than all distributions;

– requiring that the learner succeed only for restricted subclasses of DNF for-
mulae such as monotone DNF with a bounded number of terms.

A SAT-k DNF is a DNF in which each truth assignment satisfies at most
k terms. Khardon [22] gave a polynomial time membership query algorithm
for learning polynomial-size SAT-1 DNF under the uniform distribution; this
result was later strengthened by Blum et al. [4] to SAT-k DNF for any constant
k. Bellare [6] gave a polynomial time membership query algorithm for learning
O(log n)-term DNF under the uniform distribution. This result was strengthened
by Blum and Rudich [7] who gave a polynomial time algorithm for exact learning
O(log n)-term DNF using membership and equivalence queries; several other
polynomial-time algorithms for O(log n)-term DNF have since been given in
this model [3,9,10,25]. Mansour [27] gave a nO(log log n)-time membership query
algorithm which learns polynomial-size DNF under the uniform distribution.
In a celebrated result, Jackson [18] gave a polynomial-time membership query
algorithm for learning polynomial-size DNF under constant-bounded product
distributions. His algorithm, the efficiency of which was subsequently improved
by several authors [11,23], is the only known polynomial time algorithm for
learning the unrestricted class of polynomial size DNF in any learning model.

In the standard PAC model without membership queries positive results are
known for various subclasses of DNF under restricted distributions. A read-k
DNF is one in which each variable appears at most k times. Kearns et al. [20,21]
showed that read-once DNF are PAC learnable under the uniform distribution
in polynomial time. Hancock [15] extended this result to read-k DNF for any
constant k. Verbeurgt [31] gave an algorithm for learning arbitrary polynomial-
size DNF under the uniform distribution in time nO(log n), and Linial et al. [26]
gave an algorithm for learning any AC0 circuit (constant depth, polynomial size,
unbounded fanin AND/OR gates) under the uniform distribution in npoly(log n)

time.
A monotone DNF is a DNF with no negated variables. It is well known that

in the distribution-independent setting, learning monotone DNF is equivalent to
learning general DNF [20]. However this equivalence does not hold for restricted
distributions such as the uniform distribution, and many researchers have stud-
ied the problem of learning monotone DNF under restricted distributions. Han-
cock and Mansour [16] gave a polynomial time algorithm for learning monotone
read-k DNF under constant-bounded product distributions. Verbeurgt [32] gave
a polynomial time uniform distribution algorithm for learning poly-disjoint one-
read-once monotone DNF and read-once factorable monotone DNF. Kucera et
al. [24] gave a polynomial-time algorithm which learns monotone k-term DNF
under the uniform distribution using hypotheses which are monotone k-term
DNF. This was improved by Sakai and Maruoka [29] who gave a polynomial-
time algorithm for learning monotone O(log n)-term DNF under the uniform
distribution using hypotheses which are monotone O(log n)-term DNF. In [9]
Bshouty gave a polynomial-time uniform-distribution algorithm for learning a
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class which includes monotone O(log n)-term DNF. Later Bshouty and Tamon
[12] gave a polynomial-time algorithm for learning a class which includes mono-
tone O(log2 n/(log log n)3)-term DNF under constant-bounded product distri-
butions.

1.2 Our Results

We give an algorithm for learning monotone DNF under the uniform distribu-
tion. If the desired accuracy level ε is constant as a function of n (the number of
variables), then the algorithm learns 2O(

√
logn)-term monotone DNF over n vari-

ables in poly(n) time. (We note that the algorithm of [12] for learning monotone
DNF with O((log n)2/(log log n)3) terms also requires that ε be constant in order
to achieve poly(n) runtime.) This is the first polynomial time algorithm which
uses only random examples and successfully learns monotone DNF with more
than a polylogarithmic number of terms. We also show that essentially the same
algorithm learns various classes of small constant-depth circuits which compute
monotone functions on few variables. All of our results extend to learning under
any constant-bounded product distribution.

Our algorithm combines ideas from Linial et al.’s influential paper [26] on
learning AC0 functions using the Fourier transform and Bshouty and Tamon’s
paper [12] on learning monotone functions using the Fourier transform. By ana-
lyzing the Fourier transform of AC0 functions, Linial et al. showed that almost
all of the Fourier “power spectrum” of any AC0 function is contained in “low”
Fourier coefficients, i.e. coefficients which correspond to small subsets of vari-
ables. Their learning algorithm estimates each low Fourier coefficient by sam-
pling and constructs an approximation to f using these estimated Fourier coeffi-
cients. If c is the size bound for low Fourier coefficients, then since there are

(
n
c

)
Fourier coefficients corresponding to subsets of c variables the algorithm requires
roughly nc time steps. Linial et al. showed that for AC0 circuits c is essentially
poly(logn); this result was later sharpened for DNF formulae by Mansour [27].

Our algorithm extends this approach in the following way: Let C ⊂ AC0 be
a class of Boolean functions which we would like to learn. Suppose that C has
the following properties:

1. For every f ∈ C there is a set Sf of “important” variables such that almost all
of the power spectrum of f is contained in Fourier coefficients corresponding
to subsets of Sf .

2. There is an efficient algorithm which identifies the set Sf from random ex-
amples.

(Such an algorithm, which we give in Section 3.1, is implicit in [12] and requires
only that f be monotone.) We can learn an unknown function f from such a
class C by first identifying the set Sf , then estimating the low Fourier coefficients
which correspond to small subsets of Sf and using these estimates to construct an
approximation to f. To see why this works, note that since f is in AC0 almost all
of the power spectrum of f is in the low Fourier coefficients; moreover, property
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(1) implies that almost all of the power spectrum of f is in the Fourier coefficients
which correspond to subsets of Sf . Consequently it must be the case that almost
all of the power spectrum of f is in low Fourier coefficients which correspond
to subsets of Sf . Thus in our setting we need only estimate the

(|Sf |
c

)
Fourier

coefficients which correspond to “small” subsets of variables in Sf . If |Sf | � n
then this is much more efficient than estimating all

(
n
c

)
low Fourier coefficients.

In Section 2 we formally define the learning model and give some necessary
facts about Fourier analysis over the Boolean cube. In Section 3 we give our
learning algorithm for the uniform distribution, and in Section 4 we describe
how the algorithm can be modified to work under any constant-bounded product
distribution.

2 Preliminaries

We write [n] to denote the set {1, . . . , n} and use capital letters for subsets
of [n]. We write |A| to denote the number of elements in A. Barred lowercase
letters denote bitstrings, i.e. x = (x1, . . . , xn) ∈ {0, 1}n. In this paper Boolean
circuits are composed of AND/OR/NOT gates where AND and OR gates have
unbounded fanin and negations occur only on inputs. We view Boolean functions
on n variables as real valued functions which map {0, 1}n to {−1, 1}. A Boolean
function f : {0, 1}n → {−1, 1} is monotone if changing the value of an input bit
from 0 to 1 never causes the value of f to change from 1 to −1.

If D is a distribution and f is a Boolean function on {0, 1}n, then as in [12,
16] we say that the influence of xi on f with respect to D is the probability that
f(x) differs from f(y), where y is x with the i-th bit flipped and x is drawn from
D. For ease of notation let fi,0 denote the function obtained from f by fixing xi
to 0 and let fi,1 be defined similarly. We thus have

ID,i(f) = Pr
D

[fi,0(x) �= fi,1(x)] =
1
2
ED[|fi,1 − fi,0|].

For monotone f this can be further simplified to

ID,i(f) =
1
2
ED[fi,1 − fi,0] =

1
2

(ED[fi,1]− ED[fi,0]) . (1)

We frequently use Chernoff bounds on sums of independent random variables
[14]:

Theorem 1. Let x1, . . . , xm be independent identically distributed random vari-
ables with E[xi] = p, |xi| ≤ B, and let sm = x1 + · · ·+ xm. Then

m ≥ 2B2

ε2
ln

2
δ

implies that Pr
[∣∣∣sm

m
− p
∣∣∣ > ε

]
≤ δ.
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2.1 The Learning Model

Our learning model is a distribution-specific version of Valiant’s Probably Ap-
proximately Correct (PAC) model [30] which has been studied by many re-
searchers, e.g. [4,6,11,12,13,16,18,22,24,26,27,31,32]. Let C be a class of Boolean
functions over {0, 1}n, let D be a probability distribution over {0, 1}n, and let
f ∈ C be an unknown target function. A learning algorithm A for C takes as
input an accuracy parameter 0 < ε < 1 and a confidence parameter 0 < δ < 1.
During its execution the algorithm has access to an example oracle EX(f,D)
which, when queried, generates a random labeled example 〈x, f(x)〉 where x is
drawn according to D. The learning algorithm outputs a hypothesis h which
is a Boolean function over {0, 1}n; the error of this hypothesis is defined to be
error(h, f) = PrD[h(x) �= f(x)]. We say that A learns C under D if for every
f ∈ C and 0 < ε, δ < 1, with probability at least 1 − δ algorithm A outputs a
hypothesis h which has error(h, f) ≤ ε.

2.2 The Discrete Fourier Transform

Let U denote the uniform distribution over {0, 1}n. The set of all real valued
functions on {0, 1}n may be viewed as a 2n-dimensional vector space with inner
product defined as

〈f, g〉 = 2−n
∑

x∈{0,1}n

f(x)g(x) = EU [fg]

and norm defined as ‖f‖ =
√〈f, f〉. Given any subset A ⊆ [n], the Fourier

basis function χA : {0, 1}n → {−1, 1} is defined by χA(x) = (−1)|A∩X|, where
X is the subset of [n] defined by i ∈ X iff xi = 1. It is well known that the
2n basis functions χA form an orthonormal basis for the vector space of real
valued functions on {0, 1}n; we refer to this basis as the χ basis. In particular,
any function f can be uniquely expressed as f(x) =

∑
A f̂(A)χA(x), where the

values f̂(A) are known as the Fourier coefficients of f with respect to the χ basis.
Since the functions χA form an orthonormal basis, the value of f̂(A) is 〈f, χA〉;
also, by linearity we have that f(x) + g(x) =

∑
A(f̂(A) + ĝ(A))χA(x). Another

easy consequence of orthonormality is Parseval’s identity

EU [f2] = ‖f‖2 =
∑
A⊆[n]

f̂(A)2.

If f is a Boolean function then this value is exactly 1. Finally, for any Boolean
function f and real-valued function g we have [12,26]

Pr
U

[f �= sign(g)] ≤ EU [(f − g)2] (2)

where sign(z) takes value 1 if z ≥ 0 and takes value −1 if z < 0.
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3 Learning under Uniform Distributions

3.1 Identifying Relevant Variables

The following lemma, which is implicit in [12], gives an efficient algorithm for
identifying the important variables of a monotone Boolean function. We refer to
this algorithm as FindVariables.

Lemma 1. Let f : {0, 1}n → {−1, 1} be a monotone Boolean function. There
is an algorithm which has access to EX(f,U), runs in poly(n, 1/ε, log 1/δ) time
steps for all ε, δ > 0, and with probability at least 1 − δ outputs a set Sf ⊆ [n]
such that

i ∈ Sf implies
∑
A:i∈A

f̂(A)2 ≥ ε/2 and i /∈ Sf implies
∑
A:i∈A

f̂(A)2 ≤ ε.

Proof. Kahn et al. ([19] Section 3) have shown that

IU,i(f) =
∑
A:i∈A

f̂(A)2. (3)

To prove the lemma it thus suffices to show that IU,i(f) can be estimated to
within accuracy ε/4 with high probability. By Equation (1) from Section 2 this
can be done by estimating EU [fi,1] and EU [fi,0]. Two applications of Chernoff
bounds finish the proof: the first is to verify that with high probability a large
sample drawn from EX(f,U) contains many labeled examples which have xi = 1
and many which have xi = 0, and the second is to verify that a collection of
many labeled examples with xi = b with high probability yields an accurate
estimate of EU [fi,b]. ��

3.2 The Learning Algorithm

Our learning algorithm, which we call LearnMonotone, is given below:

– Use FindVariables to identify a set Sf of important variables.
– Draw m labeled examples 〈x1, f(x1)〉, . . . , 〈xm, f(xm)〉 from EX(f,U). For

every A ⊆ Sf with |A| ≤ c set αA = 1
m

∑m
i=1 f(xi)χA(xi). For every A such

that |A| > c or A �⊆ Sf set αA = 0.
– Output the hypothesis sign(g(x)), where g(x) =

∑
A αAχA(x).

The algorithm thus estimates f̂(A) for A ⊆ Sf , |A| ≤ c by sampling and con-
structs a hypothesis using these approximate Fourier coefficients. The values of
m and c and the parameter settings for FindVariables are specified below.
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3.3 Learning Monotone 2O(
√

log n)-Term DNF

Let f : {0, 1}n → {−1, 1} be a monotone t-term DNF. The proof that algorithm
LearnMonotone learns f uses a DNF called f1 to show that FindVariables
identifies a small set of variables Sf and uses another DNF called f2 to show that
f can be approximated by approximating Fourier coefficients which correspond
to small subsets of Sf .

Let f1 be the DNF which is obtained from f by removing every term which
contains more than log 32tnε variables. Since there are at most t such terms each
of which is satisfied by a random example with probability less than ε/32tn, we
have PrU [f(x) �= f1(x)] < ε

32n (this type of argument was first used by Verbeurgt
[31]). Let R ⊆ [n] be the set of variables which f1 depends on; it is clear that
|R| ≤ t log 32tnε . Moreover, since IU,i(f1) = 0 for i /∈ R, equation (3) from Section
3.1 implies that f̂1(A) = 0 for A �⊆ R.

Since f and f1 are Boolean functions, f−f1 is either 0 or 2, so EU [(f−f1)2] =
4PrU [f �= f1] < ε/8n. By Parseval’s identity we have

EU [(f − f1)2] =
∑
A

(f̂(A)− f̂1(A))2

=
∑
A⊆R

(f̂(A)− f̂1(A))2 +
∑
A �⊆R

(f̂(A)− f̂1(A))2

=
∑
A⊆R

(f̂(A)− f̂1(A))2 +
∑
A �⊆R

(f̂(A))2

< ε/8n.

Thus
∑
A �⊆R f̂(A)2 < ε

8n , and consequently we have

i /∈ R implies
∑
A:i∈A

f̂(A)2 <
ε

8n
. (4)

We set the parameters of FindVariables so that with high probability

i ∈ Sf implies
∑
A:i∈A

f̂(A)2 ≥ ε/8n (5)

i /∈ Sf implies
∑
A:i∈A

f̂(A)2 ≤ ε/4n. (6)

Inequalities (4) and (5) imply that Sf ⊆ R, so |Sf | ≤ t log 32tnε . Furthermore,
since A �⊆ Sf implies i ∈ A for some i /∈ Sf , inequality (6) implies

∑
A �⊆Sf

f̂(A)2 ≤ ε/4. (7)

The following lemma is due to Mansour ([27] Lemma 3.2):
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Lemma 2 (Mansour). Let f be a DNF with terms of size at most d. Then for
all ε > 0 ∑

|A|>20d log(2/ε)
f̂(A)2 ≤ ε/2.

One approach at this point is to use Mansour’s lemma to approximate f by
approximating the Fourier coefficients of all subsets of Sf which are smaller
than 20d log(2/ε), where d = log 32tnε is the maximum size of any term in f1.
However, this approach does not give a good overall running time because d is too
large. Instead we consider another DNF with smaller terms than f1 which also
closely approximates f. By using this stronger bound on term size in Mansour’s
lemma we get a better final result.

More precisely, let f2 be the DNF obtained from f by removing every term
which contains at least log 32tε variables. Let c = 20 log 128tε log 8ε . Mansour’s
lemma implies that ∑

|A|>c
f̂2(A)2 ≤ ε/8. (8)

Moreover, we have PrU [f �= f2] ≤ ε/32 and hence

4Pr
U

[f �= f2] = EU [(f − f2)2] =
∑
A

(f̂(A)− f̂2(A))2 ≤ ε/8. (9)

Let αA and g(x) be as defined in LearnMonotone. Using inequality (2) from
Section 2.2, we have

Pr[sign(g) �= f ] ≤ EU [(g − f)2] =
∑
A

(αA − f̂(A))2 = X + Y + Z,

where

X =
∑

|A|≤c,A �⊆Sf

(αA − f̂(A))2,

Y =
∑
|A|>c

(αA − f̂(A))2,

Z =
∑

|A|≤c,A⊆Sf

(αA − f̂(A))2.

To bound X, we observe that αA = 0 for A �⊆ Sf , so by (7) we have

X =
∑

|A|≤c,A �⊆Sf

f̂(A)2 ≤
∑
A �⊆Sf

f̂(A)2 ≤ ε/4.

To bound Y, we note that αA = 0 for |A| > c and hence Y =
∑
|A|>c f̂(A)2.

Since f̂(A)2 ≤ 2(f̂(A)− f̂2(A))2 + 2f̂2(A)2, we have

Y ≤ 2
∑
|A|>c

(f̂(A)− f̂2(A))2 + 2
∑
|A|>c

f̂2(A)2
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≤ 2
∑
A

(f̂(A)− f̂2(A))2 + ε/4

≤ ε/2

by inequalities (8) and (9) respectively.
It remains to bound Z =

∑
|A|≤c,A⊆Sf

(αA − f̂(A))2. As in Linial et al. [26]
this sum can be made less than ε/4 by taking m sufficiently large so that with
high probability each estimate αA differs from the true value f̂(A) by at most√

ε/4|Sf |c. A straightforward Chernoff bound argument shows that taking m =
poly(|Sf |c, 1/ε, log(1/δ)) suffices.

Thus, we have X + Y + Z ≤ ε. Recalling our bounds on |Sf | and c, we have
proved:

Theorem 2. Under the uniform distribution, for any ε, δ > 0, the algorithm
LearnMonotone can be used to learn t-term monotone DNF in time polynomial
in n, (t log tn

ε )log
t
ε log

1
ε and log(1/δ).

Taking t = 2O(
√
logn) we obtain the following corollary:

Corollary 1. For any constant ε algorithm LearnMonotone learns 2O(
√
logn)-

term monotone DNF in poly(n, log(1/δ)) time under the uniform distribution.

As noted earlier, Bshouty and Tamon’s algorithm [12] for learning monotone
DNF with O((log n)2/(log log n)3) terms also requires that ε be constant in order
to achieve poly(n) runtime.

3.4 Learning Small Constant-Depth Monotone Circuits on Few
Variables

Let C be the class of depth d, size M circuits which compute monotone functions
on r out of n variables. An analysis similar to that of the last section (but
simpler since we do not need to introduce auxiliary functions f1 and f2) shows
that algorithm LearnMonotone can be used to learn C. As in the last section the
FindVariables procedure is used to identify the “important” relevant variables,
of which there are now at most r. Instead of using Mansour’s lemma, we use the
main lemma of Linial et al. [26] to bound the total weight of high-order Fourier
coefficients for constant-depth circuits:

Lemma 3 (Linial et al.). Let f be a Boolean function computed by a circuit
of depth d and size M and let c be any integer. Then

∑
|A|>c

f̂(A)2 ≤ 2M2−c
1/d/20.

Taking m = poly(rc, 1/ε, log(1/δ)) and c = Θ((log(M/ε))d) in LearnMonotone
we obtain:
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Theorem 3. Fix d ≥ 1 and let Cd,M,r be the class of depth d, size M circuits
which compute monotone functions on r out of n variables. Under the uniform
distribution, for any ε, δ > 0, algorithm LearnMonotone learns class Cd,M,r in
time polynomial in n, r(log(M/ε))d and log(1/δ).

One interesting corollary is the following:

Corollary 2. Fix d ≥ 1 and let Cd be the class of depth d, size 2O((log n)
1/(d+1))

circuits which compute monotone functions on 2O((log n)
1/(d+1)) variables. Then

for any constant ε algorithm LearnMonotone learns class Cd in poly(n, log(1/δ))
time.

While this class Cd is rather limited from the perspective of Boolean cir-
cuit complexity, from a learning theory perspective it is fairly rich. We note
that Cd strictly includes the class of depth d, size 2O((log n)

1/(d+1)) circuits on
2O((log n)

1/(d+1)) variables which contain only unbounded fanin AND and OR
gates. This follows from results of Okol’nishnikova [28] and Ajtai and Gurevich
[1] (see also [8] Section 3.6) which show that there are monotone functions which
can be computed by AC0 circuits but are not computable by AC0 circuits which
have no negations.

4 Product Distributions

A product distribution over {0, 1}n is characterized by parameters µ1, . . . , µn
where µi = Pr[xi = 1]. Such a distribution D assigns values independently to
each variable, so for a ∈ {0, 1}n we have D(a) =

(∏
ai=1 µi

) (∏
ai=0(1− µi)

)
.

The uniform distribution is a product distribution with each µi = 1/2. The
standard deviation of xi under a product distribution is σi =

√
µi(1− µi). A

product distribution D is constant-bounded if there is some constant c ∈ (0, 1)
independent of n such that µi ∈ [c, 1 − c] for all i = 1, . . . , n. We let β denote
maxi=1,...,n(1/µi, 1/(1 − µi)). Throughout the rest of this paper D denotes a
product distribution.

Given a product distribution D we define a new inner product over the vector
space of real valued functions on {0, 1}n as

〈f, g〉D =
∑

x∈{0,1}n

D(x)f(x)g(x) = ED[fg]

and a corresponding norm ‖f‖D =
√〈f, f〉D. We refer to this norm as the

D-norm. For i = 1, . . . , n let zi = (xi − µi)/σi. Given A ⊆ [n], let φA be
defined as φA(x) =

∏
i∈A zi. As noted by Bahadur [5] and Furst et al. [13], the

2n functions φA form an orthonormal basis for the vector space of real valued
functions on {0, 1}n with respect to the D-norm, i.e. 〈φA, φB〉D is 1 if A = B
and is 0 otherwise. We refer to this basis as the φ basis. The following fact is
useful:
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Fact 1 (Bahadur; Furst et. al) The φ basis is the basis which would be ob-
tained by Gram-Schmidt orthonormalization (with respect to the D-norm) of the
χ basis performed in order of increasing |A|.

By the orthonormality of the φ basis, any real function on {0, 1}n can be uniquely
expressed as f(x) =

∑
A f̃(A)φA(x) where f̃(A) = 〈f, φA〉D is the Fourier co-

efficient of A with respect to the φ basis. Note that we write f̃(A) for the φ

basis Fourier coefficient and f̂(A) for the χ basis Fourier coefficient. Also by
orthonormality we have Parseval’s identity

ED[f2] = ‖f‖2D =
∑
A⊆[n]

f̃(A)2

which is 1 for Boolean f. Finally, for Boolean f and real-valued g we have ([13]
Lemma 10)

Pr
D

[f �= sign(g)] ≤ ED[(f − g)2]. (10)

Furst et al. [13] analyzed the φ basis Fourier spectrum of AC0 functions
and gave product distribution analogues of Linial et al.’s results on learning
AC0 circuits under the uniform distribution. In Section 4.1 we sharpen and
extend some results from [13], and in Section 5 we use these sharpened results
together with techniques from [13] to obtain product distribution analogues of
our algorithms from Section 3.

4.1 Some φ Basis Fourier Lemmas

A random restriction ρp,D is a mapping from {x1, . . . , xn} to {0, 1, ∗} where xi
is mapped to ∗ with probability p, to 1 with probability (1− p)µi, and to 0 with
probability (1 − p)(1 − µi). If f is a Boolean function then f�ρ represents the
function f(ρp,D(x)) whose variables are those xi which are mapped to ∗ and
whose other xi are instantiated as 0 or 1 according to ρp,D.

The following is a variant of H̊astad’s well known switching lemma [17]:

Lemma 4. Let D be a product distribution with parameters µi and β as defined
above, let f be a CNF formula where each clause has at most d literals, and let
ρp,D be a random restriction. Then with probability at least 1− (4βpd)s,

1. the function f�ρ can be expressed as a DNF formula where each term has at
most s literals;

2. the terms of such a DNF all accept disjoint sets of inputs.

Proof sketch: The proof is a minor modification of arguments given in Section 4
of [2]. ��

The following corollary is a product distribution analogue of ([26] Corollary
1):
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Corollary 3. Let D be a product distribution with parameters µi and β, let f be
a CNF formula where each clause has at most d literals, and let ρp,D be a random
restriction. Then with probability at least 1 − (4βpd)s we have that f̃�ρ(A) = 0
for all |A| > s.

Proof. Linial et al. [26] show that if f�ρ satisfies properties (1) and (2) of Lemma
4 then f̂�ρ(A) = 0 for all |A| > s. Hence such a f�ρ is in the space spanned by
{χA : |A| ≤ s}. By Fact 1 and the nature of Gram-Schmidt orthonormalization,
this is the same space which is spanned by {φA : |A| ≤ s}, and the corollary
follows. ��

Corollary 3 is a sharpened version of a similar lemma, implicit in [13], which
states that under the same conditions with probability at least 1 − (5βpd/2)s

we have f̃�ρ(A) = 0 for all |A| > s2. Armed with the sharper Corollary 3, using
arguments from [13] it is straightforward to prove

Lemma 5. For any Boolean function f, for any integer t,

∑
|A|>t

f̃(A)2 ≤ 2 Pr
ρp,D

[f̃�ρ(A) �= 0 for some |A| > tp/2].

Boolean duality implies that the conclusion of Corollary 3 also holds if f is
a DNF with each term of length at most d. Taking p = 1/8βd and s = log 4ε in
this DNF version of Corollary 3 and t = 16βd log 4ε in Lemma 5, we obtain the
following analogue of Mansour’s lemma (Lemma 2) for the φ basis:

Lemma 6. Let f be a DNF with terms of size at most d. Then for all ε > 0

∑
|A|>16βd log(4/ε)

f̃(A)2 ≤ ε/2.

Again using arguments from [13], Corollary 3 can also be used to prove the
following version of the main lemma from [13]:

Lemma 7. Let f be a Boolean function computed by a circuit of depth d and
size M and let c be any integer. Then

∑
|A|>c

f̃(A)2 ≤ 2M2−c
1/d/8β .

The version of this lemma given in [13] has 1/(d + 2) instead of 1/d in the
exponent of c. This new tighter bound will enable us to give stronger guarantees
on our learning algorithm’s performance under product distributions than we
could have obtained by simply using the lemma from [13].
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5 Learning under Product Distributions

5.1 Identifying Relevant Variables

We have the following analogue to Lemma 2 for product distributions:

Lemma 8. Let f : {0, 1}n → {−1, 1} be a monotone Boolean function. There is
an algorithm which has access to EX(f,D), runs in poly(n, β, 1/ε, log 1/δ) time
steps for all ε, δ > 0, and with probability at least 1 − δ outputs a set Sf ⊆ [n]
such that

i ∈ Sf implies
∑
A:i∈A

f̃(A)2 ≥ ε/2 and i /∈ Sf implies
∑
A:i∈A

f̃(A)2 ≤ ε.

The proof uses the fact ([12] Lemma 4.1) that 4σ2i ID,i(f) =
∑
A:i∈A f̃(A)2 for

any Boolean function f and any product distribution D. The algorithm uses
sampling to approximate each µi (and thus σi) and to approximate ID,i(f). We
call this algorithm FindVariables2.

5.2 The Learning Algorithm

We would like to modify LearnMonotone so that it uses the φ basis rather than
the χ basis. However, as in [13] the algorithm does not know the exact values
of µi so it cannot use exactly the φ basis; instead it approximates each µi by a
sample value µ′i and uses the resulting basis, which we call the φ′ basis. In more
detail, the algorithm is as follows:

– Use FindVariables2 to identify a set Sf of important variables.
– Draw m labeled examples 〈x1, f(x1)〉, . . . , 〈xm, f(xm)〉 from EX(f,D). Com-

pute µ′i = 1
m

∑m
j=1 xji for 1 ≤ i ≤ n. Define z′i = (xi − µ′i)/

√
µ′i(1− µ′i) and

φ′A =
∏
i∈A z′i.

– For every A ⊆ Sf with |A| ≤ c set α′A = 1
m

∑m
j=1 f(xj)φ′A(xj). If |α′A| > 1

set α′A = sign(α′A). For every A such that |A| > c or A �⊆ Sf set α′A = 0.
– Output the hypothesis sign(g(x)), where g(x) =

∑
A α′AχA(x).

We call this algorithm LearnMonotone2. As in [13] we note that setting α′A to
±1 if |α′A| > 1 can only bring the estimated value closer to the true value of
f̃(A).

5.3 Learning Monotone 2O(
√

log n)-Term DNF

For the most part only minor changes to the analysis of Section 3.3 are required.
Since a term of size greater than d is satisfied by a random example from D with
probability less than (β−1β )d, we now take log β

β−1

32tn
ε = Θ(β log tn

ε ) as the term

size bound for f1. Proceeding as in Section 3.3 we obtain |Sf | = O(βt log tn
ε ).

We similarly set a term size bound of Θ(β log t
ε ) for f2. We use the φ basis
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Parseval identity and inequality (10) in place of the χ basis identity and in-
equality (2) respectively. Lemma 6 provides the required analogue of Mansour’s
lemma for product distributions; using the new term size bound on f2 we obtain
c = Θ(β2 log t

ε log 1ε ).
The one new ingredient in the analysis of LearnMonotone2 comes in bounding

the quantity Z =
∑
|A|≤c,A⊆Sf

(α′A − f̃(A))2. In addition to the sampling error
which would be present even if µ′i were exactly µi, we must also deal with error
due to the fact that α′A is an estimate of the φ′ basis coefficient rather than the
φ basis coefficient f̃(A). An analysis entirely similar to that of Section 5.2 of [13]
shows that taking m = poly(c, |Sf |c, βc, 1/ε, log(1/δ)) suffices. We thus have

Theorem 4. Under any product distribution D, for any ε, δ > 0, algorithm
LearnMonotone2 can be used to learn t-term monotone DNF in time polynomial
in n, (βt log tn

ε )β
2 log t

ε log
1
ε , and log(1/δ).

Since a constant-bounded product distribution D has β = Θ(1), we obtain

Corollary 4. For any constant ε and any constant-bounded product distribu-
tion D, algorithm LearnMonotone2 learns 2O(

√
logn)-term monotone DNF in

poly(n, log(1/δ)) time.

5.4 Learning Small Constant-Depth Monotone Circuits on Few
Variables

Using Lemma 7 and an analysis similar to the above, we obtain

Theorem 5. Fix d ≥ 1 and let C be the class of depth d, size M circuits
which compute monotone functions on r out of n variables. Under any product
distribution D, for any ε, δ > 0, algorithm LearnMonotone2 learns class C in
time polynomial in n, r(β log

M
ε )

d

and log(1/δ).

Corollary 5. Fix d ≥ 1 and let C be the class of depth d, size 2O((log n)
1/(d+1))

circuits which compute monotone functions on 2O((log n)
1/(d+1)) variables. Then

for any constant ε and any constant-bounded product distribution D, algorithm
LearnMonotone2 learns class C in poly(n, log(1/δ)) time.

6 Open Questions

The positive results reported in this paper for 2O(
√
logn)-term DNF provide some

hope that it may be possible to obtain a polynomial time algorithm for learning
polynomial size monotone DNF under the uniform distribution from random
examples only. We note that in the non-monotone case much less is known;
in particular, it would be a significant step forward to give a polynomial time
algorithm for learning arbitrary t(n)-term DNF under the uniform distribution,
from random examples only, for any t(n) = ω(1).
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Abstract. This paper gives an “efficient” algorithm for learning deter-
ministic finite automata by using an equivalence oracle and an incom-
plete membership oracle. This solves an open problem that was posed
by Angluin and Slonim in 94.1

1 Introduction

One of the fundemental learning problems is learning finite automata. This is an
important problem, with many reductions. One such (important) reduction is the
problem of learning O(log n)−Term DNF [13] [7]. The first “efficient algorithm”
solving this problem was published in 87 by D. Angluin [1]. That algorithm used
two omniscient oracles - one to give short counterexamples (the equivalence
oracle), and one foranswering queries (the membership oracle). Later, Kearns
and Valient showed a reduction from the automaton learning problem with the
equivalence oracle only to that of finding quadratic roots [11]. It was also shown
by Angluin [3] that it is impossible to learn an automaton using only equivalence
queries with automata hypotheses.

The model we use is situated between the “exact learning with equivalence
queries only” model and the “exact learning with membership and equivalence
queries” model, introduced by Angluin and Slonim [4] in 1994. The main differ-
ence between model and the standard membership model is that the membership
oracle is not omniscient, i.e. it does not know the answers to all the queries. The
membership oracle has a fixed probability p to know the answer to some query.
If the oracle does not know the answer, then it returns a special answer “I don’t
know” (the membership oracle never lies), keeping the oracle consistent. If the
oracle did not answer a query, it will never know the answer.

Not many positive results were published for this model. One result is learning
Monontone DNF with a constant probability of an answer (p ≤ c < 1), given
by Angluin and Slonim [4]. The algorithm we show in this paper solves one of
the open problems posed in that paper. The more general problem of learning
1 This research was supported by the fund for the promotion of reseach at the Tech-
nion. Part of research was done at the university of Calgary, Calgary, Alberta,
Canada.

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 574–588, 2001.
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monontone DNF with unbound probability of an answer p was solved by Bshouty
and Einon [9]. Other contributions concerning the learning of DNF formulas were
made by Goldman and Mathias [16] concerning learning k−term DNF formulas,
and by Chen [10], discussing restricted classes of DNF.

Organization: In section 2 we present some background on the learning model
and regular sets. Section 3 gives some definitions we use later. In section 4
we show a simple learning algorithm using standard equivalence oracle and a
failable membership oracle, with a bound number of errors. In section 5 we give
the learning algorithm for regular sets, and conclude in section 6. Appendix A
gives a more detailed description of an algorithm for adding execptions (errors)
to an automaton (briefly described in section 3). Appendix B. gives a detailed
description of the algorithm. Appendix C. gives proofs for some lemmas.

2 The Learning Model and Concept Classes

2.1 The Learning Models

In this paper, the learning criteria we consider is exact learning and the concept
class C is the set of regular languages.

We represent the class of regular languages by the set of Deterministic Finite
Automata. The deterministic finite automaton A (called here automaton) is the
tuple (S,Σ, s0, µ, F ), where S is a finite set of states, Σ is the alphabet (for this
paper, Σ = {0, 1}), s0 ∈ S is the initial state, µ : S × Σ → S is the transition
function and F is the set of accepting states.
We say that π = s0s1 . . . sk ∈ Sk+1 is the path corresponding to the word
γ = σ0 . . . σk−1 ∈ Σk if s0 is the initial state of A and for every i, µ(si, σi) = si+1.
Note that because µ is a function and s0 is unique, then each word γ has exactly
one corresponding path π in A.
We say that a word γ is a member of Lan(A) if the last state of the corresponding
path π is accepting. i.e. sk ∈ F .

In the exact learning model, there is a regular language L ∈ C called the
target language. The goal of the learning algorithm is to halt and output an
automaton A, such that Lan(A) = L.

The learning algorithm may perform a membership query by supplying a word
γ ∈ {0, 1}∗ as input to the membership oracle. The oracle answers whether γ is
a member of L or not. For our algorithm, we regard this oracle as a procedure
Membership Query, MQ(γ).

The learning algorithm may perform an equivalence query by supplying any
automaton A as input to the equivalence oracle. The oracle can either answer
“YES”, signifying that A represents the language L, or give a counterexample
γ, such that γ ∈ L � Lan(A) (where � is the symmetric difference). For our
algorithm, we regard this oracle as a procedure Equivalence Query, EQ(A).

We measure the complexity of algorithms w.r.t. the size of the smallest au-
tomaton which describes the language L and w.r.t. b, the length of the longest
counterexample. We say that a class of regular languages C is exactly learnable
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in polynomial time if there is an algorithm that outputs for each L in C an
automaton A such that Lan(A) = L in polynomial time (i.e. after a polynomial
number of operations). An assumption we make is that the length of counterex-
amples is polinomialy bound in m. That is, the equivalence oracle does not give
a counterexample of length greater than poly(m).

Two additional learning models we use are: the t-malicious membership ora-
cle, which is a membership oracle that makes no more than t wrong classifications
for all of the domain Σ∗. For our algorithm, we regard this oracle as a procedure
Malicious Membership Query, MMQ(γ).

The p-incomplete membership oracle is a membership oracle that returns
the correct answer with probability p and otherwise returns the answer “I do
not know”. An additional constraint is that the oracle is consistent, hence if the
oracle ever returns “I do not know” for some γ, it will never return anything else.
For our algorithm, we regard this oracle as a procedure Incomplete Membership
Query, IMQ(γ). For the incomplete membership model, we use an “on-line”
adversary. That is, the choice of a counterexample may depend on the target
hypothesis, all previous answers (by the membership oracle) and full knowledge
of the algorithm. The choice of counterexamples may not depend on the answers
to membership queries not yet made. This is the same adversary as in the original
model [4].
We say that an algorithm is “efficient” if it stops with a correct hypothesis with
probability greater than (1− δ), in polynomial time of m, b, 1δ ,

1
p .

3 Preliminaries

In this section, we give some notations and assumptions that are used in this
paper.

We first assume that the equivalence oracle does not give the same counterex-
ample twice. To justify this assumption, we show an algorithm (in appendix A)
for combining the counterexamples with any hypothesis automaton and get an
automaton consistent with the set of counterexamples. Because we resort to sim-
ilar techniques in section 5, we show this algorithms, instead of just stating that
regular sets are closed under exceptions.

Lemma 1. Given an automaton A, and a (non-empty) set of labeled words
M ⊂ Σ∗ × {Y es,No}, we can combine them into an automaton AM such that
for each γ ∈ Σ∗
– if γ is labeled Y es in M then γ is in Lan(AM )
– if γ is labeled No in M then γ is not in Lan(AM )
– if γ is not labeled in M then γ is in Lan(AM ) iff γ is in Lan(M)

The algortihm to build this automaton is given in Appendix A.
We call the set M the exception set and we call each member of M an

exception.
We let γβ denote concatenating the word β to the word γ, ε denotes the

zero length word. Given an automaton A, |A| denotes the size of set of states S.
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Throughout this paper we let m denote |A| — the size of the (smallest) target
automaton.

4 Exact Learning of Regular Languages
with a t-Malicious Membership Oracle

This problem can be solved using the method given by Angluin, Kriķis, Sloan
and Turán [5]. We can use that result because the language of regular sets is
closed under exeptions (as was shown in previous section). We still show some
proofs so that we can use tighter bounds. Note that we do not set any limits
on the length of exceptions for the learning algorithm, only on the length of
counterexamples. This fact lets us ignore the length of errors we emulate in the
next section.

4.1 Preview

Consider Angluin’s algorithm for learning regular languages with equivalence
queries and membership queries (we use Kearns and Vazirani version [12]). Recall
that in this algorithm, each state si is represented as some word γi that is
a member of the states representative set Γ . State si is the last state in γi
corresponding path. We also have some distinction set D. For each two different
words γi, γj ∈ Γ , there is some β ∈ D that distinguishes between them, i.e.
MQ(γiβ) �= MQ(γjβ). Also recall that after each counterexample γ, we add to
Γ some new state represented by γk. The new state we add is a prefix of the
current counterexample γ. Now consider what would happen if we were to run
Angluin’s algorithm with a t-malicious membership oracle. The algorithm will
run until it gets a counterexample countering some membership query or until
the algorithm stops. If the algorithm stops, then it has a correct hypothesis. If
we get a counterexample countering a membership oracle answer MMQ(γ), we
can correct the membership oracle and start the algorithm again. We call each
such correction a “reset”. After (at most) t “resets” we corrected all the mistakes
and the algorithm runs with no mistakes and so stops with a correct hypothesis.
Next we show that |Γ | is no larger than tb + m. Note that if t = 0, we have
that Γ is of size m. Suppose we reach the point where we have a group of states
Γ of size tb + m + 1. At this point, we have, at least, m + 1 words in Γ that
are not a prefix of a wrong answer. We denote this subgroup by ΓT . Because
A has only m distinct states, we can find two different words γi, γj ∈ ΓT that
end at the same state. As already stated, we can also find some word β ∈ D
such that MMQ(γiβ) �= MMQ(γjβ). Because γj is not a prefix of a wrong
answer, MMQ(γiβ) =MQ(γiβ). The same holds for γj . From that we get that
MQ(γiβ) �=MQ(γjβ). But if γi and γj end at the same state s, then we should
get MQ(γiβ) = MQ(γjβ) and so we have a contradiction. Because we add one
member to Γ for each equivalence query we ask, there are no more than tb+m
EQs between two “resets”. That is tb+m−1 equivalence queries for the algorithm
and the last one for countering a wrong answer by the membership oracle. The
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number of “resets” is therefore bound by t, note that after each “reset” we have
one less error. Hence we limit the number of EQs to (t+1)

2 (tb+m) ≤ t(tb+m),
and bound the number of of MMQs by t(tb+m)2 log(b).

5 Exact Learning of Regular Languages in the Incomplete
Model with an Online Adversary

In this section, we present a divide and conquer algorithm (as was defined by
Bshouty in [8]) to learn regular languages in the incomplete model that we
defined in section 2.

5.1 Preview

The following text provides some intuition for the algorithm. Suppose we have
a set Si ⊂ Σ∗ such that each path corresponding to γ ∈ Si ends at the state
si. Furthermore, suppose that the equivalence oracle returns counterexamples
that have a prefix from Si (this constraint will be removed later). We can now
learn the automaton Ai, that is the target automaton A, but with initial state
si, using Angluin’s algorithm for learning regular sets. Each time we get some
counterexample γβ to A, where γ ∈ Si. We treat it as counterexample β to
automaton Ai. Each time we need to ask MQ(β) for Ai, we query γβ for all γ
in Si, until we get an answer that is not an “I do not know”. We are guarantied
that we get the correct answer, as the path corresponding to γ ends at si. If
there are no two words γj and γk in Si, such that γj is a prefix of γk, then
all queries are independent and we improve the probability that we will not be
able to classify a word β to (1 − p)|Si| (since only one success is needed for a
classification).

Given such a large Si we can run Angluin’s algorithm and get an automaton
with a very high probability. Unfortunately, nobody gives us such a set Si. Our
algorithm tries to find such sets for some states and emulate them as initial
states. To do that we must find sets that “cover” all of our domain, except
some small number of words. We do that by building a prefix-closed tree, where
each leaf-word is assigned to some cover set Si (a leaf-word is the word that
results from traveling the path to that leaf). However, due to the way the Si are
constructed, lack of knowledge and dependencies between member sets, some
misclassifications are possible. At this point we let each cover set emulate a
different automaton and build the appropriate general automaton. Each time
we get a counterexample, it counters either one of the words inside the tree
or it counters some cover set. The size of our tree is polynomial (in b, 1p and
ln(1δ )). Now we look at the cover set counterexamples. For each cover set Si, we
run Angluin’s algorithm until the next equivalence query and then wait. When
all cover sets enter a wait state, we ask an equivalence query (using the full
automaton). The counterexample we receive can either give us an answer to some
previously asked (incomplete) membership query, or it gives a counterexample
for some cover set. We can now continue running the algorithms for this set, until
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the next equivalence query. We might find some witness β that lets us discard
some word γ from the set Si due to contradiction in the set Si. In that case we
build a new covering, and start the algorithm from the beginning. We show that
the number of such “resets” is polynomial in b, ln(1δ ) and 1

p . We also show that
the number of expected mistakes between two “resets” is polynomialy bound by
b, ln(1δ ) and 1

p . So we have an algorithm that runs in expected polynomial time.

5.2 Learning the Automaton

We start with some definitions. Two words γ and υ are said to be consistent
w.r.t. some distinction set D ⊆ {0, 1}∗ if for each β ∈ D, IMQ(γβ) = “I do not
know” or IMQ(υβ) = “I do not know” or IMQ(γβ) = IMQ(υβ). A word γ is
said to be a true prefix of υ if γ is a prefix of υ and γ �= υ. We define an order
≺ over the cover sets, so that Si ≺ Sj if and only if |Si| < |Sj | or (|Si| = |Sj |
and i < j). For a word γ ∈ Σ∗, we let [γ] denote the largest cover set Si with
respect to the order ≺, such that γ ∈ Si. We let POST (β) denote the set that
holds β and all of βs postfixes.
Now we give a short description of the algorithm. A full description can be found
in Appendix B.

The goal of our algorithm is to find some good, large enough cover sets. A
good cover set is a set of words, such that the corresponding paths of all words
end at the same state. For the work of the algorithm, we use four sets:

– The prefix set Υ ⊂ {0, 1}∗ is the set holding all the words that can be
members of a cover set. This set is prefix closed.

– The state set Γ ⊆ Υ represents the identified different states. Each word γ
in Γ ends in a different state.

– The distinction set D ⊆ {0, 1}∗ is the set holding all postfixes of queries
asked during the running of the algorithm.

– The covering {Si} is a set of cover sets. Each cover set Si is a subset of
Υ . The union of all cover sets is Υ . All leaves of Υ (i.e. words that are not
true prefixes of any other words in Υ ) are members of (at least) one large
cover set (a set larger than some constant k). All members of cover set Si
are consistent with the word γi ∈ Γ w.r.t. D. Note that the cover sets are
not necessarily disjoint.

– A fifth set is introduced only to simplify the proofs, and therefore will be
ignored for now. TERM ⊆ D holds only words that distinguish between two
members of Υ .

– We also maintain a label table which keeps all counterexamples and answers
to membership queries. Each time we get some counterexample or an answer
to some membership query, we add the answer to the table. Each time we
ask a membership query, we first check the table, and only if the table does
not hold an answer, we ask the membership oracle.

The sets listed above are initialized by setting Υ , Γ and D to be {ε} (the zero
length word). We initialize TERM to be the empty set. At the start of each
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iteration, we increase the prefix set and fix the covering by calling the procedure
partition (see the procedure in Appendix B). Procedure partition receives all
sets, and tries to find some consistent covering, such that all leaves of the prefix
set Υ are members of a large enough cover sets. As long as there is some leaf
that is not a member of a large cover set, we split this leaf. We split a leaf γ by
adding both γ0 and γ1 to Υ , making γ an inner vertex. After each such split, we
try to build a new large cover set. The procedure stops when there are no more
leaf words that are not members of a large cover set.

We build our initial hypothesis for this iteration using procedure Build −
Cover−Automaton (see the procedure in Appendix B). First, we build the tree
of the set Υ , in such a way that every inner vertex υ ∈ Υ has an edge labeled
0 to the vertex υ0 and an edge labeled 1 to the vertex υ1. Note that both υ0
and υ1 are members of Υ . Next, we build an initial automaton hypothesis for
each cover set Si. This is done as in Angluin’s algorithm. We let two edges, one
labeled 0 and the other 1, to lead from Si into Si. Next we connect each leave
υ with the set [υ] (recall that [υ] is some Sj). We connect them with two edges,
one labeled 0 and the other 1.

Next, we start our learning loop for this iteration. Each cover set Si runs
Angluin’s algorithm. At the start of each loop, all cover sets are waiting for a
counterexample. We ask the equivalence oracle for a counterexample. If we get
none, we go to wrapup phase. If we have some counterexample d, either d is a
member of Υ , in which case we fix the label and ask another equivalence query,
or there is some υ, a prefix of d, such that υ is a leaf of Υ . Hence we have d = υβ.
If d is an answer to a previous query (that was answered “I don’t know”), we fix
the label table and go to the next loop. If not, it must be a counterexample β to
the cover set [υ]. If this is the case, we can continue to run Angluin’s algorithm,
until the next equivalence query. Each time the algorithm asks a membership
query, we activate the procedure EmulateMQ(Si, β).

In procedure EmulateMQ(Si, β), we first add POST (β) toD. We then check
if all {Si} are still consistent w.r.t. D. If not, we do a “reset”, i.e., we throw away
all inconsistent words from all inconsistent cover set Si and start the next phase.
We also add a word d that caused “reset” to TERM . If all coverings are still
consistent, then we return the answer that one member λ ∈ Si answered for
IMQ(λβ). If all answers were “I don’t know”, we return an arbitrary answer
“NO”.

This is the end of both the phase loop and the learning loop, and we start
the wrapup phase. At the start of this phase, we probably have a very large
hypothesis automaton Ã that agrees with the target automaton A on all words
of length b or shorter. Because we want to learn A, we now start minimizing
Ã. If b > m2 + m, we can restart Angluin’s algorithm for learning DFAs us-
ing an equivalence oracle and a membership oracle, but with our hypothesis Ã
serving as both oracles. We return the shortest counterexample, until the short-
est counterexample is longer than m2. Our final hypothesis will be A due to
charactaristics of DFAs.
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5.3 Proofs

This section previews the proof of the proposed algorithm for “efficiently” learns
class of regular languages in the incomplete model.

First, we prove that the algorithm is correct. Our algorithm consists of two
phases, the first is learning the language L with length b as a limit, and the second
phase is learning the correct automaton. Because we can get to the second phase
only after we received an “equivalent” reply from the equivalence oracle, we really
learned the target langauge L, with b as a word limit. Now we learn again the
language, but with correct answers only, (no longer than b). By construction,
to learn an automaton of size m, we only ask mebmership queries of length not
greater than m digits beyond the longest counterexample. If we give only short
counterexamples (of length m2 or less), and if b ≥ m2+m, then at the end of the
second phase we get a correct automaton. Notice that if we have two different
automatons of length m or shorter, we can always find some counterexample of
length m2 or shorter. Hence our second phase stops with a correct answer.

Next we go over group complexity. Our first question is how large can Υ
get. We can only increase Υ by splitting a word υ (adding both 0 and 1 to
it) such that |[υ]| ≤ k. Hence, only states which appear fewer than k times
in Υ may be split. (two different words that end at the same state can never
disagree with each other). We therefore can split only k words for each state in
the target automaton A. Because |A| = m, we conclude that we have (at most)
km splits. Each split adds 2 words to Υ , so the size of Υ can not exceed 2kn+1.
For termination calculations, we also added some set TERM . We add a word
to TERM only when it distinguishes between two different words υ1 and υ2
in Υ that have no word t ∈ TERM yet which differentiates them. It follows
immediatly that |TERM | ≤ (|Υ | − 1)2, or |TERM | ≤ 4k2m2.

We count mistakes next. We define two kinds of mistakes: “knowledge mis-
tkes” and “misclassifications mistakes”. A knowledge mistake occures when all
members of a set [υ] return “I do not know”. A miscalassification mistake occurs
when a member of a set [υ] returns a wrong answer, while υ returns “I do not
know”. We get both kind of mistked only for members of Υ . Because Υ is prefix
closed and because |Υ | ≤ 2km + 1, we can count mistkes using words shorter
than 2km+ 2.

The probability that one state υ1 can lie to υ2 on t queries (i.e. cause “mis-
classifications mistakes”), is (1−p)t. The reason is that every query we ask for υ1,
we also ask for υ2 (because we add υ2 to Γ only if is no prefix of any other υ1 in
Υ ). To calculate “knowledge mistkes” we need a bit more advanced calculations.
We assume that the number of membership queries is bound by k20. Now, given
k members of Υ , how many “misclassifications mistakes” can our only adversay
cause, and we find that this number is quite low with high probability.

The bottom line of all our calculations is that if we take k to be the maximum
between: b, 2 1p ln(1δ ),100

1
p

2 and 400, we get a bound of less than k20 membership
and equivalence queries, for probability of (1− δ). This are very large numbers,
but we use them only for proof of polynomial bound. Much tighter bounds can
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be achieved (with more mathematical effort). Hence we conclude that with high
probability, our algorithm stops after a polynomial number of operations.

6 Conclusions and Open Problems

We have shown an “efficient” algorithm to learn a regular language using an
equivalence oracle and an incomplete membership oracle. Using this result, we
can learn any problem that was reducted to regular language, such as learning
an O(log n)−Term DNF [13] using the same model.

A problem that is still open is whether we can improve our algorithm so that
it will be able to handle multiplicity automata, in the same way that was done
in [6], for the omniscient model. We believe that if we can find a consistent cover
set for words in the multiplicity automaton, we can generalize algorithm [6] in
the same way as we have generalized [1].

Another open problem is whether we can generalize our algorithm in such a
way so that we will be able to apply it to a whole family of learning algorithms
in the standard model.

In future work we plan to improve this algorithm so it will manage errors in
answers (with variable probability p).

Another future improvement will show that this algorithm can handle an
“off-line” adversary — an adversary that knows all the membership oracle’s
answers in advance. We have a proof, and intend to publish it in the near future.
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Appendix A: The Exception Automaton

Here we show the exception automaton for lemma 1:
Given an automaton A, and a (non-empty) set of labeled words M ⊂ {0, 1}∗×

{Y es,No}, we can combine them into an automaton AM such that for each
γ ∈ {0, 1}∗

– (γ, Y es) ∈M → γ ∈ Lan(AM )
– (γ,No) ∈M → γ /∈ Lan(AM )
– ((γ, Y es) /∈M ∧ (γ,No) /∈M)→ (γ ∈ Lan(M)⇔ γ ∈ Lan(AM ))

Given such exception list, we build the automaton as following:

– Init Γ to be the set of words labeled in M .
– Add to Γ all prefixes of every word γ ∈ Γ .
– Let SM be S ∪ Γ (We assume that S ∩ Γ = φ).
– ΣM = {0, 1}
– Let sM0 be ε (if |M | > 0 then ε ∈ Γ ).
– The definition of µM (sM , σ):
• If sM ∈ S, then µM (sM , σ) = µ(sM , σ).
• If sM ∈ Γ and sMσ ∈ Γ , then µM (sM , σ) = sMσ.
• Let π = s0 . . . sk be the path corresponding to the word sMσ in
A. If sM ∈ Γ and sMσ /∈ Γ , then µM (sM , σ) = sk.

– Init FM to be F .
– For each γ ∈ Γ do:
• If (γ, Y es) ∈M , add γ to FM .
• If ((γ, Y es) /∈ M ∧ (γ,No) /∈ M), let π = s0 . . . sk be the path

corresponding to the word γ. If sk ∈ F , add γ to FM .

It is easy to see that this automaton really yields the original automaton
with the given exception list.
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Appendix B: The Learning Algorithm

Here we give better algorithms description and proofs for the claims in section 5.
Procedure Partition(Υ,D, Γ, {Si}):
1. For each γi ∈ Γ , initialize Si to be {γi}.
2. For each υ ∈ Υ \ Γ :

a) Add υ to all Si, such that υ is consistent with γi w.r.t. D.
b) If no such γi exists:

i. Add υ to Γ .
ii. Goto 1. \* we restart the procedure*\

3. Initialize Λ to be Υ .
4. Remove from Λ all λs such that λ is a true prefix of some υ ∈ Λ.
5. Remove from Λ all λs such that |[λ]| > k.
6. While Λ �= φ:

a) Choose some λ ∈ Λ
b) If λ is a member of Γ , remove λ from Γ and assign [λ]← φ.
c) If there are more than k members of Υ that are consistent with
λ w.r.t. D:
i. Remove from Γ all members γi that are consistent with λ

w.r.t. D. Assign Si ← φ.
ii. Add λ to Γ .

d) Else
i. Add λ0 and λ1 to Υ and to Λ.
ii. Remove λ from Λ.
iii. Assign λ0 and λ1 to all possible cover sets as before.

e) As long as exits some β in Λ such that β is not a member of any
cover set Si, add β to Γ , init a new cover set Sj and assign to
Sj all λ ∈ Λ such that λ is consistent with β w.r.t. D.

f) Remove from Λ all λs such that |[λ]| > k.
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Procedure Emulate−MQ(Si, β):

1. Assign D → D ∪ POST (β).
2. If there exist a λ in some Sj such that λ is not consistent with γj

w.r.t. POST (β):
a) For each inconsistent member λ in Sj and the (new) distinction

word d ∈ POST (β):
i. Add d to TERM . \* We use this set only to get simple

proofs. *\
b) return “Reset”.

3. If IMQ(γiβ) �= “I do not know”, Return IMQ(γiβ).
4. Else, find the some υ ∈ Si such that IMQ(υβ) �= “I do not know”
5. Return IMQ(υβ).
6. If all members of Si returned “I don’t know” then return “NO”.

Procedure Build− Cover − automaton({Si}):
1. Assign a vertex for each υ ∈ Υ .
2. Label each vertex υ by IMQ(υ) (i.e. accepting or not). If IMQ(υ) =

“I do not know”, label υ as not accepting.
3. For each vertex υ0 in Υ , add an edge from υ to υ0 labeled by 0.
4. For each vertex υ1 in Υ , add an edge from υ to υ1 labeled by 1.
5. Add a vertex for each group [γi].
6. Label each vertex [γi] by Emulate−MQ([γi], ε)
7. For each vertex [γi], add two edges from [γi] to [γi], one labeled 0

and one labeled 1.
8. For each vertex υ ∈ Υ , such that υ is not a true prefix of any λ ∈ Υ ,

add two edges from υ to [υ] labeled with 0 and 1.
9. Return the automaton.
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Procedure Learn− automaton− with− IMQs:
1. Initialization:

a) Γ ← {ε}
b) D ← {ε}
c) TERM ← {ε}
d) Υ ← {ε}
e) {Si} ← φ
f) call Partition(Υ,D, Γ, {Si})
g) A← Build− Cover − automaton({Si})

2. γ ← EQ(A)
3. While There exists a counter example d: \* This is the learning loop

*\
a) If d ∈ Υ , change d’s label and call Partition(Υ,D, Γ, {Si}).
b) Else

i. Find υ, the longest prefix of d, such that υ ∈ Υ .
ii. Let d = υλ. If MQ(d) = emulate−MQ([υ], λ)

A. give λ as a counter example to the automaton of [υ] and
run the algorithm from the section 4 on [υ] up to the first
EQ.

B. Each time the algorithm asks MQ(β), answer with
Emulate−MQ([υ], β)

C. If Emulate−MQ returns “reset”, goto 3.c.
D. If the emulation changed some edge that goes out of [υ],

change all the corresponding edges from the words λ ∈ Υ ,
such that [λ] = Si (they always go to the same states as
Si).

c) If there was a “reset”: \ * Go to next phase *\
i. call Partition(Υ,D, Γ, {Si})
ii. A← Build− Cover − automaton({Si})

d) γ ← EQ(A)
4. Run the previous algorithm with A as an oracle that returns the

shortest counterexamples. Stop when the shortest counterexample
(given by A) is of length greater than b.
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Appendix C: Some Proofs

In this appendix we give proofs for the bounds on the number of mistakes, both
“knowledge mistkes” and “misclassifications mistakes”. We do not give the full
proofs, but only guidelines.

Lemma 2. Our algorithm has no more than k3 “misclassifications mistakes”
between any member of Γ and Υ , with probability greater than (1− δ

2 ).

Proof. We start by bounding the probability of k3 such mistakes between γ ∈ Γ
and υ ∈ Υ . Because γ is no prefix of any other member of Υ , we can assume
that when we ask γ about β such that MQ(γβ) �= MQ(υβ), we already know
the answer to MMQ(υβ). We count here only βs such that MMQ(υβ) is not
“I do not know” (because υ tries to lie to γ).

So, the probability that υ lies to γ k3 times is (1 − p)k3
. From the way we

have chosen k, it follows that (1− p)k3 ≤ e−k3p ≤ δ
2e
−k2

.
Υ holds only words of length no longer than 2km + 1. Hence we need only

consider 22km+1 words. Γ is partial to Υ , so we can also consider only 22km+1

words for Γ . The number of couples from Γ and Υ is bound by 24km+2 ≤ 2k
2
.

So the probability that we might find a couples from Γ and Υ with more than
k3 misclassifications is bound by δ

2e
−k2 · 2k2 ≤ δ

2

Lemma 3. Our algorithm has no more than k5 “knowledge mistakes” for any
k members of Υ , for less than k20 MMQs, with probability greater than (1− δ

2 ).

Proof. We first try to calculate the probability for k members of Υ to have no
knowledge on k3 different words. In other words, given some set Υ ′ of size k,
what is the largest set D, such that we have no knowledge of any query in Υ ′ ·D,
when we are allowed only k20 MMQs.

In the i’th iteration, we ask query βi. We need to calculate the probability
that di is a member of D. For βi to be a member of D, we need k answers of “I
do not know” for some set of size k such that β is a member in. We have at most
k such different sets (beacuse Υ ′ is of size k). Assuming all such sets are new
(if we asked about any member previously, then that set is already accounted
for), we have a probability of (1 − (1 − p)k)k ≥ 1 − k(1 − p)k for failure. That
is 1 − (1 − p)k for each set (best case they are independent). The other side of
the coin that that we have k or less new members of D with probability less
than k(1− p)k ≤ ke−kp. The probability for more than k5 mistakes here (that is
k4 successes for our adversary) is less than (k

20ke−kpe
k4 )k

4
. We chose k such that

k20ke−kpe
k4 ≤ 1

2 . Hence we get a probability of less than 2−k
4

for more than k5

knowledge mistakes for a given set Υ ′ (when we have an online adversary), with
less than k20 MMQs.

Because Υ ′ is a subset of Υ , and because Υ has no more than 22km+1 members,
then we have less than 2k

3
such possible sets. Hence the probability for our

adversary to cause us more than k5 knowledge mistakes is bound by 2−k
4
2k

3 ≤ δ
2 .

And so we conclude.
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Abstract. In this paper we derive convergence rates for Q-learning. We
show an interesting relationship between the convergence rate and the
learning rate used in the Q-learning. For a polynomial learning rate,
one which is 1/tω at time t where ω ∈ (1/2, 1), we show that that the
convergence rate is polynomial in 1/(1 − γ), where γ is the discount
factor. In contrast we show that for a linear learning rate, one which is
1/t at time t, the convergence rate has an exponential dependence on
1/(1 − γ). In addition we show a simple example that proves that this
exponential behavior is inherent for a linear learning rate.

1 Introduction

In Reinforcement Learning, an agent wanders in an unknown environment and
tries to maximize its long term return by performing actions and receiving re-
wards. The challenge is to understand how a current action will affect future
rewards. A good way to model this task is Markov Decision Process (MDP),
which has become the dominating approach in Reinforcement Learning [SB98,
BT96].

An MDP includes states, which abstract the environment, actions, which are
the available actions to the agent, and for each state and action a distribution
of next states, the state reached after performing the action in the given state.
In addition there is a reward function that assigns a stochastic reward for each
state and action. The return combines a sequence of the rewards to a single value
that the agent tries to optimize. A discounted return has a parameter γ ∈ (0, 1)
where the reward received in step k is discounted by γk.

One of the challenges of Reinforcement Learning is when the MDP is not
known, and we can only observe the trajectory of states, actions and rewards
generated by the agent wandering in the MDP. There are two basic conceptual
approaches to the learning problem. The first is model base, where we first recon-
struct a model of the MDP, and then find an optimal policy for the approximate
model. The second approach are implicit methods that updates the information
after each step, and based on this have an estimate to the optimal policy. The
most popular of those methods in Q-learning [Wat89].

Q-learning is an off-policy method that can be run on top of any strategy
wandering in the MDP. It uses the information observed to approximate the
optimal function, from which one can construct the optimal policy. There are
various proofs that Q-learning does converge to the optimal Q function, under
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very mild conditions, [BT96,Tsi94,WD92,MS96,JJS94,BM00]. The conditions
have to do with the exploration policy and the learning rate. For the exploration
one needs to require that each state action be performed infinitely often. The
learning rate controls how fast we modify our estimates. One expects to start
with a high learning rate, which allows fast changes, and lowers the learning
rate at time progresses. The basic conditions are that the sum of the learning
rates goes to infinity (so that any value could be reached) and that the sum
of the squares of the learning rates is finite (which is require to show that the
convergence is with probability one).

We use the proof technique of [BT96], which is based on convergence of
stochastic processes, to derive convergence rates for Q-learning. The most in-
teresting outcome of our investigation is the relationship between the form of
the learning rates and the rate of convergence. We study two models of updat-
ing in Q-learning. The first is the synchronous model, where all state action
pairs are updated simultaneously. The second is the asynchronous model, where
at each step we update a single state action pair. We distinguish between two
sets of learning rates. A linear learning rate is of the form 1/t at time t, and
a polynomial learning rate, which is of the form 1/tω, where ω ∈ (1/2, 1) is a
parameter.

We show for synchronous model that using a polynomial learning rate the
convergence rate is polynomial in 1/(1 − γ), while for a linear learning rate
the convergence rate is exponential in 1/(1 − γ). We also show an exponential
behavior for linear learning rate. The lower bound simply shows that if the initial
value is one and all the rewards are zero, it takes O((1/ε)1/(1−γ)) updates, using
a linear learning rate, until we reach a value of ε.

The convergence rate of Q-learning in a batch setting, where many samples
are averaged for each update, was analyzed in [KS98]. A batch setting does not
have a learning rate and it has much of the flavor of model based techniques,
since each update is an average of many samples.

The convergence of Q-learning with linear learning rate was studied in [Sze97]
for special MDPs, where the next state distribution is the same for each state.
(This setting is much closer to the PAC model, since there is no influence between
the action performed and the states reached, and the states are distributed i.i.d.).
For this model [Sze97] shows a convergence rate, which is exponential in 1/(1−γ).
In [BGS99] an exponential lower bound in the number of the states is given for
undiscounted return.

2 The Model

We define a Markov Decision process (MDP) as follows

Definition 2.1. A Markov Decision process (MDP) M is a 4-tuple (S,U, P,R),
where S is a set of the states, U is a set of actions (U(i) is the set of actions
available at state i), PMi,j (a) is the transition probability from state i to state j
when performing action a ∈ U(i) in state i, and RM (a, s) is the reward received
when performing action a in state s.
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We assume that RM (a, s) is non-negative and bounded by Rmax, i.e, ∀s, a :
0 ≤ RM (a, s) ≤ Rmax. For simplicity we assume that the reward RM (a, s) is
deterministic, however all our results apply when RM (a, s) is stochastic.

A strategy for an MDP assigns, at each time t, for each state s a probability
for performing action a ∈ U(s), given a history Ft−1 = {s1, a1, r1, ..., st−1, at−1
, rt−1} which includes the states, actions and rewards observed until time t− 1.
A policy is memory-less strategy, i.e., it depends only on the current state and
not on the history. A deterministic policy assigns each state a unique action.

While following a policy π we perform at time t action at at state st and
observe a reward rt (distributed according to RM (a, s)), and the next state st+1
distributed according to PMst,st+1

(at). We combine the sequence of rewards to a
single value called the return, and our goal is to maximize the return. In this
work we focus on discounted return, which has a parameter γ ∈ (0, 1), and the
discounted return of policy π is V πM =

∑∞
t=0 γ

trt, where rt is the reward observed
at time t. Since all the rewards are bounded by Rmax the discounted return is
bounded by Vmax = Rmax

1−γ .
We define a value function for each state s, under policy π, as V πM (s) =

E[
∑∞
i=0 riγ

i], where the expectation is over a run of policy π starting at state s.
We define a state-action value functionQπM (s, a) = RM (a, s)+γ

∑
s̄ Ps,s̄(a)V

π
M (s̄)

, whose value is the return of initially performing action a at state s and then
following policy π. Since γ < 1 we can define another parameter β = (1− γ)/3,
which will be useful for our results. Note that as β decreases Vmax increases.

Let π∗ be an optimal policy which maximizes the return from any start state.
(It is well known that there exists an optimal strategy, which is a deterministic
policy [Put94].) This implies that for any policy π and any state s we have
V π

∗
M (s) ≥ V πM (s), and π∗(s) = argmaxa(RM (a, s)+γ(

∑
s′ PMs,s′(a)maxbQ(s′, b)).

The optimal policy is also the only fixed point of the operator, (TQ)(s, a) =
RM (a, s) + γ

∑
s′ Ps,s′(a)maxbQ(s′, b). We use V ∗M and Q∗M for V π

∗
M and Qπ

∗
M ,

respectively. We say that a policy π is an ε-approximation of the optimal policy
if ‖V ∗M − V πM‖∞ ≤ ε.

The covering time, denoted by L, is a bound on the number of steps needed,
from any start state, until all state-action pairs are performed. Note that the
covering time is a function of both the MDP and the underlying strategy. Initially
we assume that from any start state, within L steps all state-action pairs are
performed. Later, we relax the assumption and assume that with probability at
least 12 , from any start state in L steps all state-action pairs are performed.

The Parallel Sampling Model, PS(M), as was introduced in [KS98]. The
PS(M) is an ideal exploration policy. A single call to PS(M) returns for every
pair (s, a) the next state s′, distributed according to PMs,s′(a) and a reward r
distributed according to RM (a, s). The advantage of this model is that it allows
ignoring the exploration and focusing on the learning. In some sense PS(M) can
be viewed as a perfect exploration policy.

Notations: The notation g = Ω̃(f) implies that there are constants c1 and
c2 such that g ≥ c1f lnc2(f). All the norms ‖ · ‖, unless otherwise specified, are
L∞ norms, i.e., ‖(x1, . . . , xn)‖ = maxi xi.
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3 Q-Learning

The Q-Learning algorithm [Wat89] estimates the state-action value function (for
discounted return) as follows:

Qt+1(s, a) = (1− αt(s, a))Qt(s, a) + αt(s, a)(rt(s, a) + γ max
a∈U(s′)

Qt(s′, a)), (1)

where s′ is the state reached from state s when performing action a at time
t. Let T i,u be the set of times, where action u was performed at state i, then
αt(s̄, ā) = 0 for t /∈ T s̄,ā. It is known Q-Learning converges to Q∗ if each state
action pair is performed infinitely often and αt(s, a) satisfies for each (s, a) pair:∑∞
t=1 αt(s, a) =∞ and

∑∞
t=1 α

2
t (s, a) <∞ ([BT96,Tsi94,WD92,MS96,JJS94]).

Q-Learning is an asynchronous process in the sense that it updates a single
entry each step. Next we describe two variants of Q-Learning, which are used in
the proofs. The first algorithm is synchronous Q-Learning, which performs the
updates by using the PS(M). Specifically:
∀s, a : Q0(s, a) = 0
∀s, a : Qt+1(s, a) = (1− αωt )Qt(s, a) + αωt (RM (a, s) + γmaxa∈U(s̄)Qt(s̄, a)),
where s̄ is the state reached from state s when performing action a. The learning
rate is αωt = 1

(t+1)ω , for ω ∈ (1/2, 1]. We distinguish between a linear learning
rate, which is ω = 1, and a polynomial learning rate, which is ω ∈ ( 12 , 1).

The asynchronous Q-Learning algorithm, is simply regular Q-learning as de-
fine in (1). We add the assumption that the underlying strategy has a covering
time of L. The updates are as follows:

∀s, a : Q0(s, a) = 0
∀s, a : Qt+1(s, a) = (1− αωt (s, a))Qt(s, a) + αωt (s, a)(RM (a, s) + γ max

b∈U(s̄)
Qt(s̄, b))

Let #(s, a, t) be one plus the number of times, until time t, that we visited state
s and performed action a. The learning rate αωt (s, a) =

1
[#(s,a,t)]ω , if at time t we

perform action a in state s and αωt (s, a) = 0 otherwise. Again, ω = 1 is a linear
learning rate, and ω ∈ ( 12 , 1) is a polynomial learning rate.

4 Our Main Results

Our main results are upper bounds on the convergence rates of Q-Learning
algorithms and showing their dependence on the learning rate. The basic case
is the synchronous Q-learning. We show that for a polynomial learning rate
we have a complexity, which is polynomial in 1/(1 − γ) = 1/(3β). In contrast,
linear learning rate has an exponential dependence on 1/β. Our results exhibit
a sharp difference between the two learning rates, although they both converge
in probability one. This distinction, which is highly important, can be observed
only when we study the convergence rate, rather than convergence in the limit.

The bounds for asynchronous Q-Learning are similar. The main difference is
the introduction of a covering time L. For polynomial learning rate we derive a
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bound polynomial in 1/β, and for linear learning rate our bound is exponential
in 1
β . We also show a lower bound for linear learning rate, which is exponential

in 1
β . This implies that our upper bounds are tight, and that the gap between

the two bounds is real.
We first prove the results for the synchronous Q-Learning algorithm, where

we update all the entries of the Q function at each time step, i.e., the updates are
synchronous. The following theorem derives the bound for polynomial learning
rate.

Theorem 4.1. Let QT be the value of the synchronous Q-learning algorithm
using polynomial learning rate at time T . Then ||QT −Q∗|| ≤ ε, given that

T = Ω





(
V 2max ln(

|S| |A|Vmax

δβε )

β2ε2

) 1−ω
ω

+
1
β
ln
Vmax
ε




1
1−ω




The above bound is somewhat complicated. To simplify, assume that ω is a
constant and consider first only its dependence on ε. This gives us
Ω((ln(1/ε)/ε2)1/ω+(ln(1/ε))1/(1−ω)) which is optimized when ω approaches one.
Considering the dependence only on β, recall that Vmax = Rmax/(3β), therefore
the complexity is Ω̃(1/β4/ω + 1/β1/(1−ω)) which is optimized for ω = 4/5. The
following theorem bounds the time for linear learning rate.

Theorem 4.2. Let QT be the value of the synchronous Q-learning algorithm
using linear learning rate at time T . Then ||QT −Q∗|| ≤ ε, given that

T = Ω

(
(
Vmax
ε

)
1
β

V 2max ln(
|S| |A|Vmax

δβε )

(βε)2

)
.

Next we state our results to asynchronous Q-learning. The bounds are sim-
ilar to those of synchronous Q-learning, but have the extra dependency on the
covering time L.

Theorem 4.3. Let QT be the value of the asynchronous Q-learning algorithm
using polynomial learning rate at time T . Then ‖QT −Q∗‖ ≤ ε, given that

T = Ω





(
L1+2ωV 2max ln(

|S| |A|Vmax

δβε )

β2ε2

) 1−ω
ω

+
L

β
ln
Vmax
ε




1
1−ω




The dependence on the covering time, in the above theorem, is Ω(L2+1/ω +
L1/(1−ω)), which is optimized for ω =

√
2/2. For the linear learning rate the

dependence is much worse, since it has to be that L ≥ |S| · |A|, as is stated in
the following theorem.
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Theorem 4.4. Let QT be the value of the asynchronous Q-learning algorithm
using linear learning rate at time T . Then ||QT −Q∗|| ≤ ε, given that

T = Ω

(
(3L+ 1)

1
β ln

Vmax
ε

LV 2max ln(
|S| |A|Vmax

δβε )

(βε)2

)

The following Theorem shows that a linear learning rate may require an ex-
ponential dependence on 1/(3β) = 1/(1−γ), thus showing that the gap between
linear learning rate and polynomial learning rate is real and does exist for some
MDPs. (The proof is in Appendix A.)

Theorem 4.5. There exists an MDP such that Q-Learning with linear learning
rate after T = Ω(( 1ε )

1
1−γ ) steps has ‖QT −Q∗M‖ > ε.

5 Background from Stochastic Algorithms

Before we derive our proofs we first introduce the proof given in [BT96] for the
convergence of stochastic iterative algorithms, and then show that Q-Learning
algorithms fall in this category. In this section we review the proof for the con-
vergence in the limit, and in the next section we will analyze the rate at which
different Q-learning algorithms converge. (We will try to keep the background
as close as possible to our needs for this paper.)

This section considers a general type of iterative stochastic algorithms, which
is performed as follows:

Xt+1(i) = (1− αt(i))Xt(i) + αt(i)((HtXt)(i) + wt(i)), (2)

where wt is a bounded random variable with zero expectation and each Ht is
assumed to belong to a family H of mappings.

Definition 5.1. An iterative stochastic algorithm is well behaved if:

1. The step size αt(i) satisfy (1)
∑∞
t=0 αt(i) =∞, (2)

∑∞
t=0 α

2
t (i) <∞ and (3)

αt(i) ∈ (0, 1).
2. There exists a constant A that bounds wt(i) for any history Ft, i.e., ∀t, i :
|wt(i)| ≤ A

3. There exists γ ∈ [0, 1) and a vector X∗ such that for any X we have ||HtX−
X∗|| ≤ γ||X −X∗||.
The following fact (proven in [BT96]) shows the connection with the Q-

learning algorithms.

Fact 5.1 Synchronous Q-learning and Asynchronous Q-learning are both well
behaved stochastic iterative algorithms.

The main theorem states that a well behaved stochastic iterative algorithm
converges in the limit.
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Theorem 5.2. Let Xt be the sequence generated by a well behaved stochastic
iterative algorithm. Then Xt converges to X∗ with probability 1.

The following is an outline of the proof given in [BT96]. Without loss of
generality, assume that X∗ = 0 and ‖X0‖ ≤ A. The value of Xt is bounded since
for any history Ft we have ‖wt‖ ≤ A, and since ‖X0‖ ≤ A, hence, for any t we
have ‖Xt‖ ≤ A.

Recall that β = 1−γ
3 . Let D1 = A and Dk+1 = (1− β)Dk for k ≥ 1. Clearly

the sequence Dk converges to zero. We prove by induction that for every k there
exists some time τk such that for any t ≥ τk we have ‖Xt‖ ≤ Dk. Note that this
will guarantee that at time t ≥ τk for any i the value Xt(i) is in the interval
[−Dk, Dk].

The proof is by induction. Assume that there is such a time τk and we show
that there exists a time τk+1 such that for t ≥ τk+1 we have ‖Xt‖ ≤ Dk+1. Since
Dk converges to zero this proves that Xt converges to zero, which equals X∗.
For the proof we define for t ≥ τ the quantity

Wt+1,τ (i) = (1− αt)Wt,τ (i) + αtwt(i),

whereWτ ;τ (i) = 0. The value ofWt;τ bounds the contributions of wj(i), j ∈ [τ, t],
to the value of Xt (starting from time τ). We also define for t ≥ τk,

Yt+1;τ (i) = (1− αt(i))Yt;τ (i) + αt(i)γDk + αtβDk

where Yτk;τk = Dk. Notice that Yt;τk is a deterministic process. The following
lemma gives the motivation for the definition of Yt;τk (the proof can be found in
[BT96]).

Lemma 5.1. For every i, we have

−Yt;τk(i) +Wt;τk(i) ≤ Xt(i) ≤ Yt;τk(i) +Wt;τk(i)

Proof. From the definition of Yt;τ and the assumption that
∑∞
t=0 αt = ∞ it

follows that Yt;τ converges to γDk + βDk as t goes to infinity. In addition Wt;τk
converges to zero as t goes to infinity. Therefore there exists a time τk+1 such
that Yt;τ ≤ (γ + β)Dk + βDk/2, and |Wt;τk | ≤ βDk/2. This fact, together with
Lemma. 5.1, yields that for t ≥ τk+1,

||Xt|| ≤ (γ + 2β)Dk = Dk+1,

which completes the proof. ��

6 Synchronous Q-Learning

In this section we sketch the proof of Theorem 4.1. The proof of Theorem 4.2
is similar in spirit and can be found in Appendix B. Our main focus will be the
value of rt = ‖Qt −Q∗‖, and our aim is to bound the time until rt ≤ ε. We use
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a sequence of values Di, such that Dk+1 = (1 − β)Dk and D1 = Vmax. As in
Section 5, we will consider times τk such that for any t ≥ τk we have rt ≤ Dk.
We call the time between τk and τk+1 the kth iteration. (Note the distinction
between a step of the algorithm and an iteration, which is a sequence of many
steps.)

Our proof has two parts. The first (and simple) part is bounding the number
of iterations until Di ≤ ε. The bound is derived in the following fact.

Fact 6.1 For m ≥ 1
β ln(Vmax/ε) we have Dm ≤ ε

The second (and much more involve) part is to bound the number of steps
in an iteration. We use the following quantities introduced in Section 5. Let
Wt+1,τ (s, a) = (1− αωt )Wt,τ (s, a) + αωt wt(s, a), where Wτ ;τ (s, a) = 0 and

wt(s, a) = R(s, a)+γ max
v∈U(s′)

Qt(s′, v)−
|S|∑
j=1

Ps,j(u)
(
R(s, a) + γ max

v∈U(j)
Qt(j, v)

)
,

where s′ is the state reached after performing action a at state s. Let

Yt+1;τk(s, a) = (1− αωt )Yt;τk(s, a) + αωt γDk + αωt βDk,

where Yτk;τk(s, a) = Dk. Our first step is to rephrase Lemma 5.1 for our setting.

Lemma 6.1. For every state s action a and time τk, we have

−Yt;τk(s, a) +Wt;τk(s, a) ≤ Qt(s, a)−Q∗(s, a) ≤ Yt;τk(s, a) +Wt;τk(s, a)

The above lemma suggests (once again) that in order to bound the error rt
one can bound Yt;τk and Wt;τk separately, and the two bounds imply a bound
on rt. We first bound the Yt term, which is deterministic process, and then we
bound the term, Wt;τ , which is stochastic. We start with Q-learning using a
polynomial learning rate and show that the duration of iteration k, which starts
at time τk and ends at time τk+1, is bounded by τωk . For synchronous Q-learning
with polynomial learning rate we define τk+1 = τk+τωk , where τ1 will be specified
latter.

Lemma 6.2. Consider synchronous Q-learning with a polynomial learning rate
and assume that for any t ≥ τk we have Yt;τk(s, a) ≤ Dk. Then for any t ≥
τk + τωk = τk+1 we have Yt;τk(s, a) ≤ Dk(γ + β + 2

eβ)

Proof. Let Yτk;τk(s, a) = (γ + β)Dk − ρτk , where ρτk = (1− (γ + β))Dk. We can
now write

Yt+1;τk(s, a) = (1− αωt )Yt;τk(s, a) + αωt (γ + β)Dk = (γ + β)Dk + (1− αωt )ρt.
Therefore, ρt+1 = ρt(1−αωt ). We would like show that after time τk+1 = τk+τωk
for any t ≥ τk+1 we have ρt ≤ βDk. By definition we can rewrite ρt as,

ρt = (1− (γ + β))Dk
t−τk∏
l=1

(1− αωl+τk) = 2βDk
t−τk∏
l=1

(1− 1
(l + τk)ω

),
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where the last identity follows from the fact that αωt = 1/tω. Since the αωt ’s are
monotonically decreasing

ρt ≤ 2βDk(1− 1
τωk

)t−τk .

For t ≥ τk + τωk we have

ρt ≤ 2βDk(1− 1
τωk

)τ
ω
k ≤ 2

e
βDk.

Hence, Yt;τk(s, a) ≤ (γ + β + 2
eβ)Dk. ��

Next we bound the term Wt;τk(s, a) by (1− 2
e )βDk. The sum of the bounds

for Wt;τk(s, a) and Yt;τk(s, a) would be (γ + 2β)Dk = (1 − β)Dk = Dk+1, as
desired.

Definition 6.1. Let Wt;τk(s, a) = (1− αωt )Wt−1;τk(s, a) + αωt wt(s, a)
=
∑t
i=τ+1 η

k,t
i wτk+i(s, a) , where ηk,ti = αωi+τk

∏t
j=τk+i+1(1− αωj ).

We have bounded the term Yt;τk , for t = τk+1. This bound holds for any t ≥
τk+1, since the sequence Yt;τk is monotonically decreasing. In contrast the term
Wt;τk is stochastic. Therefore it is not sufficient to bound Wτk+1;τk , but we need
to bound Wt;τk for t ≥ τk+1. However it is sufficient to consider t ∈ [τk+1, τk+2].
The following lemma bounds the coefficients in that interval.

Lemma 6.3. For any t ∈ [τk+1, τk+2] and i ∈ [τk, t], we have ηk,ti = Θ( 1
τkω ),

The following lemma provides a bound for the stochastic error caused by the
term Wt;τk .

Lemma 6.4. Consider synchronous Q-learning with a polynomial learning rate.
With probability at least 1 − δ

m we have |Wt;τk | ≤ (1 − 2
e )βDk for any t ∈

[τk+1, τk+2], i.e.

Pr

[
∀t ∈ [τk+1, τk+2] : |Wt;τk | ≤ (1− 2

e
)βDk

]
≥ 1− δ

m

given that τk = Θ((V
2

max ln(Vmax|S| |A|m/(δβDk))
β2D2

k

)1/ω)

Proof. Note that by definition wτk+i(s, a) has zero mean and is bounded by
Vmax for any history. Since ηk,ti = Θ(1/τωk ) and t − τk = Θ(τωk ), we can define
a random variables w̃i+τk(s, a) = (t − τk)ηk,ti wi+τk(s, a), which have zero mean
and are bounded by Θ(Vmax). Using a Chernoff bound for every state-action
pair we can derive that,

Pr [Wt;τk(s, a) ≥ ε̃] = Pr

[
t∑

i=τk

wi(s, a)η
k,t
i−τk ≥ ε̃

]

= Pr

[
1

t− τk
t∑

i=τk

w̃i(s, a) ≥ ε̃
]
≤ e−cτω

k ε̃
2/V 2

max ,
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for some constant c > 0. Set δ̃k = e−cτ
ω
k ε̃

2/V 2
max , which holds for τωk = Θ(ln(1/δ̃)

V 2max/ε̃
2). Using the union bound we have,

Pr [∀t ∈ [τk+1, τk+2] : Wt;τk(s, a) ≤ ε̃] ≤
τk+2∑
t=τk+1

Pr [Wt;τk(s, a) ≤ ε̃] ,

thus taking δ̃k = δ
m(τk+2−τk+1)|S||A| assures that with probability at least 1− δ

m

the statement hold at every state-action pair and time t ∈ [τk+1, τk+2]. As a
result we have,

τk = Θ

(
(
V 2

max ln(|S| |A| mτω
k /δ)

ε̃2
)1/ω

)
= Θ

(
(
V 2

max ln(|S| |A| mVmax/δε̃)
ε̃2

)1/ω

)

Setting ε̃ = (1− 2/e)βDk gives the desire bound. ��
We have bounded for each iteration the time needed to achieve the desired

precision level with probability 1 − δ
m . The following lemma provides a bound

for the error in all the iterations.

Lemma 6.5. Consider synchronous Q-learning using a polynomial learning
rate. With probability 1−δ, for every iteration k ∈ [1,m] and time t ∈ [τk+1, τk+2]
we have Wt;τk ≤ (1− 2

e )βDk, i.e.,

Pr

[
∀k ∈ [1,m], ∀t ∈ [τk+1, τk+2] : |Wt;τk | ≤ (1− 2

e
)βDk

]
≥ 1− δ,

given that τ0 = Θ((V
2

max ln(Vmax|S| |A|/(δβε))
β2ε2 )1/ω)

We have bounded both the size of each iteration, as a function of its starting
time, and the number of the iterations needed. The following lemma solves the
recurrence τk+1 = τk + τωk , which bounds the total time required. (The proof
follows from Lemma 7.3.)

Lemma 6.6. Let

ak+1 = ak + aωk = a0 +
k∑
i=0

aωi .

For any constant ω ∈ (0, 1), ak = O((a1−ω0 + k)
1

1−ω ).

The proof of Theorem 4.1 follows from Lemma 6.6, Lemma 6.4 and Lemma
6.2.

7 Asynchronous Q-Learning

The major difference between synchronous and asynchronous Q-learning is that
in the asynchronous Q-learning updates only one state action pair at each time
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while the synchronous Q-learning updates all the state action pairs each time
unit. This causes two difficulties, the first is that different updates use different
values of the Q function in their update, this problem is fairly easy to handle
given the machinery introduced. The second, and more basic, is that each state
action pair should occur enough times, so that the update can progress. To
overcome this we introduce the notion of covering time, denoted by L. We first
extend the analysis of the synchronous Q-learning to asynchronous Q-learning,
in which each run has covering time L with probability one, this implies that for
any start state in L steps all state action pairs are performed. Latter we relax the
probability such that the condition holds with probability 1/2, and show that
with high probability we have a covering time of L log T for a run of length T .
Note that our notion of covering time does not assume a stationary distribution
of the exploration strategy, it may be the case that at some periods of time
certain state action pairs are more frequent while in other periods different state
action pairs are more frequent. In fact we do not even assume that the sequence
of state action pairs is generated by a strategy, it can be an arbitrary sequence
of state action pairs with their reward and next state.

Definition 7.1. Let n(s, a, t1, t2) be the number of times that (s, a) was per-
formed in the time interval [t1, t2].

We first give the results for asynchronous Q-learning using polynomial learn-
ing rate. (A similar proof to linear learning rate can be found in Appendix D).
We use in this section the same notations as in Section 6 for Dk, τk, Yt;τk and
Wt;τ , with a different set of values for τk. Our main goal is to show that the size
of the kth iteration is Lτωk . The covering time property guarantees that in Lτωk
steps each pair of state action is performed at least τωk times. For this reason we
define for asynchronous Q-learning with polynomial learning rate the sequence
τk+1 = τk+Lτωk , where τ1 will be specified latter. As in Section 6 we first bound
the value of Yt;τk (proof omitted).

Lemma 7.1. Consider asynchronous Q-learning with a polynomial learning rate
and assume that for any t ≥ τk we have Yt;τk(s, a) ≤ Dk. Then for any t ≥
τk + Lτωk = τk+1 we have Yt;τk(s, a) ≤ D(γ + β + 2

eβ)

The following lemma bounds the value of Wt;τ .

Lemma 7.2. Consider asynchronous Q-learning with a polynomial learning
rate. With probability at least 1 − δ

m we have for every state-action pair
|Wt;τk(s, a)| ≤ (1− 2

e )βDk for any t ∈ [τk+1, τk+2], i.e.

Pr

[
∀t ∈ [τk+1, τk+2] : |Wt;τk | ≤ (1− 2

e
)βDk

]
≥ 1− δ

m

given that τk = Θ((L
1+2ωV 2

max ln(Vmax|S| |A|m/(δβDk))
β2D2

k

)1/ω)
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Proof. We sketch the proof. Note that by definition wτk+i has zero mean and is
bounded by Vmax for any history. In a time interval of length τ , by definition
of the covering time, each state action pair is performed at least τ/L times,
therefore, ηk,ti (s, a) ≤ (L/τk)ω. Let 7 = n(s, a, τk, t) by definition 7 = Θ(Lτωk ),
we can define a random variable w̃i+τk(s, a) = 7ηk,ti (s, a)wi+τk(s, a), which has
zero mean and is bounded by O(Vmax7(L/τk)ω). Using a Chernoff bound for
every state action pair we can derive that,

Pr [Wt;τk(s, a) ≥ ε̃] = Pr

[
t∑

i=τk

wi(s, a)η
k,t
i−τk ≥ ε̃

]

= Pr

[
1

n(s, a, τk, t)

t∑
i=τk

w̃i(s, a) ≥ ε̃
]

≤ e−c
�ε̃2τ2ω

k
�2L2ωV 2

max ≤ e−c
ε̃2τω

k
L1+2ωV 2

max ,

for some constant c > 0. We can set δ̃k = e−cτ
ω
k ε̃

2/(L1+2ωV 2
max) which holds for

τωk = Θ(ln(1/δ̃)L1+2ωV 2max/ε̃2). Using the union bound we have,

Pr [∀t ∈ [τk+1, τk+2] : Wt;τk(s, a) ≤ ε̃] ≤
τk+2∑
t=τk+1

Pr [Wt;τk(s, a) ≤ ε̃] ,

thus taking δ̃k = δ
m(τk+2−τk+1)|S||A| assures certainty level of 1 − δ

m for each
state-actions pairs. As a result we have,

τω
k = Θ(

L1+2ωV 2
max ln(|S| |A| mτω

k /δ)
ε̃2

) = Θ(
L1+2ωV 2

max ln(|S| |A| mVmax/(δε̃))
ε̃2

)

Setting ε̃ = (1− 2/e)βDk give the desire bound. ��

The following lemma solves the recurrence
∑m
i=0 Lτ

ω + τ0 and derives the
time complexity. (The proof can be found is Appendix C.)

Lemma 7.3. Let

ak+1 = ak + Laωk = a0 +
k∑
i=0

Laωi

Then for any constant ω ∈ (0, 1), ak = O((a1−ω0 + Lk)
1

1−ω )

The proof of Theorem 4.3 follows from Lemmas 7.1, 7.2 and 7.3. In the
following lemma we relax the condition of the covering time.

Lemma 7.4. Assume that from any start state with probability 1/2 in L steps
we perform all state action pairs. Then with probability 1 − δ, from any start
state we perform all state action pairs in L log(TL

1
δ ) steps, for a run of length T .
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A Lower Bound for Q-Learning Using Linear Learning
Rate

In this section we show a lower bound for Q-Learning with linear learning rate,
which is O(( 1ε )

1
1−γ ). We consider the following MDP, denoted M0, that has a

single state s, a single action a, and a deterministic reward RM0(s, a) = 0. Since
there is only one action in the MDP we denote Qt(s, a) as Qt(s). We initialize
Q0(s) = 1 and observe the time until Qt(s) ≤ ε.
Lemma A.1. Consider running synchronous Q-learning with linear learning
rate on MDP M0, when initializing Q0(s) = 1. Then for t = O(( 1ε )

1
1−γ ) we have

Qt ≥ ε.
Proof. First we prove by induction on t that

Qt(s) =
t−1∏
i=1

i+ γ

i+ 1
.
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For t = 2 we have Q1(s) = (1 − 1/2)Q0(s) + (1/2)γQ0(s) = (1 + γ)/2. Assume
the hypothesis holds for t− 1 and prove it for t. by definition,

Qt(s) = (1− 1
t
)Qt−1(s) +

1
t
γQt−1(s) =

t− 1 + γ

t
Qt−1(s).

In order to help us estimate this quantity we use the Γ function. Let

Γ (x+ 1, k) =
1 · 2 · · · k

(x+ 1) · (x+ 2) · · · · (x+ k)
kx

The limit of Γ (1 + x, k), as k goes to infinity, is constant for any x. We can
rewrite Qt(s) as

Qt(s) =
1

Γ (γ + 1, t)
tγ

t+ 1
= Θ(tγ−1)

Therefore, there is a time t = c( 1ε )
1

1−γ , for some constant c > 0, such that
Qt(s) ≥ ε. ��

B Synchronous Q-Learning with Linear Learning Rate

In this section we derive the results for A-learning with linear learning rate. The
proof is very similar in spirit and we give here the analogue lemmas to the ones
in Section 6. First, the number of iterations required for synchronous Q-learning
with linear learning rate is the same as for polynomial learning rate. Therefore,
we need to analyze the number of steps in an iteration.

Lemma B.1. Consider synchronous Q-learning with a polynomial learning rate
and assume that for any t ≥ τk we have Yt;τk(s, a) ≤ Dk. Then for any t ≥ 4τk =
τk+1 we have Yt;τk(s, a) ≤ Dk(γ + β + 1

2β)

Proof. Let Yτk;τk(s, a) = (γ + β)Dk − ρτk , where ρτk = (1− (γ + β))Dk. We can
now write

Yt+1;τk(s, a) = (1− α1t )Yt;τk(s, a) + α1t (γ + β)Dk = (γ + β)Dk + (1− α1t )ρt.
Therefore, ρt+1 = ρt(1−α1t ). We would like show that after time 4τk = τk+1 for
any t ≥ τk+1 we have ρt ≤ βDk. By definition we can rewrite ρt as,

ρt = (1− (γ + β))Dk
t−τk∏
l=1

(1− α1l+τk) = 2βDk
t−τk∏
l=1

(1− 1
l + τk

),

where the last identity follows from the fact that αt = 1/t. Simplifying the
expression, and setting t = 4τk, we have,

ρt ≤ 2Dkβ
τk
t
≤ 2Dkβ =

Dkβ

2

Hence, Yt;τk(s, a) ≤ (γ + β + 1
2β)Dk. ��
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In a similar way to Lemma 6.4 we show,

Lemma B.2. Consider synchronous Q-learning with a linear learning rate.
With probability at least 1− δ

m we have |Wt;τk | ≤ 1
2βDk for any t ∈ [τk+1, τk+2],

i.e.

Pr

[
∀t ∈ [τk+1, τk+2] : |Wt;τk | ≤

1
2
βDk

]
≥ 1− δ

m

given that τk = Θ(V
2

max ln(Vmax|S| |A|m/(δβDk))
β2D2

k

)

Theorem 4.4 follows from Lemmas B.2 and B.1, and the fact that ak+1 =
4ak = 4ka1.

C Proof of Lemma 7.3

Proof of Lemma 7.3 We define the following series

bk+1 =
k∑
i=0

Lbωi + b0

with an initial condition
b0 = L

1
1−ω .

We show by induction that bk ≤ (L(k + 1))
1

1−ω for k ≥ 1. For k = 0

b0 = L
1

1−ω (0 + 1)
1

1−ω ≤ L 1
1−ω

We assume that the induction hypothesis holds k − 1 and prove it for k,

bk = bk−1 +Lbωk−1 ≤ (Lk)
1

1−ω +L(Lk)
ω

1−ω ≤ L 1
1−ω k

ω
1−ω (k+ 1) ≤ (L(k+ 1))

1
1−ω

and the claim is proved.
Now we lower bound bk by (L(k + 1)/2)1/(1−ω). For k = 0 we have,

b0 = L
1

1−ω ≥ (
L

2
)

1
1−ω

Assume that the induction hypothesis holds for k − 1 and prove for k,

bk = bk−1 + Lbωk−1
= (Lk/2)

1
1−ω + L(Lk/2)

ω
1−ω

= L
1

1−ω ((k/2)
1

1−ω + (k/2)
ω

1−ω )

≥ L 1
1−ω ((k + 1)/2)

1
1−ω .

For a0 > L
1

1−ω we can view the series as starting at bk = a0. From the lower
bound we know that the start point has moved Θ(a1−ω0 /L). Therefore we have
a total complexity of O((a1−ω0 + Lk)

1
1−ω ). ��
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D Asynchronous Q-Learning Using Linear Learning Rate

In this section we consider asynchronous Q-learning with a linear learning rate.
The sequence of times in this case is τk+1 = τk + 3Lτk. Due to lack of space we
only state the lemmas that bound Yt;τ and then bound Wt;τ .

Lemma D.1. Consider asynchronous Q-learning with a polynomial learning
rate and assume that for any t ≥ τk we have Yt;τk(s, a) ≤ Dk. Then for any
t ≥ τk + 3Lτk = τk+1 we have Yt;τk(s, a) ≤ (γ + β + 1

2β)Dk

Lemma D.2. Consider asynchronous Q-learning with a linear learning rate.
With probability at least 1− δ

m we have for every state-action pair |Wt;τk(s, a)| ≤
(1− 1

2 )βDk for any t ≥ τk+1, i.e.

Pr

[
∀t ≥ τk+1 : Wt;τk(s, a) ≤ (1− 2

e
)βDk

]
≥ 1− δ

m

given that τk = Θ((LV
2

max ln(Vmax|S| |A|m/(δβDk))
β2D2

k

))

Theorem 4.4 follows from Lemmas D.1, D.2 and the fact that ak+1 =
ak + 3Lak = (3L+ 1)k.
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Abstract. In many reinforcement learning problems, it is appropriate
to optimize the average reward. In practice, this is often done by solving
the Bellman equations using a discount factor close to 1. In this paper, we
provide a bound on the average reward of the policy obtained by solving
the Bellman equations which depends on the relationship between the
discount factor and the mixing time of the Markov chain. We extend this
result to the direct policy gradient of Baxter and Bartlett, in which a
discount parameter is used to find a biased estimate of the gradient of
the average reward with respect to the parameters of a policy. We show
that this biased gradient is an exact gradient of a related discounted
problem and provide a bound on the optima found by following these
biased gradients of the average reward. Further, we show that the exact
Hessian in this related discounted problem is an approximate Hessian of
the average reward, with equality in the limit the discount factor tends to
1. We then provide an algorithm to estimate the Hessian from a sample
path of the underlying Markov chain, which converges with probability
1.

1 Introduction

Sequential decision making problems are usually formulated as dynamic pro-
gramming problems in which the agent must maximize some measure of future
reward. In many domains, it is appropriate to optimize the average reward. Of-
ten, discounted formulations with a discount factor γ close to 1 are used as a
proxy to an average reward formulation. It is natural to inquire about the con-
sequences of using a discount factor close to one. How does the quality of the
policy, measured in an average reward sense, degrade as the discount factor is
reduced? What are the benefits in using a smaller discount factor?
This papers focuses on the former issue by extending the results of Baxter

and Bartlett[2,1]. A key relationship proved in [2] shows that the discounted
reward, scaled by 1 − γ, is approximately the average reward, which suggests
that maximizing discounted reward will be approximately maximizing average
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reward. We show if 1
1−γ is large compared to the mixing time of the Markov

chain, then we would expect any policy that solves the Bellman equations to
have a large average reward.
This interpretation of using discounted rewards to maximize average reward

extends to the case of maximizing the average reward by following a gradient. We
show that the approximate gradient of Baxter and Bartlett is an exact gradient
of a related discounted, start state problem and provide a similar bound on the
quality of the optima reached using this approximate gradient. These results
naturally lead to an algorithm for computing an approximation to the Hessian.
A slightly different, independent derivation of the Hessian is given in [3].

2 The Reinforcement Learning Problem

We consider the standard formulation of reinforcement learning, in which an
agent interacts with a finite Markov decision process (MDP). An MDP is a
tuple (S,A,R, P ) where: S is finite set of states S = {1, . . . , n}, A is a finite set
of actions, R is a reward function R : S → [0, Rmax]1, and P is the transition
model in which pij(u) is the probability of transitioning to state j from state i
under action u.2

The agent’s decision making procedure is characterized by a stochastic policy
µ : S → A, where µu(i) is the probability of taking action u in state i. For each
policy µ there corresponds a Markov chain with a transition matrix P (µ), where
[P (µ)]ij =

∑
u pij(u)µu(i). We assume that these Markov chains satisfy the

following assumption:

Assumption 1. Each P (µ) has a unique stationary distribution
π(µ) ≡ [π(µ, 1), . . . , π(µ, n)]′ satisfying:

π(µ)′P (µ) = π(µ)′

(where π(µ)′ denotes the transpose of π(µ)).

The average reward is defined by:

η(µ) ≡ lim
N→∞

1
N

∑
i

π(µ, i)Eµ{
N−1∑
t=0

r(it)|i0 = i}

where it is the state at time t. The average reward can be shown to equal:

η(µ) = π(µ)′r
1 It is a straightforward to extend these results to the case where the rewards are
dependent on the actions, R(s, a).

2 We ignore the start state distribution, since the average reward is independent of
the starting distribution under the current assumption of a unique stationary distri-
bution.
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where r = [r(1), ..., r(n)]′ (see [4]). The goal of the agent is to find a policy µ∗

that returns the maximum average reward over all policies.
We define the γ-discounted reward from some starting state i as:

Jγ(µ, i) ≡ Eµ{
∞∑
t=0

γtr(it)|i0 = i}

where γ ∈ [0, 1). These value functions satisfy the following consistency condition
[8]:

Jγ(µ) = r + γP (µ)Jγ(µ) (1)

(again we use the vector notation Jγ(µ) = [Jγ(µ, 1), ..., Jγ(µ, n)]′). The expected
discounted reward is defined as π(µ)′Jγ(µ), where the expectation is taken over
the stationary distribution . As shown in [6], the expected discounted reward is
just a multiple of the average reward:

π(µ)′Jγ(µ) =
η(µ)
1− γ . (2)

Thus, optimizing the expected discounted reward for any γ is equivalent to
optimizing the average reward. Also, for all states i, limγ→1(1−γ)Jγ(i) = η (see
[4]).
In discounted dynamic programming, we are concerned with finding a vector

Jγ ∈ �n that satisfies the Bellman equations:

Jγ = max
µ
(r + γP (µ)Jγ) . (3)

Let µγ∗be a policy such that Jγ(µγ∗) satisfies this equation (there could be more
than one such policy). Although the policy µγ∗ simultaneously maximizes the
discounted reward starting from every state, it does not necessarily maximize
the average discounted reward, which is sensitive to the stationary distribution
achieved by this policy (see equation 2). The policies that solve the Bellman
equations could lead to poor stationary distributions that do not maximize the
average reward.

3 Appropriateness of Maximizing Discounted Reward

We extend the results of Baxter and Bartlett to show that if 1
1−γ is large com-

pared to the mixing time of the Markov chain of the optimal policy then the
solutions to the Bellman equations will have an average reward close to the
maximum average reward. We use the following relation (shown by Baxter and
Bartlett [2], modulo a typo), for any policy:

(1−γ)Jγ(µ) = η(µ)e+S(µ)diag(0, 1− γ
1− γ|λ2(µ)| , . . . ,

1− γ
1− γ|λn(µ)| )S(µ)

−1r (4)

where e = [1, 1, . . . , 1]′ and S(µ) = (s1s2 · · · sn) is the matrix of right eigenvec-
tors of P (µ) with the corresponding eigenvalues λ1(µ) = 1 >| λ2(µ)| ≥ · · · ≥
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|λn(µ)| (assuming that P (µ) has n distinct eigenvalues). This equation follows
from separating Jγ =

∑∞
t=0 γ

tP tr into the contribution associated with λ1 = 1
and that coming from the remaining eigenvalues. Note that for γ near 1, the
scaled discounted value function for each state is approximately the average
reward, with an approximation error of order 1− γ.
Throughout the paper, ‖A‖2 denotes the spectral norm of a matrix A, defined

as ‖A‖2 ≡ maxx:‖x‖=1 ‖Ax‖, where‖x‖ denotes the Euclidean norm of x, and
κ2(A) denotes the spectral condition number of a nonsingular matrix A, defined
as κ2(A) ≡ ‖A‖2‖A−1‖2.

Theorem 1. Let µγ∗be a policy such that Jγ(µγ∗) satisfies the Bellman equa-
tions (equation 3) and let µ∗ be a policy such that η(µ∗) be the maximum av-
erage reward over all policies. Assume P (µ∗) has n distinct eigenvalues. Let
S = (s1s2 · · · sn) be the matrix of right eigenvectors of P (µ∗) with the corre-
sponding eigenvalues λ1 = 1 >| λ2| ≥ · · · ≥ |λn|. Then

η(µγ∗) ≥ η(µ∗)− κ2(S)‖r‖ 1− γ
1− γ|λ2| .

Proof. Since Jγ(µγ∗) satisfies the Bellman equations, we have

∀µ Jγ(µγ∗) ≥ Jγ(µ)

where the vector inequality is shorthand for the respective component wise in-
equality. As a special case, the inequality holds for a policy µ∗ that maximizes
the average reward, ie Jγ(µγ∗) ≥ Jγ(µ∗). It follows from equation 2 and equation
4 (applied to µ∗) that

η(µγ∗) = (1− γ)π(µγ∗)′Jγ(µγ∗)
≥ (1− γ)π(µγ∗)′Jγ(µ∗)
= η(µ∗)π(µγ∗)′e+ π(µγ∗)′S diag(0,

1− γ
1− γ|λ2| , . . . ,

1− γ
1− γ|λn| )S

−1r

≥ η(µ∗)− |π(µγ∗)′S diag(0, 1− γ
1− γ|λ2| , . . . ,

1− γ
1− γ|λn| )S

−1r|

where we have used π(µγ∗)′e = 1. The dependence of S and λi on µ∗ is sup-
pressed. Using the Cauchy-Schwartz inequality, we have

η(µγ∗) ≥ η(µ∗)− ‖Sπ(µγ∗)‖ ‖diag(0, 1− γ
1− γ|λ2| , . . . ,

1− γ
1− γ|λn| )S

−1r‖

≥ η(µ∗)− ‖Sπ(µγ∗)‖ ‖diag(0, 1− γ
1− γ|λ2| , . . . ,

1− γ
1− γ|λn| )‖2‖S

−1r‖ .

It is easy to show that ‖diag(d1, . . . , dn)‖2 = maxi |di|. Using ‖π‖ ≤ 1, it follows
from the definition of the spectral norm and spectral condition number that
‖Sπ(µγ∗)‖ ‖S−1r‖ ≤ κ2(S)‖r‖. ��
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The previous theorem shows that if 1−γ is small compared to 1−|λ2|, then the
solution to the Bellman equations will be close to the maximum average reward.
Under assumption 1, from any initial state, the distribution of states of the
Markov chain will converge at an exponential rate to the stationary distribution,
and the rate of this will depend on the eigenvalues of the transition matrix. The
second largest eigenvalue, |λ2|, will determine an upper bound on this mixing
time.

4 Direct Gradient Methods

A promising recent approach to finding the gradient of the average reward was
presented by Baxter and Bartlett [2], where a discount parameter controls the
bias and variance of the gradient estimate (also see a related approach by Mar-
bach and Tsitsiklis [5]). We now relate this approximate gradient to an exact
gradient for a modified discounted problem and provide a bound on the quality
of the local optima reached by following this approximate gradient. To ensure the
existence of certain gradients and the boundedness of certain random variables,
we assume

Assumption 2. The derivatives, ∇Pij and ∇µu(θ, i), exist and the ratios, ∇Pij

Pij

and ∇µu(θ,i)
µu(θ,i)

, are bounded by a constant for all θ ∈ �k.

Let θ ∈ Rk be the parameters of a policy µ(θ) : S → A, where µu(θ, i) is the
chance of taking action u in state i. These parameters implicitly parameterize the
average reward, the stationary distribution, and the transition matrix, which we
denote by η(θ), π(θ), and P (θ). Also let Jγ(θ) be the discounted value function
under P (θ). The key result of Baxter and Bartlett shows that the exact gradient
of the average reward, ∇η(θ), can be approximated by

∇η(θ) ≈ γπ(θ)′∇P (θ)Jγ(θ) ≡ ∇̃γη(θ)

where this approximation becomes exact as γ → 1. We denote this approximate
gradient by ∇̃γη(θ) (the tilde makes it explicitly clear that ∇̃γ is not differenti-
ating with respect to γ). Further, they give an algorithm that estimates ∇̃γη(θ)
from a sample trajectory.
Before we state our theorem, we define νγ(θ, ρ) to be the expected discounted

reward received from a starting state chosen from the distribution ρ under P (θ),
ie

νγ(θ, ρ) ≡ ρ′Jγ(θ) .

Theorem 2. Let νγ(θ̃, π(θ)) ≡ π(θ)′Jγ(θ̃). Then

(1− γ)∇θ̃νγ(θ̃, π(θ))|θ̃=θ = ∇̃γη(θ) (5)

where ∇θ̃ is the gradient with respect to θ̃.
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Proof. It follows from the fact that π(θ) is independent of θ̃ that

∇θ̃νγ(θ̃, π(θ)) = π(θ)′∇θ̃Jγ(θ̃)
= π(θ)′∇θ̃(r + γP (θ̃)Jγ(θ̃))
= π(θ)′(∇θ̃P (θ̃)Jγ(θ̃) + γP (θ̃)∇θ̃Jγ(θ̃)) .

Using π(θ)′P (θ) = π(θ)′,

∇θ̃νγ(θ̃, π(θ))|θ̃=θ = π(θ)′∇P (θ)Jγ(θ) + γπ(θ)′P (θ)∇θ̃Jγ(θ̃)|θ̃=θ
= ∇̃γη(θ) + γπ(θ)′∇θ̃Jγ(θ̃)|θ̃=θ
= ∇̃γη(θ) + γ∇θ̃νγ(θ̃, π(θ))|θ̃=θ .

Collecting terms proves equation 5. ��
Note that the approximate gradient at θ1 is equivalent to the exact gradi-

ent in a start state problem under the starting distribution π(θ1), whereas the
approximate gradient at θ2 is equivalent to the exact gradient in the start state
problem with a different starting distribution, π(θ2). If the approximate gradient
is 0 at some point θγ∗ then this point will also be an extremum of the related
problem, which allows us to make the following statement. In the following theo-
rem, the basin of attraction of a maximum x of f(x) is the set of all points which
converge to x when taking infinitesimal steps in the direction of the gradient.

Theorem 3. Let θγ∗ be a point such that ∇νγ(θ, π(θγ∗))|θ=θγ∗ = 0. Assume
that this extremum is a local maximum and let Ω be the basin of attraction
of this maximum with respect to νγ(θ, π(θγ∗)). Let θ∗ ∈ Ω such that η(θ∗) is
the maximum average reward over all θ in Ω. Assume P (µ∗) has n distinct
eigenvectors. Let S = (s1s2 · · · sn) be the matrix of right eigenvectors of P (θ∗)
with the corresponding eigenvalues λ1 = 1 >| λ2| ≥ · · · ≥ |λn|. Then

η(θγ∗) ≥ η(θ∗)− κ2(S)‖r‖ 1− γ
1− γ|λ2| .

Proof. By assumption that this is a local maximum,

∀θ ∈ Ω π(θγ∗)′Jγ(θγ∗) ≥ π(θγ∗)′Jγ(θ) .
Let θ∗ be a point in Ω which returns η(θ∗), the maximum average reward in Ω.
As a special case, we have π(θγ∗)′Jγ(θγ∗) ≥ π(θγ∗)′Jγ(θ∗). Using equation 2,

η(θγ∗) = (1− γ)π(θγ∗)′Jγ(θγ∗)
≥ (1− γ)π(θγ∗)′Jγ(θ∗) .

The remainder of the argument parallels the proof given in Theorem 1. ��
The previous theorem gives a constraint on the quality of the maximum

reached if and when the approximate gradient ascent converges. Note that this
bound is essentially identical to the bound on the average reward of the policy
obtained by solving the Bellman equations.
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5 Direct Hessian Methods

Theorem 2 suggests that the natural choice for an approximate Hessian is (1 −
γ)∇2νγ(θ̃, π(θ))|θ̃=θ. We define

∇̃2γη(θ) ≡ (1− γ)∇2θ̃νγ(θ̃, π(θ))|θ̃=θ .

We make the following assumption.

Assumption 3. The Hessians, ∇2Pij and ∇2µu(θ, i), exist and the ratios,
∇2Pij

Pij
and ∇

2µu(θ,i)
µu(θ,i)

, are bounded by a constant for all θ ∈ �k.

Theorem 4. For all θ ∈ �k,

∇2η(θ) = lim
γ→1
∇̃2γη(θ) .

Proof. Let ∂k ≡ ∂
∂θk
. Using equation 2 and suppressing the θ dependence,

lim
γ→1

[∇2η(θ)]mn = lim
γ→1

(1− γ)∂m∂n(π′Jγ)
= lim
γ→1

(1− γ)([∂m∂nπ′]Jγ + [∂mπ′][∂nJγ ] + [∂nπ′][∂mJγ ]
+π′[∂m∂nJγ ])

= η(θ)∂m∂nπ′e+ ∂nη∂mπ′e+ ∂mη∂nπ′e+ lim
γ→1

(1− γ)π′∂m∂nJγ
= lim
γ→1

(1− γ)π′∂m∂nJγ

where we have used limγ→1(1− γ)Jγ = ηe (see [4]), limγ→1(1− γ)∂kJγ = ∂kηe
(which is straightforward to prove), and ∂kπ′e = ∂k1 = 0. Following from the
definition of νγ , [∇2θ̃νγ(θ̃, π(θ))|θ̃=θ]mn = π(θ)′[∇2Jγ(θ)]mn. ��

The previous theorem shows that in the limit as γ tends to 1 the exact
Hessian in the start state problem is the Hessian of the average reward. The
following theorem gives an expression for ∇̃2γη(θ), which we later show how to
estimate from Monte-Carlo samples.

Theorem 5. For all θ and γ ∈ [0, 1),

[∇̃2γη(θ)]mn = γπ′([∂m∂nP ]Jγ + [∂mP ][∂nJγ ] + [∂nP ][∂mJγ ]) (6)

where

∂kJγ =
∞∑
t=1

γt[P t−1∇PJγ ]k . (7)
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Algorithm 1: HMDP (Hessian for a Markov Decision Process)

1. Obtain an arbitrary state i0
2. Set z0 = ∆0 = 0 ∈ �k and set z̃0 = y0 = H0 = 0 ∈ �k ×�k

3. for t = 0 to t = T − 1 do
4. Generate control ut according to µut(θ, xt)
5. Observe r(xt+1) and xt+1(generated according to Pxtxt+1(ut))

6. yt+1 = γ(yt +
∇µut (θ,xt)
µut (θ,xt)

z′
t + zt

∇µut (θ,xt)′
µut (θ,xt)

)

7. zt+1 = γ(zt +
∇µut (θ,xt)
µut (θ,xt)

)

8. z̃t+1 = γ(z̃t +
∇2µut (θ,xt)

µut (θ,xt)
)

9. ∆t+1 = ∆t + r(xt+1)zt+1

10. Ht+1 = Ht + r(xt+1)z̃t+1 + r(xt+1)yt+1

11. end for
12. gradient ∆T ← ∆T /T
13. Hessian HT ← HT /T

Proof. Suppressing the θ dependence where it is clear,

[∇2
θ̃
νγ(θ̃, π(θ))|θ̃=θ]mn = π(θ)′[∇2θ̃Jγ(θ̃)|θ̃=θ]mn

= π(θ)′[∇2
θ̃
(r + γP (θ̃)Jγ(θ̃))|θ̃=θ]mn

= γπ′(∂m∂nPJγ + ∂mP∂nJγ + ∂nP∂mJγ + P∂m∂nJγ)
= γπ′(∂m∂nPJγ + ∂mP∂nJγ + ∂nP∂mJγ)

+γ[∇2
θ̃
νγ(θ̃, π(θ))|θ̃=θ]mn

where we have used the stationarity of π′ in the last line. Collecting terms proves
equation 6. Using equation 1,

∇Jγ = ∇(r + γPJγ)
= γ∇PJγ + γP∇Jγ .

Equation 7 follows from unrolling the previous equation (see [7] for an equivalent
proof of equation 7) ��

Algorithm 1 introduces HMDP, which estimates the approximate Hessian
∇̃2γη from a single sample path. It also includes the gradient algorithm of Baxter
and Bartlett (with an additional factor of γ that [2] ignores). We outline the
proof out its asymptotic correctness.

Theorem 6. The HMDP sequence {HT } has the following property:

lim
T→∞

HT = ∇̃2γη .
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Proof. The first term in equation 6, γπ′∇2PJγ , is estimated in the algorithm by
1
T

∑T−1
t=0 z̃tr(it). The proof of the asymptotic correctness of this term parallels

the proof in [2] that 1
T

∑T−1
t=0 ztr(it) is an asymptotically correct estimate of

γπ′∇PJγ (see Algorithm 1 for definitions of z̃t and zt).
We can write the other terms of equation 6 as

γπ′∂mP∂nJγ = γ
∑
i,,j,u

π(i)pij(u)µu(θ, i)
∂mµu(θ, i)
µu(θ, i)

∂nJγ(θ j)

where we have used ∂mPij =
∑
u pij(u)µu(θ, i)

∂mµu(θ,i)
µu(θ,i)

. Let x0, x1, . . . be a
sample trajectory corresponding to our Markov chain with x0 chosen from the
stationary distribution, which implies xt is also a sample from the stationary
distribution. Let u0, u1, . . . be the corresponding actions. Thus, γ

∂mµut (θ,xt)
µut (θ,xt)

×
∂nJγ(θ, xt+1) is an unbiased estimate of γπ′∂mP∂nJγ for any t.
As shown in [7] (also see equation 7),

∂nJγ(θ, xt+1) =
∑
i,j,u

∞∑
τ=t+1

γτ−tP (Xτ = i|Xt+1 = xt+1)pij(u)

×µu(θ, i)∂nµu(θ, i)
µu(θ, i)

Jγ(θ, j)

where Xτ is a random variable for the state of the system at time τ . For any t,∑∞
τ=t+1 γ

τ−t ∂nµuτ (θ,xτ )
µuτ (θ,xτ )

Jγ(xτ+1) is an unbiased estimate of ∂nJγ(θ, xt+1).
It follows from the Markov property that for any t,

γ
∂mµut

(θ, xt)
µut(θ, xt)

∞∑
τ=t+1

γτ−t
∂nµuτ

(θ, xτ )
µuτ (θ, xτ )

Jγ(θ, xτ+1)

is an unbiased sample of γπ′∂mP∂nJγ . Since each xt is a sample from the sta-
tionary distribution, the average

γ

T

T−1∑
t=0

γ
∂mµut(θ, xt)
µut(θ, xt)

∞∑
τ=t+1

γτ−t
∂nµuτ (θ, xτ )
µuτ (θ, xτ )

Jγ(θ, xτ+1)

almost surely converges to γπ′∂mP∂nJγ as T → ∞. The previous expression
depends on the exact values of Jγ(θ, xt), which are not known. However, each
Jγ(θ, xt) can be estimated from the sample trajectory, and it is straightforward
to show that

γ

T

T−1∑
t=0

∂mµut
(θ, xt)

µut
(θ, xt)

∞∑
τ=t+1

γτ−t
∂nµuτ

(θ, xτ )
µuτ

(θ, xτ )

∞∑
τ̃=τ+1

γτ̃−τ−1r(xτ̃ ) (8)

almost surely converges to γπ′∂mP∂nJγ as T →∞. Using the ergodic theorem,
the assumption that x0 is chosen according to the stationary distribution can be
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relaxed to x0 is an arbitrary state, since {Xt} is asymptotically stationary (under
assumption 1). Hence, equation 8 almost surely converges to γπ′∂mP∂nJγ for
any start state x0.
Unrolling the equations for HT in the HMDP shows that

γ

T

T−2∑
t=0

∂mµut(θ, xt)
µut
(θ, xt)

T−1∑
τ=t+1

γτ−t
∂nµuτ (θ, xτ )
µuτ

(θ, xτ )

T∑
τ̃=τ+1

γτ̃−τ−1r(xτ̃ )

is the estimate for γπ′∂mP∂nJγ . It is straightforward to show that the error
between the previous equation and equation 8 goes to 0 as T →∞. ��

6 Discussion

Equation 4 suggests that the discount factor can be seen as introducing a bias-
variance trade off. This equation shows that the scaled value function for ev-
ery state is approximately the average reward, with an approximation error of
O(1−γ). Crudely, the variance of Monte-Carlo samples of the value function for
each state is 1

1−γ , since this is the horizon time over which rewards are added.
Solving the Bellman equations will be simultaneously maximizing each biased
estimate Jγ(µ, i) ≈ η(µ). We used the error in this approximation to bound the
quality, measured by the average reward, of the policy obtained by solving the
Bellman equations. This bound shows that good policies can be obtained if 1

1−γ
is sufficiently larger than the mixing time of the Markov chain. This bound does
not answer the question of which value of γ < 1 is large enough such that the
policy that solves the Bellman equations is the optimal policy. This stems from
using the worst case scenario for the error of the average reward approximation
when deriving our bound, in which the stationary distribution is parallel to the
second term in equation 4.
The idea of approximately maximizing the average reward using discounted

rewards carries over to gradient methods. We have shown that Baxter and
Bartlett’s approximation to the gradient of the average reward is an exact gra-
dient of a related discounted start state problem, and proved a similar bound on
the quality of policies obtained by following this biased gradient. In [1], Bartlett
and Baxter show that the bias of this approximate gradient is O(1− γ) and the
variance is O( 1

1−γ ).
Some average reward formulations exist and are essentially identical to dis-

counted formulations with a discount factor sufficiently close to 1. Tsitsiklis and
Van Roy [10] show that average reward temporal differencing (TD) (see [9]),
with a discount factor sufficiently close to 1, is identical to discounted TD given
appropriate learning rates and biases — converging to the same limit with the
same transient behavior. An equivalent expression to the approximate gradient
in the limit as γ → 1 is given by Sutton et al’s exact average reward gradient [7],
which uses a reinforcement comparison term to obtain finite state-action values.
We have also presented an algorithm (HMDP) for computing arbitrarily ac-

curate approximations to the Hessian from a single sample path. As suggested



Optimizing Average Reward Using Discounted Rewards 615

by [2], extensions include modifying the algorithm to compute the Hessian in a
Partially Observable Markov Decision Process and in continuous state, action,
and control spaces. Experimental and theoretical results are needed to better
understand the approximation and estimation error of HMDP.
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Abstract. Reinforcement learning means finding the optimal course of
action in Markovian environments without knowledge of the environ-
ment’s dynamics. Stochastic optimization algorithms used in the field
rely on estimates of the value of a policy. Typically, the value of a policy
is estimated from results of simulating that very policy in the environ-
ment. This approach requires a large amount of simulation as different
points in the policy space are considered. In this paper, we develop value
estimators that utilize data gathered when using one policy to estimate
the value of using another policy, resulting in much more data-efficient
algorithms. We consider the question of accumulating a sufficient expe-
rience and give PAC-style bounds.

1 Introduction

Research in reinforcement learning focuses on designing algorithms for an agent
interacting with an environment, to adjust its behavior in such a way as to
optimize a long-term return. This means searching for an optimal behavior in a
class of behaviors. Success of learning algorithms therefore depends both on the
richness of information about various behaviors and how effectively it is used.
While the latter aspect has been given a lot of attention, the former aspect has
not been addressed scrupulously. This work is the attempt to adapt solutions
developed for similar problems in the field of statistical learning theory.

The motivation for this work comes from the fact that, in reality, the pro-
cess of interaction between the learning agent and the environment is costly in
terms of time, money or both. Therefore, it is important to carefully allocate
available interactions, to use all available information efficiently and to have an
estimate of how informative the experience overall is with respect to the class of
possible behaviors. The interaction between agent and environment is modeled
by a Markov decision process (mdp) [7,25]. The learning system does not know
the correct behavior, or the true model of the environment it interacts with.
Given the sensation of the environment state as an input, the agent chooses the
action according to some rule, often called a policy. This action constitutes the
output. The effectiveness of the action taken and its effect on the environment
is communicated to the agent through a scalar value (reinforcement signal).

D. Helmbold and B. Williamson (Eds.): COLT/EuroCOLT 2001, LNAI 2111, pp. 616–629, 2001.
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The environment undergoes some transformation—changes the current state
into a new state. A few important assumptions about the environment are made.
In particular, the so-called Markov property is assumed: given the current state
and action, the next state is independent of the rest of the history of states and
actions. Another assumption is a non-deterministic environment, which means
that taking the same action in the same state could lead to a different next state
and generate a different payoff signal. It is an objective of the agent to find a
behavior which optimizes some long-run measure of payoff, called return.

There are many efficient algorithms for the case when the agent has perfect
information about the environment. An optimal policy is described by mapping
the last observation into an action and can be computed in polynomial time in
the size of the state and action spaces and the effective time horizon [2]. How-
ever in many cases the environment state is described by a vector of several
variables, which makes the environment state size exponential in the number
of variables. Also, under more realistic assumptions, when a model of environ-
ment dynamics is unknown and the environment’s state is not observable, many
problems arise. The optimal policy could potentially depend on the whole his-
tory of interactions and for the undiscounted finite horizon case computing it is
pspace-complete [18]. In realistic settings, the class of policies is restricted and
even among the restricted set of policies, the absolute best policy is not expected
to be found due to the difficulty of solving a global multi-variate optimization
problem. Rather, the only option is to explore different approaches to finding
near-optimal solutions among local optima.

The issue of finding a near-optimal policy from a given class of policies is
analogous to a similar issue in supervised learning. There we are looking for a
near-optimal hypothesis from a given class of hypotheses [28]. However, there are
crucial differences in these two settings. In supervised learning we assume that
there is some target function, that labels the examples, and some distribution
that generates examples. A crucial property is that the distribution is the same
for all the hypotheses. This implies both that the same set of samples can be
evaluated on any hypothesis, and that the observed error is a good estimate of
the true error.

On the other hand, there is no fixed distribution generating experiences in
reinforcement learning. Each policy induces a different distribution over expe-
riences. The choice of a policy defines both a “hypothesis” and a distribution.
This raises the question of how one re-uses the experience obtained while follow-
ing one policy to learn about another. The other policy might generate a very
different set of samples (experiences), and in the extreme case the support of the
two distributions might be disjoint.

In the pioneering work by Kearns et al. [9], the issue of generating enough
information to determine the near-best policy is considered. Using a random
policy (selecting actions uniformly at random), they generate a set of history
trees. This information is used to define estimates that uniformly converge to
the true values. However, this work relies on having a generative model of the
environment, which allows simulation of a reset of the environment to any state
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and execute any action to sample an immediate reward. Also, the reuse of in-
formation is partial—an estimate of a policy value is built only on a subset of
experiences, “consistent” with the estimated policy.

Mansour [11] has addressed the issue of computational complexity in the
setting of Kearns et al. [9] by establishing a connection between mistake bounded
algorithms (adversarial on-line model [10]) and computing a near-best policy
from a given class with respect to a finite-horizon return. Access to an algorithm
that learns the policy class with some maximal permissible number of mistakes
is assumed. This algorithm is used to generate “informative” histories in the
pomdp, following various policies in the class, and determine a near-optimal
policy. In this setting a few improvements in bounds are made.

In this work we present a way of reusing all of the accumulated experience
without having access to a generative model of the environment. We make use of
the technique known as “importance sampling” [26] or “likelihood ratio estima-
tion” [5] to different communities. We discuss properties of different estimators
and provide bounds for the uniform convergence of estimates on the policy class.
We suggest a way of using these bounds to select among candidate classes of poli-
cies with various complexity, similar to structural risk minimization [28].

The rest of this paper is organized as follows. Section 2 discusses reinforce-
ment learning as a stochastic optimization problem. In Section 3 we define our
notation. Section 4 presents the necessary background in sampling theory and
presents our way of estimating the value of policies. The algorithm and pac-style
bounds are given in Section 5.

2 Reinforcement Learning as Stochastic Optimization

There are various approaches to solving rl problems. Value search algorithms
find the optimal policy by using dynamic-programming methods to compute
the value function—utility of taking a particular action in a particular world
state—then deducing the optimal policy from the value function. Policy search
algorithms (e.g. reinforce [30]) work directly in the policy class, trying to max-
imize the expected reward without the help of Bellman’s optimality principle.

Policy search methods rely on estimating the value of the policy (or the
gradient of the value) at various points in a policy class and attempt to solve the
optimization issue. In this paper we ignore the optimization issue and concentrate
on the estimation issue—how much and what kind of experience one needs to
generate in order to be able to construct uniformly good value estimators over
the whole policy class. In particular we would like to know what the relation is
between the number of sample experiences and the confidence of value estimates
across the policy class.

Two different approaches to optimization can be taken. One involves using an
algorithm, driven by newly generated policy value (or gradient thereof) estimates
at each iteration to update the hypothesis about the optimal policy after each
interaction (or few interactions) with the environment. We will call this on-line
optimization. Another is to postpone optimization until all possible interaction
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with the environment is exhausted, and combine all information available in
order to estimate (off-line) the whole “value surface”.

In this paper we are not concerned with the question of optimization. We
concentrate on the second case with the goal of building a module that contains
a non-parametric model of optimization surface. Given an arbitrary policy such
a module outputs an estimate of its value, as if the policy was tried out in
the environment. Once such module is built and guarantees on good estimates
of policy value are obtained across the policy class, we may use our favorite
optimization algorithm. Gradient descent methods, in particular reinforce [30,
31] have been used recently in conjunction with policy classes constrained in
various ways, e.g., with external memory [21], finite state controllers [14] and in
multi-agent settings [20]. Furthermore, the idea of using importance sampling
in the reinforcement learning has been explored [13,24]. However only on-line
optimization was considered.

One realistic off-line scenario in reinforcement learning is when the data
processing and optimization (learning) module is separated (physically) from
the data acquisition module (agent). Say we have an ultra-light micro-sensor
connected to a central computer . The agent then has to be instructed initially
how to behave when given a chance to interact with the environment for a
limited number of times, then bring/transmit the collected data back. Naturally
during such limited interaction only a few possible behaviors can be tried out.
It is extremely important to be able to generalize from this experience in order
to make a judgment about the quality of behaviors which were not tried out.
This is possible when some kind of similarity measure in the policy class can
be established. If the difference between the values of two policies could be
estimated, we could estimate the value of one policy based on experience with
the other.

3 Background and Notation

MDP. The class of problems described above can be modeled as Markov decision
processes (mdps). An mdp is a 4-tuple 〈S,A, T,R〉, where: S is the set of states;
A is the set of actions; T : S×A → P(S) is a mapping from states of the
environment and actions of the agent to probability distributions1 over states
of the environment; and R :S×A→ R is the payoff function (reinforcement),
mapping states of the environment and actions of the agent to immediate reward.

POMDP. The more complex case is when the agent is no longer able to reliably
determine which state of the mdp it is currently in. The process of generating an
observation is modeled by an observation function B(s(t)). The resulting model
is a partially observable Markov decision process (pomdp). Formally, a pomdp is
defined as a tuple 〈S,O,A,B, T,R〉 where: S is the set of states; O is the set of
observations; A is the set of actions; B is the observation function B : S → P(O);
T :S×A→P(S) is a mapping from states of the environment and actions of the
1 Let P(Ω) denote the set of probability distributions defined on some space Ω.
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agent to probability distributions over states of the environment; R :S×A→ R
is the payoff function, mapping states of the environment and actions of the
agent to immediate reward. In a pomdp, at each time step: an agent observes
o(t) corresponding to B(s(t)) and performs an action a(t) according to its policy,
inducing a state transition of the environment; then receives the reward r(t). We
assume that the rewards r(s, a) are bounded by rmax for any s and a.

History. We denote by Ht the set of all possible experience sequences of length
t: Ht = {〈o(1), a(1), r(1), . . . , o(t), a(t), r(t), o(t+ 1)〉}, where o(t) ∈ O is the ob-
servation of agent at time t; a(t) ∈ A is the action the agent has chosen to take
at time t; and r(t) ∈ R is the reward received by agent at time t. In order to
specify that some element is a part of the history h at time τ , we write, for
example, r(τ, h) and a(τ, h) for the τ th reward and action in the history h.

Policy. Generally speaking, in a pomdp, a policy π is a rule specifying the ac-
tion to perform at each time step as a function of the whole previous history:
π : H → P(A). Policy class Π is any set of policies. We assume that the prob-
ability of the elementary event is bounded away from zero: 0 ≤ c ≤ Pr(a|h, π),
for any a ∈ A, h ∈ H and π ∈ Π.

Return. A history h includes several immediate rewards 〈r(1) . . . r(i) . . .〉, that
can be combined to form a return R(h). In this paper we focus on returns which
may be computed (or approximated) using the first T steps, and are bounded
in absolute value by Rmax. This includes two well-studied return functions—the
undiscounted finite horizon return and the discounted infinite-horizon return.
The first is R(h) =

∑T
t=1 r(t, h), where T is the finite-horizon length. In this

case Rmax = Trmax. The second is the discounted infinite horizon return [25]
R(h) =

∑∞
t=0 γ

tr(t, h), with a geometric discounting by the factor γ ∈ (0; 1).
In this case we can approximate R using the first Tε = logγ

ε
Rmax

immediate
rewards. Using Tε steps we can approximate R within ε since Rmax = rmax

1−γ and∑∞
t=0 γ

tr(t)−∑Tε

t=0 γ
tr(t) < ε. It is important to approximate the return in T

steps, since the length of the horizon is a parameter in our bounds.

Value. Any policy π ∈ Π defines a conditional distribution Pr(h|π) on the class
of all histories H. The value of policy π is the expected return according to the
probability induced by this policy on histories space:

V (π) = Eπ [R(h)] =
∑
h∈H

[R(h) Pr(h|π)] ,

where for brevity we introduced notation Eπ for EPr(h|π). It is an objective of the
agent to find a policy π∗ with optimal value: π∗ = argmaxπV (π). We assume
that policy value is bounded by Vmax. That means of course that returns are
also bounded by Vmax since value is a weighted sum of returns.
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4 Sampling

For the sake of clarity we are introducing concepts from sampling theory us-
ing functions and notation for relevant reinforcement learning concepts. Rubin-
stein [26] provides a good overview of this material.

“Crude” sampling. If we need to estimate the value V (π) of policy π, from
independent, identically distributed (i.i.d.) samples induced by this policy, after
taking N samples hi, i ∈ (1..N) we have:

V̂ (π) =
1
N

∑
i

R(hi) .

The expected value of this estimator is V (π) and it has variance Var
[
V̂ (π)

]
:

1
N

∑
h∈H

R(h)2 Pr(h|π)− 1
N

[∑
h∈H

R(h) Pr(h|π)

]2
=

1
N

Eπ
[
R(h)2

]− 1
N
V 2(π) .

Indirect sampling. Imagine now that for some reason we are unable to sample
from the policy π directly, but instead we can sample from another policy π′.
The intuition is that if we knew how “similar” those two policies were to one
another, we could use samples drawn according to the distribution π′ and make
an adjustment according to the similarity of the policies. Formally we have:

V (π) =
∑
h∈H R(hi) Pr(h|π) =

∑
h∈H R(hi)

Pr(h|π′)
Pr(h|π′) Pr(h|π)

=
∑
h∈H R(hi)

Pr(h|π)
Pr(h|π′) Pr(h|π′) = Eπ′

[
R(hi)

Pr(h|π)
Pr(h|π′)

]
,

where an agent might not be (and most often is not) able to calculate Pr(h|π).

Lemma 1. It is possible to calculate Pr(h|π)
Pr(h|π′) for any π, π

′ ∈ Π and h ∈ H.
Proof. The Markov assumption in pomdps warrants that

Pr(h|π) = Pr(s(0))
T∏
t=1

Pr(o(t)|s(t)) Pr(a(t)|o(t), π) Pr(s(t+ 1)|s(t), a(t))

=

[
Pr(s(0))

T∏
t=1

Pr(o(t)|s(t)) Pr(s(t+ 1)|s(t), a(t))
][

T∏
t=1

Pr(a(t)|o(t), π)

]

= Pr(he) Pr(ha|π) .

Pr(he) is the probability of the part of the history, dependent on the environment,
that is unknown to the agent and can be only sampled. Pr(ha|π) is the probability
of the part of the history, dependent on the agent, that is known to the agent
and can be computed (and differentiated). Therefore we can compute

Pr(h|π)
Pr(h|π′) =

Pr(he) Pr(ha|π)
Pr(he) Pr(ha|π′) =

Pr(ha|π)
Pr(ha|π′) .

��
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We can now construct an indirect estimator V̂π′(π) from i.i.d. samples hi, i ∈
(1..N) according to the distribution Pr(h|π′):

V̂π′(π) =
1
N

∑
i

R(hi)wπ(hi, π′) , (1)

where for convenience, we denote the fraction Pr(h|π)
Pr(h|π′) by wπ(h, π′). This is an

unbiased estimator of V (π) with variance

Var
[
V̂π′(π)

]
= 1

N

{∑
h∈H (R(h)wπ(h, π′))2 Pr(h|π′)− V (π)2

}
= 1

N

{∑
h∈H

(R(h) Pr(h|π))2
Pr(h|π′) − V (π)2

}
= 1

NEπ
[
R(h)2wπ(h, π′)

]− 1
N V (π)2 .

(2)

This estimator V̂π′(π) is usually called in statistics [26] an importance sam-
pling (is) estimator because the probability Pr(h|π′) is chosen to emphasize parts
of the sampled space that are important in estimating V . The technique of is was
originally designed to increase the accuracy of Monte Carlo estimates by reduc-
ing their variance [26]. Variance reduction is always a result of exploiting some
knowledge about the estimated quantity.

Optimal sampling policy. It can be shown [8], for example by optimizing the ex-
pression 2 with Lagrange multipliers, that the optimal sampling distribution is
Pr(h|π′) = R(h) Pr(h|π)

V (π) , which gives an estimator with zero variance. Not surpris-
ingly this distribution can not be used, since it depends on prior knowledge of a
model of the environment (transition probabilities, reward function), which con-
tradicts our assumptions, and on the value of the policy which is what we need
to calculate. However all is not lost. There are techniques which approximate
the optimal distribution, by changing the sampling distribution during the trial,
while keeping the resulting estimates unbiased via reweighting of samples, called
”adaptive importance sampling” and ”effective importance sampling” (see, for
example, [15,32,17]). In the absence of any information about R(h) or estimated
policy, the optimal sampling policy is the one which selects actions uniformly at
random: Pr(a|h) = 1

2 . For the horizon T , this gives us the upper bound which
we denote η:

wπ(h, π′) ≤ 2T (1− c)T = η . (3)

Remark 1. One interesting observation is that it is possible to get a better esti-
mate of V (π) while following another policy π′. Here is an illustrative example:
imagine that reward function R(h) is such that it is zero for all histories in some
sub-space H0 of history space H. At the same time policy π, which we are try-
ing to estimate spends almost all the time there, in H0. If we follow π in our
exploration, we are wasting samples/time! In this case, we can really call what
happens ”importance sampling”, unlike usually when it is just ”reweighting”,
not connected to ”importance” per se. That is why we advocate using the name
“likelihood ratio” rather than “importance sampling”.
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Remark 2. So far, we talked about using a single policy to collect all samples
for estimation. We also made an assumption that all considered distributions
have equal support. In other words, we assumed that any history has a non-
zero probability to be induced by any policy. Obviously it could be beneficial to
execute a few different sampling policies, which might have disjoint or overlap-
ping support. There is literature on this so-called stratification sampling tech-
nique [26]. Here we just mention that it is possible to extend our analysis by
introducing a prior probability on choosing a policy out of a set of sampling
policies, then executing this sampling policy. Our sampling probability will be-
come: Pr(h) = Pr(π′) Pr(h|π′).

5 Algorithm and Bounds

Table 1 presents the computational procedure for estimating the value of any
policy from the policy class off-line. The sampling stage consists of accumulating
histories hi, i ∈ [1..N ] induced by a sampling policy π′ and calculating returns on
these histories R(hi). After the first stage is done, the procedure can simulate the
interaction with the environment for any policy search algorithm, by returning
an estimate for arbitrary policy.

Table 1. Policy evaluation

Sampling stage:
Chose a sampling policy π′;
Accumulate the set of histories hi, i ∈ [1..N ] induced by π′;
Calculate the set of returns R(hi), i ∈ [1..N ];

Estimation stage:
Input: policy π ∈ Π
Calculate wπ(hi, π

′) for i ∈ [1..N ];
Output: estimate V̂ (π) according to equation 1: 1

N

∑
i
R(hi)wπ(hi, π

′)

5.1 Sample Complexity

We first compute deviation bounds for the is estimator for a single policy from
its expectation using Bernstein’s inequality:
Theorem 1. (Bernstein [3]) Let ξ1, ξ2, . . . be independent random variables with
identical mean Eξ, bounded by some constant |ξi| ≤ a, a > 0. Also let Var(MN ) =
Eξ21+. . .+Eξ2N ≤ L. Then the partial sumsMN = ξ1+. . .+ξN obey the following
inequality for all ε > 0:

Pr
(∣∣∣∣ 1
N
MN − Eξ

∣∣∣∣ > ε
)
≤ 2 exp

(
−1

2
ε2N

L+ aε

)
.
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Lemma 2. With probability (1−δ) the following holds true. The estimated value
V̂ (π) based on N samples is close to the true value V (π) for some policy π :
∣∣∣V (π)− V̂ (π)

∣∣∣ ≤ Vmax
N

(
log(1/δ)η +

√
2 log(1/δ)(η − 1) + log(1/δ)2η2

)
.

Proof. In our setup, ξi = R(hi)wπ(hi, π′), and Eξ = Eπ′ [R(hi)wπ(hi, π′)] =
Eπ [R(hi)] = V (π); and a = Vmaxη by equation 3. According to equation 2
L = Var(MN ) = VarV̂π′(π) ≤ V 2

max

N (η − 1). So we can use Bernstein’s inequality
and we get the following deviation bound for a policy π:

Pr
(∣∣∣V (π)− V̂ (π)

∣∣∣ > ε) ≤ 2 exp

[
−1

2
ε2N

V 2
max(η−1)

N + Vmaxηε

]
= δ, (4)

After solving for ε, we get the statement of Lemma 2. ��
Note that this result is for a single policy. We need a convergence result

simultaneously for all policies in the class Π. We proceed using classical uniform
convergence results for covering numbers as a measure of complexity.

Remark 3. We use covering numbers (instead of VC dimension as Kearns et
al. [9]) both as a measure of the metric complexity of a policy class in a union
bound and as a parameter for bounding the likelihood ratio. Another advantage
is that metric entropy is a more refined measure of capacity than VC dimension
since the VC dimension is an upper bound on the growth function which is an
upper bound on the metric entropy [28].

Definition 1. Let Π be class of policies that form a metric space with metric
D∞(π, π′) and ε > 0. The covering number N (Π,D, ε) is defined as the minimal
integer % such that there exist % disks in Π with radius ε covering Π. If no such
partition exists for some ε > 0 then the covering number is infinite. The metric
entropy is defined as K(Π,D, ε) = logN (Π,D, ε).

Theorem 2. With probability 1 − δ the difference |V (π) − V̂ (π)| is less than ε
simultaneously for all π ∈ Π for the sample size:

N = O

(
Vmax
ε

2T (1− c)T (log(1/δ) +K)
)
.

Proof. Given a class of policies Π with finite covering number N (Π,D, ε), the
upper bound η = 2T (1− c)T on the likelihood ratio, and ε > 0,

Pr
(

sup
π∈Π

∣∣∣V (π)− V̂ (π)
∣∣∣ > ε

)
≤ 8N

(
Π,D,

ε

8

)
exp

[
− 1

128
ε2N

V 2
max(η−1)

N + Vmaxηε
8

]
.

Note the relationship to equation 4. The only essential difference is in the cover-
ing number, which takes into account the extension from a single policy π to the
class Π. This requires the sample size N to increase accordingly to achieve the
given confidence level. The derivation is similar to uniform convergence result of
Pollard [22](see pages 24-27), using Bernstein’s inequality instead of Hoeffding’s.
Solving for N gives us the statement of the theorem. ��
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Let us compare our result with a similar result for algorithm by Kearns et
al. [9]:

N = O

((
Vmax
ε

)2
22TV C(Π) log(T ) (T + log(Vmax/ε) + log(1/δ))

)
(5)

both dependences are exponential in the horizon, however in our case the de-
pendence on (Vmax

ε ) is linear rather than quadratic. The metric entropy log(N )
takes the place of the VC dimension V C(Π) in terms of class complexity. This
reduction in a sample size could be explained by the fact that the former algo-
rithm uses all trajectories for evaluation of any policy, while the latter uses just
a subset of trajectories.

Remark 4. Let us note that a weaker bound which is remarkably similar to the
equation 5 could be obtained [19] using Mc-Diarmid [12] theorem, applicable for
a more general case:

N = O

((
Vmax
ε

)2
22T (1− c)2T (K + log(1/δ))

)
.

The proof is based on the fact that replacing one history hi in the set of samples
hi, i ∈ (1..N) for the estimator V̂π′(π) of equation 1, can not change the value
of the estimator by more than Vmaxη

N .

5.2 Bounding the Likelihood Ratio

We would like to find a way to estimate a policy which minimizes sample com-
plexity. Remember that we are free to choose a sampling policy. We have dis-
cussed what it means for one sampling policy π to be optimal with respect to
another. Here we would like to consider what it means for a sampling policy π
to be optimal with respect to a policy class Π. Choosing the optimal sampling
policy allows us to improve bounds with regard to exponential dependence on
the horizon T . The idea is that if we are working with a policy class of a fi-
nite metric dimension, the likelihood ratio can be upper bounded through the
covering number due to the limit in combinatorial choices. The trick is to con-
sider sample complexity for the case of the sampling policy being optimal in the
information -theoretic sense.

This derivation is very similar to the one of an upper bound on the mini-
max regret for predicting probabilities under logarithmic loss [4,16]. The upper
bounds on logarithmic loss we use were first obtained by Opper and Haussler [16]
and then generalized by Cesa-Bianchi and Lugosi [4]. The result of Cesa-Bianchi
and Lugosi is more directly related to the reinforcement learning problem since it
applies to the case of arbitrary rather than static experts, which corresponds to
learning a policy. First, we describe the sequence prediction problem and result
of Cesa-Bianchi and Lugosi, then show how to use this result in our setup.
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In a sequential prediction game T symbols hTa = 〈a(1), . . . , a(T )〉 are ob-
served sequentially. After each observation a(t− 1), a learner is asked how likely
it is for each value a ∈ A to be the next observation. The learner goal is to
assign a probability distribution Pr(a(t)|ht−1a ;π′) based on the previous val-
ues. When at the next time step t, the actual new observation a(t) is revealed,
the learner suffers a loss − log(Pr(a(t)|ht−1a ;π′). At the end of the game, the
learner has suffered a total loss −∑T

t=1 log Pr(a(t)|ht−1a ;π′). Using the join dis-
tribution Pr(hTa |π′) =

∏T
t=1 Pr(a(t)|ht−1a ;π′) we are going to write the loss as

− log Pr(hTa |π′). When it is known that the sequences hTa are generated by some
probability distribution π from the class Π, we might ask what is the worst
regret: the difference in the loss between the learner and the best expert in the
target class Π on the worst sequence:

RT = inf
π′

sup
hT

a

{
− log Pr(hTa |π′) + sup

π∈Π
log Pr(hTa |π)

}
.

Using the explicit solution to the minimax problem due to Shtarkov [27]
Cesa-Bianchi and Lugosi prove the following theorem:

Theorem 3. (Cesa-Bianchi and Lugosi [4] theorem 3) For any policy class Π:

RT ≤ inf
ε>0

(
logN (Π,D, ε) + 24

∫ ε

0

√
logN (Π,D, τ)dτ

)
,

where covering number and metric entropy for the class Π, are defined using the
distance measure D∞(π, π′) .= supa∈A |log Pr(a|π)− log Pr(a|π′)| .

It is now easy to relate the problem of bounding the likelihood ratio to the
worst case regret. Intuitively, we are asking what is the worst case likelihood ratio
if we have the optimal sampling policy. Optimality means that our sampling
policy will induce action sequences with probabilities close to the estimated
policies. Remember that likelihood ratio depends only on actions sequence ha in
the history h according to the Lemma 1. We need to upper bound the maximum
value of the ratio Pr(ha|π)

Pr(ha|π′) , which corresponds to infπ′ supha

(
Pr(ha|π)
Pr(ha|π′)

)
.

Lemma 3. By the definition of the maximum likelihood policy supπ∈Π Pr(ha|π)
we have:

inf
π′

sup
ha

(
Pr(ha|π)
Pr(ha|π′)

)
≤ inf

π′
sup
ha

{
supπ∈Π Pr(ha|π)

Pr(ha|π′)
}
.

Henceforth we can directly apply the results of Cesa-Bianchi and Lugosi and
get a bound of eRT . Note the logarithmic dependence of the bound on RT with
respect to the covering number N . Moreover, since actions a belong to the finite
set of actions A, many of the remarks of Cesa-Bianchi and Lugosi regarding
finite alphabets apply [4]. In particular, for most “parametric” classes—which
can be parametrized by a bounded subset of Rn in some “smooth” way [4]—the
metric entropy scales as follows: for some positive constants k1 and k2,

logN (Π,D, ε) ≤ k1 log
k2
√
T

ε
.
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For such policies the minimax regret can be bounded by

RT ≤ k1
2

log T + o(log T ),

which makes the likelihood ratio bound of η = O((T )
k1
2 ). In this case exponen-

tial dependence on the horizon is eliminated and the sample complexity bound
becomes

N = O

(
Vmax
ε
T

k1
2 (K + log 1/δ)

)
.

6 Discussion and Future Work

In this paper, we developed value estimators that utilize data gathered when
using one policy, to estimate the value of using another policy, resulting in data-
efficient algorithms. We considered the question of accumulating a sufficient
experience and gave PAC-style bounds. Note that for these bounds to hold the
covering number of the class of policies Π should be finite.

Armed with the theorem 2 we are ready to answer a very important ques-
tion of how to choose among several candidate policy classes. Our reasoning
here is similar to that of structural risk minimization principal by Vapnik [28].
The intuition is that given a very limited data, one might prefer to work with a
primitive class of hypotheses with good confidence, rather than getting lost in a
sophisticated class of hypotheses due to low confidence. Formally, we would have
the following method: given a set of policy classes Π1, Π2, . . . with corresponding
covering numbers N1,N2, . . ., a confidence δ and a number of available samples
N , compare error bounds ε1, ε2, . . . according to the theorem 2. Another way to
utilize the result of theorem 2 is to find what is the minimal experience neces-
sary to be able to provide the estimate for any policy in the class with a given
confidence. This work also provides insight for a new optimization technique.
Given the value estimate, the number of samples used, and the covering number
of the policy class, one can search for optimal policies in a class using a new cost
function V̂ (π) + Φ(N , δ,N) ≤ V (π). This is similar in spirit to using structural
risk minimization instead of empirical risk minimization.

The capacity of the class of policies is measured by bounds on covering num-
bers in our work or by VC-dimension in the work of Kearns et al. [9]. The worst
case assumptions of these bounds often make them far too loose for practical use.
An alternative would be to use more empirical or data dependent measures of
capacity, e.g. the empirical VC dimension [29] or maximal discrepancy penalties
on splits of data [1], which tend to give more accurate results.

We are currently working on extending our results for the weighted impor-
tance sampling (wis) estimator [23,26] which is a biased but consistent estimator
and has a better variance for the case of small number of samples. This can be
done using martingale inequalities by Mc-Diarmid [12] to parallel Bernstein’s
result. There is room for employing various alternative sampling techniques, in
order to approximate the optimal sampling policy, for example one might want
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to interrupt uninformative histories, which do not bring any return for a while.
Another place for algorithm sophistication is sample pruning for the case when
the set of histories gets large. A few most representative samples can reduce the
computational cost of estimation.

Acknowledgements. Theodoros Evgeniou introduced L.P. to the field of sta-
tistical learning theory. Leslie Kaelbling, Tommi Jaakkola, Michael Schwarz, Luis
Ortiz and anonymous reviewers gave helpful remarks.
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